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Preface

The design of nonlinear controllers for mechanical systems has been an ex-
tremely active area of research in the last two decades. From a theoretical
point of view, this attention can be attributed to their interesting dynamic
behavior, which makes them suitable benchmarks for nonlinear control the-
oreticians. On the other hand, recent technological advances have produced
many real-world engineering applications that require the automatic con-
trol of mechanical systems.

Often, Lyapunov-based techniques are utilized as the mechanism for de-
veloping different nonlinear control structures for mechanical systems. The
allure of the Lyapunov-based framework for mechanical system control de-
sign can most likely be assigned to the fact that Lyapunov function candi-
dates can often be crafted from physical insight into the mechanics of the
system. That is, despite the nonlinearities, couplings, and/or the flexible
effects associated with the system, Lyapunov-based techniques can often be
used to analyze the stability of the closed-loop system by using an energy-
like function as the Lyapunov function candidate. In practice, the design
procedure often tends to be an iterative process that results in the death
of many trees. That is, the controller and energy-like function are often
constructed in concert to foster an advantageous stability property and/or
robustness property. Fortunately, over the last 15 years, many system the-
ory and_control researchers have labored in this area to produce various
design tools that can be applied in a variety of situations. Concurrent with
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this theoretical progress, many control research groups around the world
have developed real-time computer platforms and the associated hardware
to facilitate the implementation of nonlinear control strategies for many
different types of applications (e.g., electric motors, magnetic bearings, ro-
botics, flexible structures, etc.).

The simultaneous progress of Lyapunov-based control techniques and
real-time computer system technology promulgated the research delineated
in this book. It is our intent to illustrate, in a modest way, how Lyapunov-
based techniques can be used to design nonlinear controllers for mechanical
systems. In the first half of the book, we focus our attention on the design
of controllers for rigid mechanical systems, while in the latter half of the
book, we design boundary controllers for systems that exhibit vibrations
owing to structural flexibilities. Experimental results are provided for al-
most every controller to illustrate the feasibility of the theoretical concepts.
The book is organized as follows. In Chapter 1, we provide the motivation
for the control design problems tackled in subsequent chapters. In Chapter
2, we visit a problem common to many mechanical systems — the com-
pensation for friction effects. Specifically, we present the design of several
friction compensation controllers for position setpoint and tracking appli-
cations of single-input single-output, rigid mechanical systems. Some of the
control design issues in this chapter (e.g., parametric uncertainty, modular
control/adaptation law design, and unmeasurable state variables) will serve
as a preview for the topics presented in Chapters 3 and 4 for multi-input
multi-output (MIMO), rigid mechanical systems. In Chapter 3, we design
adaptive tracking controllers for MIMO systems using full-state feedback.
Since velocity measurements in mechanical systems are often noisy or inac-
curate, several solutions to the MIMO, output feedback, tracking problem
are given in Chapter 4. In Chapters 5 through 7, we turn our attention
to flexible mechanical systems with the intention of illustrating how Lya-
punov techniques, which normally are applied to systems modeled by ordi-
nary differential equations, can be extended to systems described by partial
differential equations. In these chapters, we design both model-based and
adaptive boundary controllers, with the former serving as a stepping stone
for the latter. Chapter 5 presents boundary controllers for string-like sys-
tems, while Chapter 6 deals with the design of boundary controllers for
flexible beams. In Chapter 7, we focus on flexible systems that model some
typical, real-world engineering applications. Specifically, we design bound-
ary control strategies for an axially moving string system, a flexible link
robot_manipulator, and a flexible rotor system. A significant portion of
the mathematical background necessary to follow the control designs and
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analyses are combined in Appendix A. With the exception of Chapter 1,
each chapter includes detailed proofs. While a few of the proofs in some of
the chapters appear to be slightly repetitive, we believe this will allow the
reader to follow each chapter with a certain level of independence.

All of the material contained in this book (unless noted otherwise) has
resulted from the authors’ research over the last seven years. The material
is intended for audiences with an undergraduate background in control
theory and linear systems. Some knowledge of nonlinear systems theory
would also be useful; however, we do not believe that it is necessary. This
book is mainly aimed at researchers and graduate students in the area of
control applications.

We would like to acknowledge and express our sincere gratitude to Pro-
fessor Chris Rahn for introducing us to the boundary control philosophy
and for his technical support in the flexible structures area. Special appreci-
ation is also due to the following past and present graduate students of the
Department of Electrical and Computer Engineering at Clemson University
whose hard work throughout the past seven years made this book a real-
ity: Manish Agarwal, Keith Anderson, Tim Burg, Hiiseyin Canbolat, Nick
Costescu, Bret Costic, Warren Dixon, Matthew Feemster, Deepak Haste,
Ser-Yong Lim, Mike Mercier, Praveen Vedagarhba, and Erkan Zergeroglu.

Baton Rouge, Louisiana Marcio de Queiroz

Clemson, South Carolina Darren Dawson
Siddharth Nagarkatti

Fumin Zhang



1

Introduction

1.1 Lyapunov-Based Control

The synthesis of controllers basically involves two steps: (i) the design step,
where the goal is to construct a control algorithm for a given system to sat-
isfy certain performance specifications; and (ii) the analysis step; where the
goal is to verify the closed-loop system behavior (e.g., stability properties)
once the controller has been designed. For a nonlinear system, these two
steps become interdependent in the sense that the design and analysis are
the result of an iterative procedure. The nuances of this iterative proce-
dure become explicitly apparent if one exploits Lyapunov’s stability the-
ory! (i.e., the so-called Direct Method) for the control design and analysis.
Roughly speaking, Lyapunov’s Direct Method is a mathematical interpre-
tation of the physical property that if a system’s total energy is dissipating,
then the states of the system will ultimately travel to an equilibrium point
[6]. Simply stated, this property can be explored by constructing a scalar,
energy-related function for the system (e.g., V (t), where this function usu-
ally contains the closed-loop system states?) and then investigating its time
variation denoted by V (¢). If V (t) < 0, then we know that V (t) is a de-
creasing or constant function of time (i.e., the energy is being dissipated or

L Forsformalyandydetailedypresentationsyof this theory, the reader is refered to [2, 6].
2Since V (t) is related to the energy of the system, it must be a non-negative function.
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held at a constant level) and will eventually reach a constant; hence, the
closed-loop system is considered to be stable in some sense.

The main dilemmas that one has to face in a Lyapunov-based framework
are (i) how does one select the energy-related function? and (ii) should the
energy-related function simply be composed of the system’s kinetic and
potential energy or should it include other terms as well? Unfortunately,
there do not seem to be straightforward answers to these questions because
the selection of the energy-related function is not unique. Indeed, this se-
lection of V (t) is the very fact that makes Lyapunov design so interesting;
moreover, it is here that the iterative nature of the control design and the
closed-loop stability analysis materializes. Specifically, the selection of V (¢)
will directly depend on the structure of the closed-loop system and, hence
the structure of the controller. It is the authors’ belief that a better un-
derstanding of this synergy can be obtained from experience and physical
insight into the systern. In fact, one of the main objectives of this book is
to assist the reader in acquiring these skills. We hope to achieve this goal
by presenting Lyapunov-based control strategies for a variety of nonlinear
control problems that capture the strengths and inherent flexibility of the
approach. In particular, we will illustrate how Lyapunov designs can be
utilized to address the following issues:

e Model uncertainty

e Unavailability of full-state feedback

o Global stability vs. semiglobal stability

e Modular design of control and parameter adaptation laws

e Control of distributed parameter systems.

The discussion of Lyapunov-based designs in this book will be restricted
to control problems for mechanical systems. The name “mechanical sys-
tem” is used loosely to denote a class of physical systems whose dynamic
behavior can be derived via well-known methods of analytical dynamics
[4] such as Newton’s laws, Lagrange’s equations of motion, or Hamilton’s
principle. The focus on mechanical systems can be explained by the ob-
servation that many applied nonlinear control researchers, despite their
technical background, have often found themselves working on applications
involving some kind of mechanical subsystem. A few typical examples of
such practice are robotics, magnetic bearings, and spacecraft applications.
This emphasis may also be attributed to the fact that many nonlinear con-
trol techniques often owe their existence to a particular class of mechanical
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system. The mechanical systems considered in this book will be subdivided
into two classes:

¢ Rigid Mechanical Systems — Systems represented by ordinary
differential equations (ODE).

¢ Flexible Mechanical Systems — Systems represented by partial
differential equations (PDE) owing to the independence of the spatial
and time variables. (These systems are also often called distributed
parameter or infinite dimensional systems.)

In the following two sections, we briefly preview the control problems for
these classes of systems that will be presented in the subsequent chapters.

1.2 Rigid Mechanical Systems
Consider the following ODE:

E(t) + f (2(t),2(2),0) = u, (1.1)

where z(t), (t), £(t) € R denote the position, velocity, and acceleration,
respectively, of the system; f(z,%,0) € R is some nonlinear function; 6
is a constant system parameter; and u(t) € R is the control input. The
main control objective for the system of (1.1) can be stated as follows:
given a sufficiently smooth, desired trajectory for z(t), denoted by z4(t),
design a control law u(t) such that z(t) — z4(t) as t — co. The solution to
this control design problem is based on the paradigm of feedforward and
feedback control. To illustrate this paradigm, let us examine a few cases
that are dependent on the level of information available with regard to the
model of (1.1). For the sake of simplicity, we will assume that z4(t) = 0
Vt > 0. First, in the standard case, where z(t), Z(t) are measurable (i.e.,
full-state feedback) and the nonlinearity f (-) is exactly known, one could
design u(t) as follows:

u= f(z,2,0) — (kaZ + kpx) .
[ L .

(1.2)
feedforward feedback

This control law is commonly known as a feedback linearizing controller
since the nonlinearities are canceled out and the closed-loop system be-
comes the linear system:

&+ ko + kpx = 0. (1.3)
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A Lyapunov-based stability analysis of (1.3) can be performed by selecting
the following non-negative function:
potential energy-type term
1 1
V=ci?42
57 *3
~
kinetic energy-type term

kp:v2 (1.4)

and calculating its derivative along (1.3) as follows:
V = —kqd?. (1.5)

The application of LaSalle’s invariance principle [6] to (1.3) and (1.5) can
be used to show that z(t) — 0 as t — oo for all z(0), (0) € R.

Consider now the case, where 6 is unknown. Based on the form of (1.2), a
good choice for the control law would be the certainty equivalence controller
given by

u= f(z,,0) — kat — kpt, (1.6)

where 0(t) represents an estimate of §. Note that now the feedforward
term of (1.6) will not directly cancel the nonlinearity in (1.1) owing to the
mismatch between 6 and 8(t); hence, the linear closed-loop system given by
(1.3) will not be achieved. The question then becomes how to design o(t)
and select V (t) such that we can still show that z(¢) — 0 as t — oo, Vz(0),
#(0) € R. In anticipation of what will be seen in the subsequent chapters,
the solution to this problem is greatly facilitated if the function f(-) can
be linearly parameterized in the sense that

F(2,2,0) =Y (z,&)6, (1.7)

where Y (z,%) € R is a known function dependent only on z(t) and Z(t).

Consider now the case, where the velocity &(t) is not directly available
for feedback owing to noisy measurements or the lack of velocity sensors.
Since the only state information available to the controller is the position,
this problem is usually referred to as the output feedback (OFB) problem.
If the parameter 6 is known, a natural choice for the control law might be
to replace all occurrences of the actual velocity with an estimated velocity
signal as follows:

u= f(z,%,0) — ka & —kp, (1.8)

where £ (t) denotes the estimated velocity. One must now determine how
to properly design a velocity observer that generates a velocity surrogate
from position measurements while also ensuring that z(t) — 0 as ¢t — oo.
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Further difficulties arise if the parameter 6 is also unknown. This additional
uncertainty might require an entirely different control approach, a different
method of constructing the velocity surrogate, and a different Lyapunov-
like function. Another issue that often arises in the OFB problem concerns
the set of initial conditions for which the stability result holds. That is, is
it still feasible to achieve a global stability result (i.e., one that holds for
all z(0),z(0) € R)? For example, an OFB controller may only guarantee a
semiglobal stability result.3

1.3 Flexible Mechanical Systems

The term flexible mechanical system used in this book refers to systems
modeled by PDEs. The presence of partial derivatives in the dynamic equa-
tions can be attributed to the independence of the spatial and time vari-
ables. That is, the motion of this type of distributed parameter mechanical
system depends not only on time but also on the spatial position. Distrib-
uted parameter systems are typically governed by a PDE that must be
satisfied over all interior points of the domain and a set of boundary condi-
tions. The boundary conditions can either be static or dynamic in nature
and must be satisfied at the points bounding the domain.

Some of the more popular methods used to control distributed parameter
systems are based on (i) applying traditional linear control techniques to
a discretized system model obtained through modal analyses, (ii) applying
a distributed control by using smart sensors and actuators, or (iii) using
active boundary control strategies. The primary disadvantage of designing
a controller based on a discretized model is that the controller could po-
tentially excite unmodeled, high-order vibration modes that were neglected
during the discretization process (i.e., spillover effects). The primary dis-
advantage of distributed control is that the sensing and actuation can be
costly to implement. In contrast, boundary control techniques utilize the
distributed parameter model for control design purposes (hence, spillover
effects are avoided) and require relatively few sensors and actuators. For
these reasons, we will limit the discussion of control techniques for distrib-
uted parameter systems to the boundary control philosophy.

3To guarantee a semiglobal stability result, a control gain often has to be adjusted
according to the “size” of the initial conditions.
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FIGURE 1.1. Typical flexible mechanical system.

To examine the boundary control problem for flexible mechanical sys-
tems, let us consider the following illustrative field equation:

Ut (T,t) — Ugg (2,8) =0 (1.9
along with the boundary conditions
v (0,t) =0 ug (L, t) = f (1), (1.10)

where z € [0, L] denotes the independent position variable; ¢ denotes the
independent time variable; u(z,t) € R denotes the displacement at position
z for time t; the subscripts z,t represent partial derivatives with respect to
z,t, respectively; and f(t) € R is a control input applied at the boundary
position z = L. The simple string-like system shown in Figure 1.1 can be
seen as a graphical representation of the flexible system described by (1.9)
and (1.10).

The control objective for the above system is to design a control law for
f(t), a function only of boundary variables, such that vibrations throughout
the whole system domain are eliminated (i.e., drive u(z,t) — 0 Vz € [0, L]
as t — 00). Similar to the concept of feedforward/feedback control outlined
in Section 1.2, the solution to this control problem is founded on the par-
adigm that f(t) should act as an active damper-like force that sucks the
energy out of the system. The level of sophistication of this damper-like
force is directly related to system model. For example, as will be shown
below, the linear distributed parameter model of (1.9) and (1.10) requires
only a simple damper in the form of a negative boundary velocity feedback
term to force u(z,t) to zero Vz € [0, L]. On the other hand, as will be seen
in Chapters 5 to 7, a more complicated flexible, mechanical system model
mandates the use of a more complex boundary control law.

To illustrate the boundary control design and analysis procedure, let us
consider_the following boundary control law for the system described by
(1.9) and (1.10):

f = =ku(L,1), (1.11)
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where k£ is a positive scalar control gain. Note that the above controller is
only dependent on the measurement of the signal u;(z,t) at the boundary
position z = L. The form of (1.11) is based on the concept that negative
velocity feedback increases the damping in the system. To illustrate this
fact via a Lyapunov-like analysis, one could use the function

potential energy
_f\——_—x
1

L L L
V() = 3 /0 u2(o,t)do + —% /0 u (o,t)do +2,3/0 out (0,t) us (0,t)do
S

kinetic energy
(1.12)
where ( is a small, positive weighting constant that is used to ensure that
V'(t) is non-negative. After some algebraic manipulation and some integra-
tion by parts, the evaluation of the time derivative of (1.12) along (1.9),
(1.10), and (1.11) produces

V() < —ﬁ/ u(o,t) + uZ (0,t)) do (1.13)

for sufficiently small 3. The application of some standard integral inequal-
ities to (1.12) and (1.13) can now be used to show that u(z,t) — 0
Vz € [0,L] as t — oo. It is important to mention that the third term in the
definition of (1.12), although seeming to lack a physical interpretation, is
crucial in obtaining (1.13).

In contrast to the simple example above, the boundary control problems
attacked in this book concentrate on distributed parameter models that
are more complex and that are often used to describe a specific engineer-
ing application. As a result, the system models will contain the following
complicating features: (i) nonlinear field equation; (ii) linear or nonlinear,
dynamic boundary condition; (iii) unknown, constant parameters (e.g., ten-
sion, mass, inertia, bending stiffness, etc.); and/or (iv) PDE-ODE coupling
(i.e., a hybrid, flexible-rigid mechanical system).

1.4 Real-Time Control Implementation

The development of any control algorithm is of limited interest if it can-
not be implemented in real-time. The implementation issue for nonlinear
controllers_is_particularly important because the algorithms tend to have
a complex structure in comparison to standard linear controllers. In fact,
this issue often raises doubts about the feasibility of advanced controllers.
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To complement the theoretical control developments presented in the sub-
sequent chapters of this book, we now briefly describe the real-time control
environments used in their experimental validations.

In 1993, WinMotor, a Windows 3.11-based graphical user interface (GUI)
and programming environment, was developed at Clemson University to
compile and execute C programs in real-time to control various electro-
mechanical systems [3]. The WinMotor environment used a TMS320C30
digital signal processor (DSP) board to execute the control program, and
a host Intel-486 personal computer (PC) to perform user interface tasks
such as on-line graphing and tuning of control parameters. Data storage
was provided in a MATLAB-ready format, thereby allowing the user to
analyze the data further. The data acquisition interface consisted of a DS2
encoder interface board from Integrated Motions. As PC CPU technology
advanced and real-time operating systems for PCs became widely available,
we developed the Qmotor control environment [1] to execute both the GUI
and the control program on the same CPU, thereby eliminating the need
for special purpose DSPs. Qmotor is a QNX-based [5] (micro-kernel, real-
time operating system) GUI and programming environment that runs on
an Intel Pentium-II PC. In addition to the user interface features provided
in WinMotor, some enhancements were introduced in @motor, such as the
ability to display additional plot variables during a control run and an
off-line graphing capability to compare the data stored from previous runs.
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2

Control Techniques for Friction
Compensation

2.1 Introduction

Friction is a natural phenomenon that affects almost all motion. It has been
the subject of extensive studies for centuries, with the main objectives be-
ing the design of effective lubricating processes and the understanding of
the mechanisms of wear. Whereas friction effects at moderate velocities are
somewhat predictable, it is the effect of friction at low velocities that is
very difficult to model. The facts that friction changes sign with velocity, is
asymmetric about the velocity axis, has evolutionary characteristics, and
exhibits the stick-slip phenomenon, etc., aggravates the problem. Although
friction effects have been well understood qualitatively, researchers have of-
ten relied on experimental data to formulate various mathematical models.
A heuristic model for friction was first proposed by Leonardo da Vinci [11]
in 1519; however, the model failed to capture the low-velocity friction effects
such as the Stribeck effect, presliding displacement, rising static friction,
etc., which play a major role in high-precision position/velocity tracking
applications. In recent years, several dynamic models have been introduced
to describe this highly nonlinear behavior exhibited by friction. For exam-
ple, Dahl [12] proposed a dynamic model to capture the spring-like behavior
during stiction. Canudas et al. [9] proposed a dynamic state-variable model
to capture friction effects such as the Stribeck effect, hysteresis, spring-like
behavior of stiction, and varying breakaway force.
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Precise control of mechanical systems in the presence of friction-related
effects is a very challenging task. The coefficients of the various friction-
related effects are usually very difficult to measure. In addition, the friction-
related coefficients may exhibit evolutionary characteristics; therefore, ef-
fective compensation for friction effects via adaptive control seems well
motivated. :

In the first part of this chapter (Sections 2.2 and 2.3), we consider a
reduced-order dynamic representation of the nonlinear friction model pro-
posed in [9], which incorporates viscous, Coulomb, static, and Stribeck
friction-related effects. A second-order single-input, single-output (SISO)
mechanical system augmented with this reduced-order friction model is
used as the basis for the design of two adaptive tracking controllers and
one adaptive setpoint controller. For benchmark purposes, the first adap-
tive tracking controller is based on a traditional Lyapunov design frame-
work. That is, the controller and the parameter update law are designed
in conjunction via a single Lyapunov function to ensure global asymptotic
tracking. This standard adaptive controller is reminiscent of the SISO ver-
sion of the well-known, adaptive controller of Slotine and Li [30].

The use of a single Lyapunov function often restricts the design of the
parameter update law to a standard, gradient-type adaptation driven by
the position and velocity tracking errors. Since gradient-type update laws
often exhibit slow parameter convergence, the need for an adaptive control
methodology that provides flexibility in design of the parameter estimation
update law is well reasoned. Passivity-based adaptive controllers provide for
some flexibility in the parameter identifier design; however, the designed up-
date law must satisfy a passive mapping condition [20, 25]. Although mainly
applied to linear systems, the estimation-based approach to adaptive con-
trol allows for further flexibility in the construction of parameter update
laws (e.g., prediction error!-based gradient or normalized /unnormalized
least-squares update laws can be used in lieu of a standard, gradient-type
update law). This flexibility is achieved as a result of a modular design of
the controller and the update law. Recent work by Krsti¢ and Kokotovié [19)
has successfully extended previous linear, estimation-based techniques to a
class of parametric-strict-feedback, nonlinear systems by cleverly exploiting
the nonlinear damping tool (see Lemma A.10 in Appendix A for details).
Motivated by the above facts, the second adaptive tracking controller is
based on the modular design approach proposed in [19]. Specifically, the

L The prediction-erroris.defined.as the difference between an estimated, filtered version
of the the mechanical system dynamics and a filtered version of the control input [30].
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controller is designed to ensure input-to-state stability with respect to the
parameter estimation error while the parameter update law is used to com-
pensate for the unknown, constant parameters that appear linearly in the
model. The design of the controller and the update law is justified by means
of a composite stability analysis that illustrates global asymptotic position
tracking. :

Whereas the effects owing to viscous and Coulomb friction can be rep-
resented by a linearly parameterized model, the Stribeck effect is often
modeled as a nonlinear velocity-dependent function with an unknown, con-
stant parameter appearing nonlinearly in the model. To make this problem
more tractable, several control designs resort to using approximate linearly
parameterizable models to represent the Stribeck effect. With the goal of
avoiding this approximation, we then address the position setpoint control
problem for mechanical systems with a nonlinearly parameterized Stribeck
model. Specifically, we utilize the technique discussed in [14, 24] to de-
sign an adaptive controller that compensates for parametric uncertainties
throughout the entire mechanical system, including the Stribeck friction
constant even though it does not appear linearly in the model.

In the latter part of this chapter (Sections 2.4 and 2.5), we consider for
control design purposes the second-order SISO mechanical system along
with the full-order friction model proposed in [9]. A detrimental aspect of
the full-order friction model is the existence of an unmeasurable, dynamic
friction state that mandates the inclusion of a friction state estimator in
the control scheme. To this end, we demonstrate how the mechanical sys-
tem/friction dynamics can be exploited to design different observers or
filters that lead to the development of a class of partial-state feedback,
position tracking controllers. First, by assuming exact knowledge of the
system parameters, we present two model-based observer/controllers that
share a common control law structure but differ in the observer construc-
tion. Specifically, while the first observer only partially exploits the system
model and provides asymptotic position tracking, the second observer has
a more model-based structure and produces exponential position tracking.
Next, we consider uncertainty in selected parameters of the mechanical sys-
tem/friction dynamics and present two adaptive controllers that achieve as-
ymptotic position tracking. The first adaptive controller utilizes a nonlinear
observer/filter structure to compensate for uncertainty in all of the system
parameters except for those associated with the Stribeck effect. The second
adaptive controller utilizes a different nonlinear observer/filter to compen-
sate for only a single parameter associated with normal force variation in
the Stribeck effect.
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2.2 Reduced-Order Friction Model

The mathematical model for a SISO mechanical system in the presence of
friction is assumed to be of the form

MG+ B+ (F. + Fyexp (—F-¢%)) sat(q) = T, (2.1)

where ¢(2),4(t),§(t) € R represent the position, velocity, and accelera-
tion, respectively; M denotes the constant inertia of the system; B denotes
the constant viscous friction coefficient; F. denotes the Coulomb friction-
related constant; F; denotes the static friction-related constant; F; is a
positive constant corresponding to the Stribeck effect; and 7(t) € R is
the control input. The model of (2.1) is a simplified version of the seven-
parameter model proposed in [1]. Specifically, this model ignores frictional
effects such as presliding-displacement, frictional memory, and rising-static
friction.

Remark 2.1 The saturation function used in (2.1) is defined such that
sat(0) = 0, ¢sat(¢) > 0, and sat(q) € Loo. For the modular adaptive
controller presented in Section 2.5.2, the sat(-) function will be defined
as the standard, discontinuous signum function. In contrast, the setpoint
controller presented in the Section 2.3.3 will require the sat(-) function to

be first-order differentiable (i.e., 8sg‘c‘(q)

multivalued, discontinuous function as shown below:

€ Lo V¢ € L), or a non-

1 forg>0
sat(-) = 0 forg=0 . (2.2)
-1 forg<0

An ezample of a first-order, differentiable saturation function is tan™!(kgq),
where K is some large positive constant. Note that

dtan~(kg) K

mjtan“l(mj) >0, ta'n—l(K‘CD € ‘COO, 8q 1 + n2q2

€ Loo.
(2.3)

The mechanical system given by (2.1) can be rewritten in the following
concise form:

Mi+W(Q@)o =, (2.4)

where W/ (4).€.R1%3 is the regression.vector given by

W) =[ ¢ sat(q) sat(q)exp(—Frd?) |, (2.5)
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and § € R? is the vector of constant parameters defined as
6=[B F. F | . (2.6)

Since we are interested in compensating for friction, we will assume in the
subsequent control designs that the coefficients B, F,, and F, are unknown
constants; hence, # will be an unknown parameter vector. However, we will
assume that the rotor inertia M and the Stribeck parameter F; are known;
hence, W(g) will be known.

Remark 2.2 Since the friction parameter Fr does not appear linearly in
(2.1), it is not obvious how to compensate for uncertainty associated with
F, for the case of position tracking applications. Also, note that the sub-
sequent control strategies can easily be modified to cope with uncertainty
associated with the parameter M; however, this minor extension has been
ignored because it is deemed uninteresting.

2.3 Control Designs for Reduced-Order Model

In this section, we present the design of three adaptive controllers for the dy-
namics given by (2.4). The control objective is to achieve position/velocity
tracking or regulation despite the uncertainty associated with the para-
meter vector 6 of (2.6). To this end, we define the position and velocity
tracking error signals as follows:

e(t) = ga(t) —q(t) &) = da(t) —4(2), (2.7)

where ¢q4(t) is the desired position trajectory that must be constructed to
ensure that g4(¢),44(t),di(t) € Loo. Since the control objective is to be
met under the constraint of parametric uncertainty, the controllers of this
section will contain an adaptation law to estimate the unknown parameters.
The difference between the actual and estimated parameters is defined by

6(t) = 0 —B(¢), (2.8)

where 8(t) € R® denotes the parameter estimation error vector, and 8(t) €
R® denotes the dynamic estimate of 6.
In addition, we define the filtered tracking error as

r(t) = é(t) + ae(t), (2.9)

where « is a positive control gain. Note that the Laplace transform of (2.9)
yields the following strictly proper, exponentially stable, transfer function
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between 7 (t) and e (t):

E(s) 1

R(s) s+a’
where s denotes the Laplace transform variable. In addition, the definition
of (2.9) will allow us to consider the second-order dynamic equation of (2.4)
as a first-order equation, thereby simplifying the control design. To see this,
we rewrite the dynamics of (2.4) in terms of the definition given in (2.9)
as described below. First, we differentiate (2.9) with respect to time and
multiply both sides by M to yield

(2.10)

M7 = M (44 + aé) — Mg, (2.11)

where we have used the fact developed from (2.7) that é = gq — §. After
utilizing the system dynamics of (2.4) to substitute for Mg into (2.11), we
have

M7t = M(§a + aé) + W(4)0 — 7. (2.12)
The above first-order, nonlinear, ordinary differential equation represents
the open-loop dynamics of r(¢) and will be used as the foundation for the
design of the first two adaptive controllers of this section.

2.3.1 Standard Adaptive Control

To formulate the standard adaptive controller, we use the structure of the
open-loop dynamics of (2.12) to design the control input 7 (¢) as follows:

T = M(§g + aé) + W(q)8 + kr, (2.13)

where k is a positive control gain and (t) was defined in (2.8). Motivated by
the subsequent Lyapunov-type stability analysis, the parameter estimate
vector 6 () is updated using the adaptation algorithm,

b= TwZ(g)r, (2.14)

where ' € R3*%3 is a diagonal, positive-definite, adaptation gain matrix.
After substituting the control input of (2.13) into (2.12), we obtain the
following closed-loop dynamics for r(t):

M7#=W(q)8 — kr, (2.15)

where  (t) was defined in (2.8). In addition, by differentiating (2.8) with re-
spect to time, we can use (2.14) to form the following closed-loop dynamics
for the parameter estimation error:

6= LTWT (4)r. (2.16)
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To analyze the stability of the closed-loop dynamics given by (2.15) and
(2.16), we define the non-negative function

V@) = %Mrz + %éTr—lé. (2.17)

After taking the time derivative of (2.17), and then substituting for M7
from (2.15), we obtain

V =Mir+8' 118

(2.18)
- (WT (@r+T"1 é) .
After substituting (2.16) into (2.18) for g (t), we get
V = —kr?, (2.19)

From (2.19) it is clear that V (¢) is a nonpositive function; hence, we know
that V(¢) is either decreasing or constant. Since V'(¢) of (2.17) is a non-
negative function (i.e., V(t) is lower-bounded by zero), we can conclude that
V(t) € Loo; hence, r(t) € Loo and 8(t) € Loo. Since 7 (t) € Loo, We can use
(2.10) and Lemma A.8 in Appendix A to illustrate that e (t),é(t) € Loo;
hence, owing to the boundedness of g4(t) and ¢q(t), we can use (2.7) to
conclude that g(t),§(t) € Leo. Since 8(t) € Loo and 6 is a constant vector,
(2.8) can be used to show that 8(t) € Leo. From the above boundedness
statements and the fact that gg(t) is assumed bounded, the definition of
(2.5) can be used to state that W(q) € L. It is now easy to see from (2.13)
that the control input 7(t) € Loo. The above information can be applied to
(2.4) and (2.15) to illustrate that G(t),7(t) € Loo. Thus, we have illustrated
that all signals in the adaptive controller and the system remain bounded
during closed-loop operation.

We have already proved that r(t),7(t) € Loo. If we can now show that
r(t) € L2, then Lemma A.3 in Appendix A can be exploited to prove that
r(t) goes to zero. To this end, we integrate with respect to time, both sides
of (2.19) to produce

e[ eitas- [T v (220)
0 0
The evaluation of the integral on the right-hand side of (2.20) yields

k / % @)% dt < Vi (0) — V (c0) < V (0) < o0, (2.21)
0
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where we have used the fact that V(0) > V(co0) > 0 because V < 0. The
above inequality can be rewritten as follows:

1//00 Ir@)II dt < \/Y%)l < o0, (2.22)
0

which indicates from Definition A.1 in Appendix A that r(t) € £L2. We can
now invoke Lemma A.3 to conclude that

tlim r(t) = 0. (2.23)
Finally, we can use (2.10) and (2.23) along with Lemma A.8 in Appendix A
to prove the global asymptotic stability of the position and velocity tracking

errors in the sense that
tlim e(t), é(t) = 0. (2.24)

2.3.2 Modular Adaptive Control

We now develop an adaptive position tracking controller that achieves con-
troller/update law modularity. Specifically, we first design a control law to
achieve input-to-state stability (ISS) with the parameter estimation error
é(t) treated as a disturbance input to the filtered tracking error dynam-
ics; hence, the controller guarantees closed-loop stability for any adaptive
update law design, which ensures that the parameter estimates remain
bounded. We then illustrate how the proposed control law yields global
asymptotic position tracking for any parameter update law design, which
also ensures that the prediction error is square integrable.

In order to facilitate the modular control design, we first define the filtered
regression vector as follows:? [30]

Wi (d) + BWy(d) = BW(9) W(4(0)) =0, (2.25)

where [ is a positive, constant design parameter. As in [19], the open-loop
dynamics of (2.12) motivates us to design the control input 7(¢) as follows:

7= M(Ga+aé)+ W)+ kr

1 (2.26)

B

1

o IW (@I 7 + 3

Ws@) b+ (5Ws@ é>2r,

%See [21] for details on how to compute W; (¢) without the need for acceleration
measurements.
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where k is a positive control gain, and k,, is a positive, nonlinear damping
gain. To give some insight into the structure of the control input, we note
that the terms on the first line of (2.26) are standard feedforward/feedback
terms, while the terms on the second line are nonlinear damping functions
injected to achieve the ISS property of the closed-loop system with respect
to 0(t). After substituting the control input of (2.26) into (2.12), we obtain
the following closed-loop system:
N\ 2

Wt (4) 9) T

(2.27)
In order to show that the controller achieves boundedness of r(t), we state
the following theorem.

M# = —kr + W(Q)8 — kn |W(3)| r-%wf(q)e ke, (%

Theorem 2.1 Given the closed-loop dynamics of (2.27), if é(t) € Lo,

then
rof < vofen (35) + o (P 1), e

where |||, denotes the infinity norm; hence, r( ) € Loo
Proof. To prove the ISS property of the proposed controller, we define the
following non-negative function:

Wi= -;—Mrz. (2.29)

After taking the time derivative of (2.29) along the closed-loop expression
given by (2.27), we get

Vo= —kr?+ [W(@)rd - ka W) ]
. . ) N2 (2.30)
+ [—EW,«(Q) 0r—ky, (EWf(q) 0) r2J .
After applying the nonlinear damping argument given by Lemma A.10 in

Appendix A to the bracketed terms of (2.30), we obtain the following upper
bound on V4 (t):
112
P s
< 22 an oy =
< MVl + T + T

where (2.29) has been used. If §(t) € Loo, by application of Lemma A.5 in
Appendix A, the above inequality can be solved to yield

10 SVl(O)exp(—2—Mkt> o (HGH +1> (2.32)

(2.31)
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which, by the use of (2.29), can be rewritten as

1 1 2%k M (52
SMr2(t) < SMr*(0) exp (~Mt> + o (He“w +1).  (2.33)

It is now easy to see the result of (2.28); thus, we can infer that 7(t) € Lo
Note that, since r(t) € Loo, we can use (2.10) and invoke Lemma A.8 in
Appendix A to also illustrate that e(t), é(t) € Loo (and hence, ¢(t),§(t) €
Loo, owing to the boundedness of ¢4(t) and ¢q4(t)). O

Parameter Update Laws

Since the ISS property is achieved by the controller, we are left with the
design of adaptive update laws that ensure boundedness of the parameter
estimates. To this end, we define the prediction error

€e=Tf— Ty, (2.34)
where 7¢(t) € R is the filtered control input [21] defined as follows:
=0T+ BT 75(0) =0, (2.35)
and 7¢(t) € R is the estimated, filtered control input given by
#r = AM§—C+ W@, (2:36)

with 3 being the same constant defined in (2.25), Wy(q) being defined in
(2.25), and ¢(t) € R being an auxiliary filter variable defined as follows:

{=—B¢+ Mg ¢(0) =0. (2.37)

From (2.36) and (2.37), it is not difficult to see that the prediction error
€(t) is a measurable signal.
Upon substituting (2.4) into (2.35) for 7(t), we obtain the following ex-
pression:
75+ B1y = BM{+ BW(4)0. (2.38)

Upon differentiating (2.36) with respect to time, and then utilizing (2.36)
and (2.37) to eliminate the variable {(¢), we obtain the following expression:

N . . npy, d 2
tr +07s = BMG+ Wi (@6 + — (Wf(4)9> : (2.39)
After subtracting (2.39) from (2.38), and utilizing (2.25) and (2.34), we get

é+fe= % (W3@6) + 6 (w;(0)3) (2.40)
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From the structure of (2.40), we can see that an unmeasurable representa-
tion for the prediction error € (t) can be defined as follows:

e = Wr(q)0. (2.41)

We are now in a position to design the adaptive update laws to estimate
0. Specifically, we employ the following gradient and least-squares-type up-
date laws [19]:

Gradient update law: 6=TW7(4)e, where I'=TI7T > 0.

Least-squares update law: 6= I“(t)V.V}"((j)E,
where T'=-TW7(§)Ws(¢)T
) =T7(0) > 0.
(2.42)
The adaptive update laws given by (2.42) not only ensure boundedness of
the parameter estimation error but also guarantee that €(t) € Lo. In order
to delineate this fact, we state the following theorem.

Theorem 2.2 The update laws given by (2.42) guarantee that 8(t) € Loo;
furthermore, the proposed update laws guarantee that €(t) € L.

Proof. To prove this theorem, we utilize the following function:
Vo =§ I 10 (2.43)
After taking the time derivative of V,(t) along (2.42), we obtain

—28"T-14 Gradient update law
Vo = (2.44)
_26"T-19 -3 r-T16 Least-squares update law.

After substituting for 8 (t) from (2.42), utilizing (2.41) to substitute for
€, and then simplifying the resulting expression, we obtain the following
upper bound on Va(t):
. —2¢?  Gradient update law
Vo < (2.45)

—€2  Least-squares update law.

For the gradient update law, I' is a constant, positive-definite matrix;
thus, V5(t) of (2.43) is a non-negative function. Since from (2.45) we know



22 2. Control Techniques for Friction Compensation

Va(t) is nonpositive, we can infer that Va(t) is either decreasing or constant;
hence, Va(t) € Loo, which implies that 8(t) € L. After integrating both
sides of the first inequality in (2.45), and following a similar procedure as
in (2.20)—(2.22), we can easily show that €(t) € Ls.

For the least-squares update law, we will first show that I'™! (¢) in (2.43)
is bounded. To this end, after applying the identity given by

r!=-p-ir! (2.46)

to (2.42), we can show that the solution for I'"1 (¢) is given by

r1() =11 (0) + / WE (§(0) Wy (d(o))do.  (247)

It is easy to see that W7 (¢) Wy (q) is positive semidefinite, which implies
that

/O WF (4(0)) Wy (4 (o)) do > 0; (2.48)

thus, it follows from (2.47) that I'"! (¢) < 71 (0). If T'(0) is selected to
be positive-definite and symmetric according to (2.42), then I'"! (0) is also
positive-definite and symmetric. Therefore, it follows that both I'"! (¢) and
T (t) are positive-definite and symmetric. From (2.42), we know that I" (¢)
is negative semidefinite; therefore, I' () is always constant or decreasing,
and it follows that I' (t) € L. Since I' (t) € Lo, V2 (t) is non-negative,
and V5 (t) is nonpositive, we can infer that V2(t) € Loo, which implies that
6(t) € Loo. Finally, after integrating both sides of the second inequality in
(2.45), and again following a similar procedure as in (2.20)-(2.22), we can
show that e(t) € Lo. O

Composite Stability Analysis

We are now in a position to perform a composite stability analysis for the
closed-loop system given by (2.27) with the adaptive update laws given by
(2.42).

Theorem 2.3 The adaptive controller of (2.26) along with the update laws
given by (2.42) ensures that all signals remain bounded during closed-loop
operation; furthermore, it ensures global asymptotic tracking as illustrated
by

tlir{.lo e(t),é(t) = 0. (2.49)
Proof. From the proof of Theorem 2.2, we know that 8 (¢),0 (t) € Leo.
Since 6 (t) € Lo, we can apply Theorem 2.1 to show that 7 (t) € Leo.
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Since 7 {t) € Lo, we can invoke Lemma A.8 in Appendix A to show that
e(t),é(t) € Loo; therefore, it follows from (2.7) that ¢(t),q () € Loo.
Since ¢ (t) € Lo, we can show that Wy(¢) € Lo, and since 9(1&) € Lo,
we know from (2.41) that €(t) € L. It is now easy to see from (2.42)

that 8 (t) € Loo. From the above boundedness statements, we use (2.27) to
prove that 7 (t) € Loo. Therefore, we have asserted that all signals remain
bounded during closed-loop operation.

In order to prove that tl_i.rgo r(t) = 0, we consider the following variable
transformation: )

z=Mr— Ee. (2.50)

After taking the time derivative of z(¢) along the closed-loop expression
given by (2.27), substituting for ¢ from (2.41), and then simplifying the
resulting expression by the use of (2.25), we obtain

N2
z=—kr —k, ||W(q')||2r —kn, (%Wf(q) 9) r+e 2 —A(g)r +€ (2.51)

where A(g) is a positive function. Using the relationship given by (2.50),
we can rewrite (2.51) in terms of only z(t) and €(t) as follows:

G = -iﬂ(—l@x +C(d)e, (2.52)
where C(q) is defined by
Cd) = (1 - %4%)-) . (2.53)

. . . .1 .
We now differentiate the non-negative expression 5:::2 along (2.52) to obtain

(2.54)
<2902 4 o)l el el
We now let
y=1/32% (2.55)
and rewrite (2.54) as
& P =i gLy B0 ey (256)
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Since y(t) > 0, we can use (2.56) to produce the following upper bound for

y(2):

¥ < =Gy +Callell, (2.57)
where the positive scalar constants® ¢; and ¢, are defined as
: ! V2,
G =mf{A@)}3;  and (=100 (2.58)

The solution of the differential inequality of (2.57) is given by

y(t) <y(0)e St + ¢ /0 €6 =8 |1e ()| . (2.59)

After utilizing Holder’s inequality [33], we can rewrite (2.59) as follows:

ly(®)] sly(O)lef<1t+<2\//0 e"cl(t’g)dé\//o =178 [le (€) 1" d¢

et S2 [ -0 1o (02
< [y(0)] e~ + \/C_\/ / le ©)[12 de.

(2.60)
After squaring both sides of (2.60) and integrating the resulting expression,
we obtain

[ i < !y(Col)l 24412 [ ([ ceoteeiPe)a o

If we reverse the order of integration in (2.61), we have

/ ly(o)Pdo <'y(°)' 2512 / i€ le (&)1 ( / -<1”da) d

<WOP 26 e Lag

(2.62)
After utilizing the fact that £(t) € L2, we can use (2.62) to state that
y(0 ZC
ol <! (Cl)' T el < (263)

where ||-||, denotes the £2 norm of a signal. From Definition A.1 in Appen-
dix A, we know that the result given by (2.63) illustrates that y(t) € Ls.

3Since we know all signals are bounded from Theorem 2.3, the constants ¢1 and (o
exist.
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Hence, from the definition presented in (2.55), we can see that z (t) € L.
Since z(t),e(t) € L2, we can state from (2.50) that r(¢) € L. Since
7(t),7(t) € Lo and r(t) € L2, we can invoke Lemma A.3 in Appendix
A to state that t]iglo 7(t) = 0; hence, we can use (2.10) and Lemma A.8 in

Appendix A to show that tlingo e(t),é(t) =0.0

2.3.3 Adaptive Setpoint Control

Recall that the adaptive tracking controllers of Sections 2.3.1 and 2.3.2
assumed perfect knowledge of the Stribeck parameter F.., which does not
appear linearly in the model (see Remark 2.2). We will now design an
adaptive position setpoint controller (i.e., g4 is now set to some constant)
to compensate for uncertainty associated with all of the parameters in the
friction model, including the Stribeck parameter F... To this end, we begin
by rewriting the mechanical system dynamics given by (2.1) as follows:

MG = Ws(§)8s — Fssat(g) exp (_F'rq.2) + T, (2.64)
where
We(q) = [ —¢ —sat(q) ] e R1*?2 (2.65)
and
6,=[B F. ] eR2 (2.66)

The structure of (2.64) and the subsequent stability analysis motivate us
to design the control input as follows:

T = —Wsbs — kag + kp(qa — q) + Fusat(g) exp (—F‘qu) , (2.67)

where kg, k;, are positive control gains, and 8,(t) € R? and F(t), F,(t) € R
denote the estimates of ¢, Fs, and F:, respectively, which are updated
according to the following adaptation laws:

0,=TWlq  F.=—yyisat(q)exp(—Fr¢?)
(2.68)

Fr= 7,43 sat(q) exp(—Fr¢?),

where T’y € R?*? is a diagonal, positive-definite, adaptation gain matrix
and vp,7; are positive adaptation gains. After substituting (2.67) into
the open-loop system of (2.64), adding and subtracting the term Fj sat(g)
exp (—13“,42), and then simplifying the resulting expression, we obtain the
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following closed-loop system:

M§ = Wi(@)Bs — kag + plaa — @) — Fo sat(d) exp (~Fr?)
(2.69)
—F;sat(q) [exp (—Fr¢?) —exp (—ﬁ’fdz)] )

where 0,(t) = 05 — 0,(t) and Fi(t) = F; — Fs(t) denote the parameter
estimation error terms.

In order to examine the stability of the closed-loop system given by (2.69)
along with the adaptive update laws of (2.68), we perform the following
analysis. We define the non—negative function

1 F,
V:%Mq%r%kp(qd—q) += 6 71, + —F2 4 F2 (2.70)

2o * 2y
where ﬁ‘f(t) = F - F-,-(t). After taking the time derivative of V() along
(2.69) and (2.68), we obtain, after some simplifications

V = —had® ~ Fagsat(d) [exp(~Frd?®) — exp(~Frd?) + Frg? exp(—Frd?)]
(2.71)
which can be rewritten as follows:

V = —kag® — Fsgsat(q) exp(—Fp4?) [exp(—l:"'qu) -1+ ls’fqz] . (272)
After defining ¢ = 1 — F¢? in (2.72), we have
V = —kqg® — Fogsat(q) exp(—Fp4?) [exp(¢ — 1) — ¢]. (2.73)

Since sat(4)¢ > 0 Vq(t) and exp(¢ — 1) > ¢ V((t), V(t) can be upper
bounded as follows:
V < —kqd?. (2.74)
From (2.70) and (2.74), we can follow similar arguments as in Sections
2.3.1 and 2.3.2 to show that q(t), (), Fu(t), Fr(t) € Loo and 0,(t) € Loo
Since B, F,, Fs, and F; are constant parameters, F (t), E, (t) € Lo and
05(t) € Loo. Since the right-hand side of the equations in (2.67) and (2.68)

contain only bounded quantities, we can assert that 7(t), F'y (t),Fr (t) €

L and 93 (t) € L. Similarly, since the right-hand side of (2.64) contains
only bounded quantities, we can say that §(t) € Lo Thus, we can infer
that all the signals remain bounded during closed-loop operation.

After integrating both sides of the expression given by (2.74), and then
proceeding as in (2.20)—(2.22), we have

\/ / 2(0)do <\/ © (2.75)
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which, according to Definition A.1l in Appendix A, indicates that ¢(¢) €

L. Since, ¢(t),d(t) € Loo, and ¢(t) € L2, we can invoke Lemma A.3 in

Appendix A to show that tlim 4(t) = 0. Now, note that ¢(¢) can also be
—00

rewritten as

q(t)_/ov ‘fj(g)d +C, (2.76)

where C' is some constant. Since we have already shown that tlim qt) =0,
—00

we can use (2.76) to show that

lim / dgl( )da exists and is finite. (2.77)
0

t—o0 (o

After differentiating the expression given by (2.69), we obtain
M4 = Wb+ W8 —kai — kpd

+F sat(q) exp(—Fr¢?) — F, asg;(q)éjexp(—ﬁ’fqz)

—Fy sat(q) ( r g —QFTQCI) exp(—Fr¢?)
(2.78)
Bsa Jsat(q) .

5 G [exp(~Frd?) — exp(~ )|

—Fssat(g )[ 2F, 4G exp(—Frd?)

+(Fr ¢+ 2F,44) exp(~ﬁfc)2)] ,

where

: t
W = ..('1' M ] € Loo.
9q
Since the right-hand side of (2.78) contains only bounded quantities, we
can infer that ¢ (t) € Loo. Since ¢ (t) € Lo, We can state that G(t) is
uniformly continuous. Since ¢(¢) is uniformly continuous, we can use (2.77)
and Lemma A.2 in Appendix A to show that
lim §(¢) = (2.79)

t—oo

Since tlir{))o(j(t),cf(t) = 0, we can now see from (2.69) and (2.65) that
tligloQ(t) =45
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Remark 2.3 Note that LaSalle’s invariance principle [30] can be employed
to illustrate asymptotic stability if the sat(-) function is defined to be the
non-multivalued, discontinuous function defined in (2.2). That is, we can
find the largest invariant set of (2.68) and (2.69) contained in the set

0={(00,8,F F) e | §=0}. (2.80)

Specifically, from (2.74), ¢ = 0; hence, from (2.2), the regression vector of
(2.65) reduces to
W(d@l4=o=[0 0]. (2.81)

Since ¢ = 0, the acceleration is also equal to zero (i.e., § = 0). Therefore,
we can use (2.69), (2.2), and (2.81) to show that

kp(ga —q) =0, (2.82)

which means
q = ga- (2.83)
We can now invoke LaSalle’s principle to show that tlim g(t),e(t)=0.

2.3.4 Experimental Evaluation
Experimental Setup

A schematic diagram of the experimental setup used to implement the con-
trollers is shown in Figure 2.1. The setup consisted of a 88 N-m switched re-
luctance motor (NSK Corp., model RS-0810) operating in torque-controlled
mode. A metal disk weighing 11 Ibs was attached to the rotor concentri-
cally. Friction was introduced via a block of Teflon held against the disk, as
shown in Figure 2.1. The amount of friction could be varied by adjusting a
vice arrangement. An integrally mounted resolver provided rotor position
measurement. The resolver signal was converted to quadrature format by
a resolver-to-digital converter mounted inside the driver unit. The resolu-
tion of the position sensor was 0.00234 deg. The rotor velocity signal was
obtained by applying a standard backwards difference algorithm to the po-
sition signal with the resulting signal being filtered by a second-order digital
filter. A Pentium 266 MHz PC running Qmotor provided the environment
to write the control algorithm in the C programming language.

The various parameters associated with the friction model were calcu-
lated using the following procedure. First, a sinusoidal torque with the
amplitude selected to be more than the required static friction torque was
applied to the motor. The inertia of the disk along with the rotor iner-
tia were determined using standard procedures. The rotor acceleration was
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Top View

Side view

Teflon Block —

10 Ibs. weight

: NSK motor

FIGURE 2.1. Schematic diagram of the experimental setup.

computed by applying a backwards difference algorithm to the velocity
signal and then filtering the resulting signal using a second-order digital
filter. The frictional torque was obtained by subtracting the inertial torque
from the applied torque. The parameters of the friction model were then
adjusted to fit the experimentally obtained profile of the friction torque.
For the model given by (2.1), the numerical values of the parameters were
determined to be

M =0.125kg-m?, B =15N-m-sec/rad, F.=3.50 N-m,
Fy =490 N-m, F,=0.1890 sec?/rad?.

The saturation function in (2.1) was defined to be the function given in
(2.2).

Experimental Results

Ezperiment 1: For comparison purposes, the standard, gradient update
law-based adaptive controller given by (2.13) and (2.14) was implemented.
The desired position trajectory was selected to be (see Figure 2.2)

ga(t) = tan™" (4sin(0.5t)) (1 — exp(—0.01¢>)) rad. (2.84)

The parameter estimates were initialized to 50% of their nominal measured
values (i.e., 8(0) = 0.56). The best tracking performance was achieved with
the following control and adaptation gains:

o =110, k.= 14} I' = diag{1.2.0.8.1.5}.
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FIGURE 2.2. Desired position trajectory.
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FIGURE 2.4. Estimate of the viscous friction coefficient.
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FIGURE 2.6. Estimate of the static friction coefficient.
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Estimate for Viscous Friction Parameter
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FIGURE 2.8. Parameter estimates for setpoint controller.

The performance of the controller as quantified by the position tracking
error is shown in Figure 2.3. The parameter estimates are shown in Figures
2.4 to 2.6.

Next, the modular adaptive controller of (2.26) with the least-squares
update law given in (2.42) was implemented with §(0) = 0.56. The desired
position trajectory was selected as in (2.84). The best tracking performance
was achieved using the following control gains:

a=40, k,=30, ky=1 B=1,

with the adaptation gain matrix initialized to

08 1.0 10
r0)=|10 18 1.0
1.0 1.0 30

The position tracking error is shown Figure 2.3. The parameter estimates
are shown in Figures 2.4-2.6.

The experimental results shown in Figures 2.4-2.6 indicate that the least-
squares-type estimation rule promotes better transient performance than
the standard gradient update law. The improved transient performance of
the parameter update laws results in faster decay of the position tracking
error for the least-squares based controller, as illustrated by Figure 2.3.

Ezperiment 2: The setpoint controller of (2.67) along with the update
laws given by (2.68) was implemented with 6(0) = 0.56. The desired set-
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point was selected to be
gq = 90 deg.

The best regulation performance was achieved using the following gains:

k, =800, T, =diag{0.01,0.1}, = =0.08,
ka=55, 7 =0.1.

The position error and parameter estimates are shown in Figures 2.7, 2.8,
respectively. The position setpoint error shown in Figure 2.7 clearly indi-
cates asymptotic regulation with a very small steady-state error. The pa-
rameter estimates, as shown by Figure 2.8, settle down to constant values
after a brief transient period.

2.4 Full-Order Friction Model

A different friction model from the one presented in Section 2.2 will now be
considered. Specifically, we will consider a second-order, SISO mechanical
system with nonlinear load dynamics and a nonlinear, dynamic friction
model. The mathematical model for this system is assumed to be of the
form [9]

Mg+ Bg+Tr(q,9) +x(@z=7 (2.85)
z=q-f(9)z, (2.86)
where the auxiliary functions x(¢) and f(¢) are defined as follows:
x(4) = 6o — f()01, (2.87)
- il -
1@ 9@ (2.88)

where ¢(t), 4(t), (t) represent the position, velocity, and acceleration, re-
spectively; z(t) denotes the unmeasurable internal friction state; M denotes
the constant inertia of the system; B denotes the constant viscous friction
coefficient; T7.(g, ¢) denotes a nonlinear load function dependent on the po-
sition and velocity; 6o, 61 are positive constant parameters used to weight
how the friction dynamics enters the mechanical system; the function g(g)
is used to describe the Stribeck effect; and 7(t) is the control input.

The model given above accounts for stick-slip friction effects via a so-
called bristle model [16]. The bristle model was conceived to capture the
stick-slip friction effects at the microscopic level. According to this model,
the friction between the two interacting surfaces is assumed to be caused by
a large number of bristles in the narrow interstices of the rubbing surfaces.
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The state z(¢) in (2.85) and (2.86) represents the average deflection of
thousands of such bristles. Understandably, the state z(t) does not offer
itself for direct measurement.

The following assumptions are made regarding the model given in (2.85)-

(2.88).
Assumption 1: The load function T7(g, §) € L if ¢(t),4(¢t) € Loo-

Assumption 2: The Stribeck function g(¢) is constructed such that (i)
it ensures that f(¢) € Lo if q(t),4(t) € Lo and (ii) 0 < g(4d) < b,
where 6, is some positive constant [9]. It should be noted that since
0 < g(¢) < 6o, it can easily be shown that if |2(0)| < &,, then |z(t)| <
8, V¥t >0 [9] (i.e., 2(t) € Loo).

Remark 2.4 An example of a function that has been proposed to describe
the Stribeck effect [2, 81] is

. 2
0(d) = Bo + B exp (— (ﬁ%) ) , (2.89)

where By, B1, and By are positive constant parameters.

2.5 Control Designs for Full-Order Model

In this section, we present a class of partial-state feedback (PSFB), position-
tracking controllers for the friction model described in Section 2.4. The
PSFB condition stems from the fact that the controllers will only require
direct measurement of ¢ (¢) and ¢ (t), while a filter and/or observer will
generate an estimate for the unmeasurable friction state z (t).

To facilitate the subsequent control designs, we redefine the filtered track-
ing error r(t) given in (2.9) as follows:

r—é4 g {%Kp (s)E (s)} , (2.90)

where e (t) is the same tracking error defined in (2.7)%; E(s) = £{e(?)},
where £ denotes the Laplace transform operation; s denotes the Laplace
transform variable; and K (s) is a linear filter that is selected to ensure
that the transfer function given by
E(S) _ A S
R(s) (s) = 2+ Kr(s)

(2.91)

4As in Section 2.3, it is assumed that the desired position trajectory g4(t) is con-
structed such that gq(t), §a(t), da(t) € Loo.
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is strictly proper and exponentially stable. We also define the observation
error for the unmeasurable friction state as follows:

Z(t) = z(t) — 2(¢), (2.92)
where 2 (t) represents the estimate of the state z ().

Remark 2.5 The filtered tracking error of (2.90) is defined in terms of
the function Kp(s) to facilitate the design of standard linear feedback laws
for the mechanical dynamics of (2.85). For ezample, in order to implement
a proportional-derivative feedback law, the function Kr(s) can be designed
as follows:

Kr(s)=as = r=¢é+oe, (2.93)

where « is a positive control gain (note that this is the case of (2.9)).
Similarly, a proportional-integral-derivative feedback law can be designed
by defining Kp(s) as follows:

t
Kp(s)=as+8 = r:é+ae+ﬂ/ e(r) dr, (2.94)
0

where 3 is a positive control gain.

2.5.1 Model-Based Control: Asymptotic Tracking

First, a model-based observer/controller will be designed by assuming that
all the parameters in the mechanical system given by (2.85)—(2.88) are ex-
actly known. To simplify the control development, we rewrite the dynamics
given by (2.85) in terms of the filtered tracking error r(t) as follows:

where w(-) is an auxiliary measurable function defined as follows:
w(g,,t) = M (§a+ L7 {Kr (s) E(s)}) + B4+ Tr(g,4)-  (2.96)

The structure of open-loop dynamics of (2.95) motivates the design of the
control input 7(t) as

T =w(g,q,t) + x(4)2 + kr, (2.97)

where k is a positive control gain. After substituting (2.97) into (2.95), we
obtain the following closed-loop error system:

My = —kr + x(4)%. (2.98)
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To provide motivation for some of the terms injected during the subsequent
observer design, we now conduct a preliminary stability analysis. To this
end, we define the following non-negative function:

Ve = %Mrz. (2.99)
After taking the time derivative of (2.99) along (2.98), we obtain the fol-
lowing expression for V,(t):

Ve = —kr? + x(4)zr. (2.100)

Note that, whereas the first term on the right-hand side of (2.100) is non-
positive, the second term will have to be directly canceled by the injection
of appropriate terms during construction of the observer.
Now we turn our attention to the observer design. An obvious method of
constructing an observer is to rewrite the dynamic equation governing the
“ unmeasurable state in terms of the estimated state. For example, we can
design an observer for 2(t) by utilizing the structure of (2.86) and replacing
all occurrences of z(t) with the estimate 2(¢) as shown below:

B= g~ £(§)2+ x(d)r. (2.101)

Note that the x(¢)r term has been injected to compensate for the x(¢)zr
term in (2.100). To obtain the observation error dynamics, we take the time
derivative of (2.92) and then substitute the expressions given by (2.86) and
(2.101) as follows:

F= —f(9)F — x(d)r. (2.102)

The stability of the proposed observer/controller can be demonstrated
by defining the following non-negative function:

Va=V.+ %?, (2.103)

where V.(t) was defined earlier in (2.99). After taking the time derivative
of (2.103), substituting the expressions given by (2.100) and (2.102), and
then simplifying the resulting expression, we obtain

Va = —kr? — f(4)32. (2.104)

Since f(¢) > 0, as illustrated by (2.88) and the assumptions on g(g) given
in Sectiony2:4;we canuppersboundy¥(t) as follows:

Vi < —kr?. (2.105)
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From (2.103) and (2.105), we know V4 (t) € Lo, which implies that r(t), Z(¢)
€ L. From (2.98), it is now easy to show that 7(t) € L. Using the
standard signal-chasing arguments shown in Section 2.3, we can prove the
boundedness of all other signals during closed-loop operation. Furthermore,
the form of (2.105) allows us to show that r(t) € L£,. With the above in-
formation, we can invoke Lemma A.3 in Appendix A to show that

Jlim r(t) =0. (2.106)

Now we can use (2.106), (2.91), and Lemma A.8 in Appendix A to show
global asymptotic position and velocity tracking in the sense that

Jim e(t),é(t) = 0. (2.107)

From (2.104), we can see that if a given position tracking application
somehow ensured that f(¢) remained positive for all time, then we could
use (2.103) and (2.104) to prove exponential convergence of the filtered
tracking error and the observation error. Since exponential convergence is
a desirable property, we will illustrate next how the structure of the me-
chanical model given in (2.85)—(2.88) can be exploited to design an observer
which guarantees exponential convergence of (t) and Z(t).

2.5.2 Model-Based Control: Exponential Tracking

An observer that exponentially estimates the state z(t) is given by

M
2=p— =g, (2.108)
61
where p(t) is an auxiliary variable that is updated according to

! 8o . : :
b=7 [-90p+ (-B + 61+ Mg—(l’) ¢—Tr(g,9) +T+x(q)r] - (2.109)

While the appearance of most of the terms in (2.108) and (2.109) is moti-
vated by the structure of the mechanical model, the x(¢)r term has been
injected to cancel the x(¢)Zr term in (2.100). To formulate the observation
error dynamics, we first take the time derivative of (2.108), multiply the
resulting equation by 81, and then substitute (2.109) for p(¢) to obtain

01 2= 01 + x(¢)z — Bo2 + x(9)r. (2.110)

After taking the time derivative of (2.92), multiplying the resulting equa-
tion by 61, substituting (2.86) and (2.110), and simplifying the resulting
expression, we finally obtain

01 2= ~00z — x(q)r. (2.111)
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In order to prove the exponential stability of the closed-loop system
formed by (2.98) and (2.111), we define the following non-negative function:

Ve=V.+ %9152, (2.112)

where V(t) was defined in (2.99). Note that Vg(t) can be bounded as
follows:

1 1
Mzl < Vi < 5 lal®, (2.113)
where z(t) € R? and )1, A2 are positive bounding constants defined as
c=[r 2%, M =min{M,6}, X =max{M,6}. (2.114)

After taking the time derivative of (2.112) along (2.100) and (2.111), we
get

Ve = —kr? — 632, (2.115)

Utilizing (2.115) and (2.113), an upper bound can be placed on Vg (t) as
shown below:

< _ 2min {k, 6o} Ve

Ve < —min {k, 6o} ||z* »

(2.116)

We can now apply Lemma A.4 in Appendix A to (2.116) to show that

Vi (£) < Vis(0) exp (-3—1?‘—111}{2&90—}%) . (2.117)

After applying (2.113) to (2.117), we obtain the following upper bound for

z (t):
o0 < |/ ooy (<22 ER) g

which, according to the definition of (2.114), illustrates the global expo-
nential convergence of r (¢) and Z (). Since 7(t) is exponentially stable, we
can invoke Lemma A.7 in Appendix A to prove the global exponential con-
vergence of e (t) and é(t). Note that it can also be easily shown that all
other closed-loop signals remain bounded.

Remark 2.6 The two model-based observer/controllers just presented have
the drawback of assuming exact knowledge of all the parameters in the sys-
tem given by (2.85)-(2.88). In the following two sections, we present two
adaptive PSEB observer/controllers that compensate for uncertainty in se-
lected parameters of the system model.
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2.5.3 Adaptive Control: Case 1

We design the first adaptive controller based on the assumption that all
of the parameters, except those associated with the Stribeck function g(q)
introduced in (2.88), are unknown. Specifically, we first parameterize the
dynamics given by (2.95) and (2.96) as follows:

Mi = Wa(g,)6a + (80 — F(@)61) z—, (2.119)

where the explicit definition of x(¢) defined in (2.87) has been utilized,
Wa(g,4) € R*P denotes a known regression matrix, and 6, € RP is a
unknown, constant vector containing the inertia, viscous friction, and load
parameters.’

The structure of (2.119) and the subsequent stability analysis motivates
us to design the control input 7(t) as follows:

T = Wa(g,9)0a + (90 — f(é)c’%) 2+ (?)oco - f(ci)élcl) +Er, (2.120)

where k is a positive control gain, {y(t),{,(t) are filter states defined be-
low, and 6,(t), 6o(t), and 0;(t) are the dynamic estimates of the unknown
parameters that are updated using the following adaptation laws:

Ba=TWT(g,d)r, Bo=70(2+ o),  Bi=—71 (2+ () F(@)r,
(2.121)
with I’ € RP*? being a diagonal, positive-definite, adaptation gain matrix,
and g, v, being positive adaptation gains. The unmeasurable state z(t) is
now estimated by the following observer:®

=g f(9)3, (2.122)

while the filter states {y(t),(;(¢) are updated according to the following
dynamic equations:

Co=—f@)Co+m & =—F@)¢ — f@)r (2.123)

To obtain the observation error dynamics, we take the time derivative of
(2.92), and then substitute the expressions given by (2.86) and (2.122) to
produce

3= —f(4)5. (2.124)

51n formulating the Wa(g, §)8a term, we have assumed that the load function T¥,(g, §)
introduced in (2.85) is linearly parameterizable.

5Note that the structure of this observer is similar to the previous observer of (2.101),
but without the term x(g)r.
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After substituting the control input given by (2.120) into the open-loop
system of (2.119), we get the following closed-loop filtered tracking error
system:

M= —kr+ [Walg, e + (2 + o) o — (54 ¢,) F(@)61]
(2.125)

+00 (2 —Co) — 01 (2 — ¢4) £(9),

where the parameter estimation errors are defined as follows:
Om(t) = O — Om(t),  Bo(t) =60 —Bo(t), 61(t) =61 — 61(t). (2.126)

The following observations which motivate the design of the adaptive up-
date laws and the auxiliary filters can be made with regard to the form of
the closed-loop equation given by (2.125). As will be seen in the subsequent
stability analysis: (i) the update laws given in (2.121) compensate for the
bracketed term in the first line of (2.125), and (ii) the filters defined in
(2.123) compensate for the two terms on the second line of (2.125).

‘We will now perform a composite stability analysis for the closed-loop ob-
server/controller system. Specifically, we define the following non-negative
function:

1, 1, 1, . 1.
Vai = 2Mr +2z +290(z Co) +201(z ¢1)

(2.127)

11-2 11-2
+9P19+——0 —0;.
29 ot 2’)’11

After taking the time derivative of (2.127) along (2.121), (2.123), (2.124),
(2.125), and (2.126), and then simplifying the resulting expression, we ob-
tain

Var = —kr? — £(9)#* — 00 () (2 — Co)* — 01£(d) G~ ¢1)°.  (2.128)

Since f(¢) > 0, as illustrated by (2.88), and according to the assumptions
on g(qg) given in Assumption 1 in Section 2.4, we can upper bound V()
as follows:

Var < —kr2. (2.129)

Based on the form of (2.127) and (2.129), we can follow the same arguments
described in Section 2.3 to show the boundedness of all closed-loop signals
and that r(t) € Lo. Since we know r(t),7(t) € Lo and r(t) € L2, we can
use Lemma A.3 in Appendix A to state that tlirgo r(t) = 0. Finally, we can

apply Lemma A.8 in Appendix A to show that tlim e(t),e(t) = 0.
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2.5.4 Adaptive Control: Case 2

We now synthesize an adaptive controller that compensates for parametric
uncertainty associated only with the normal force variation in the Stribeck
effect. That is, we will assume that f(§) can be linearly parameterized and
expressed as follows [10]:

f(@) = rfe(d), (2.130)

where f.(¢) denotes a known function, and « is an unknown, positive,
constant parameter.
We begin by parameterizing the dynamics given by (2.95) as follows:

M7 =w(q,§,t) + (6o — kfe(§)01) 2 — T, (2.131)

where (2.87) and (2.130) have been utilized. The structure of (2.131) and
the subsequent stability analysis motivates the design of the control input
7(t) as follows:

T =w+ 002 — £fu(d)01 (2 — C) + kr, (2.132)

where ¢, (t) is a filter variable that is defined below, and A(t) represents
the dynamic estimate of the unknown parameter k, which is updated using
the following rule:

fi= = (2 + o) 01 fu(Q)r, (2.133)

with v, being a positive adaptation gain. The filter state ¢, (¢) is generated
according to the following dynamic equation:

: 6 0 )
¢l = —Q—OCH - —9—0-7* — 01 fu(@)r. (2.134)
1 1
The unmeasurable state z(t) is now estimated by the following observer:"
s=p-M, (2.135)
61

where p(t) is an auxiliary variable having the following dynamics:

. 1 Oo\ . .
= [_oop ; (—B o+ Me—") i=To(gd)+7+00r|.  (2136)
1 1

The observation error dynamics can be formulated from (2.92), (2.135),
and (2.136) using a procedure similar to that in Section 2.5.2 to yield

81 5= —00% — Oor. (2.137)

"Note that the structure of this observer is similar to the previous observer of (2.108)
and (2.109), except that it does utilize the function f(g).
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To formulate the closed-loop expression for the filtered tracking error dy-
namics, we substitute the control input of (2.132) into (2.131) to obtain

M7 = —kr+ 60z — (24 C.) 01f(Q)k — £ (2 — ¢,.) 01 f=(d), (2.138)
where the parameter estimation error signal & (¢) is defined as follows:
R(t) = k — &(2). (2.139)

To analyze the stability of the closed-loop systems, we define the non-
negative function

ey Y2y Lo 11
Vaz = 2M7’ + 2912 + 2/-;(,2 ¢)2 + 27’;5 (2.140)
After taking the time derivative of V42(t) along (2.139), (2.138), (2.137),
(2.133), and (2.134), we have

Vag = —kr? —0p7 - Kz— (2~ Cn)
(2.141)

< —kr? — 0032 < —min {k, 60} ||=|*,

where z(t) was previously defined in (2.114). From (2.140), (2.141), and
Lemma A.6 in Appendix A, it is clear that all system signals are bounded
and tlim llz(t)|| = O; hence, tlim r(t), 2(t) = 0. We can now use Lemma A.8
in Appendix A to show that tlim e(t),é(t) =0.

2.5.5 Experimental Evaluation

The same experimental setup discussed in Section 2.3.4 (see Figure 2.1)
was used to evaluate the controllers presented in this section. The various
parameters associated with the friction model were calculated using a pro-
cedure similar to that discussed in Section 2.3.4. For the model given by
(2.85)—(2.88), the numerical values of the parameters were determined to
be

M =0.125kg-m?, B =1.42N-m-sec/rad, 6o = 12 N-m/rad,
61 = 0.1 N-m-sec/rad, [y=3.24, [(;=521, [y=3.00.

(2.142)

The desired position trajectory g4(t) was selected as in (2.84). Since there

was no external load torque acting on the motor other than the friction

torque, 77.(g,q) in (2.85) was equal to zero. For the sake of brevity, only

the experimental results for the model-based controller of Section 2.5.1 and

the adaptive controller of Section 2.5!3 are presented.
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Ezperiment 1: First, the model-based observer/controller represented by
(2.97), (2.93), (2.108), and (2.109) was implemented. The best tracking
performance was achieved with the control gains set to = 80 and k£ = 4.0.
The performance of the controller, as quantified by the position tracking
error, is shown in Figure 2.9.

Ezperiment 2: The adaptive controller of (2.120) and (2.93) was im-
plemented with the parameter estimates initialized to 50% of the nomi-
nal values given in (2.142) with the exception of the inertia parameter M
which was assumed to be exactly known. The best tracking performance
was achieved using the following control gains:

a=2340, k.=22, =15 y,=5 ;=002

The position tracking error is shown Figure 2.10, while the parameter es-
timates are shown in Figure 2.11.

Experiment 3: For comparison purposes, we also evaluated a controller
based on the reduced-order friction model described in Section 2.2 and given
by (2.1). Specifically, we implemented the following model-based control
law:

T =M (§a + aé) + B+ (F.+ Fsexp (—Fr¢%)) sgn(q) + kr,  (2.143)

where 7(t) is defined by (2.93) and F, F; were determined experimentally
to be 3.24 N-m and 5.21 N-m, respectively. The best tracking performance
was achieved using the following control gains, @ = 110 and k£ = 14.0.
The resulting position tracking error is shown Figure 2.12 (for comparison
purposes, the tracking error of Experiment 1 has been replotted on the
same scale).

It is interesting to note from Figure 2.12 that the full-order, model-based
controller of Experiment 1 outperformed the reduced-order, model-based
controller of Experiment 3. Also, as indicated by Figure 2.10, the adaptive
controller of Experiment 2 achieved about the same level of tracking per-
formance as the other two controllers, despite the uncertainty associated
with the parameters B, 6o, and 6;.

2.6 Notes

To capture low-velocity friction effects, several researchers, such as Tustin
[31] and Hess and Soom [17], have proposed empirical models between
friction and velocity to fit the Stribeck curve. In [7], Canudas de Wit et al.
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FIGURE 2.9. Position tracking error: full-order, model-based controller.
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FIGURE 2.10. Position tracking error: adaptive controller.
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Estimate for Viscous Friction Paramatar

FIGURE 2.11. Parameter estimates: adaptive controller.
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FIGURE 2.12. Position tracking errors: (a) reduced-order, model-based controller
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approximated the exponential relationship proposed in [31] by a linearly
parametrized model. Rabinowicz [26] integrated the stick-slip motion into
a friction model that takes into account the temporal phenomena of dwell
time and lag time. An alternative approach, known as the state-variable
model, was proposed in [13, 27, 28] to capture the effects of time delay
associated with friction. For further information on similar work, the reader
is referred to [5]. Many of these mathematical models were later given
physical interpretations. For example, the bristle model utilized for control
synthesis in Section 2.4 is the outcome of one such interpretation [16]. For
an excellent and comprehensive review on the subject of friction modelling,
the reader is referred to [1, 6].

Following the development of empirical mathematical models, several re-
searchers have used these models to design adaptive controllers that com-
pensate for parametric uncertainty. In [2], Armstrong-Hélouvry explored
the implications of the Stribeck effect on feedback control to stabilize the
performance of the controller at low velocities. Later in [3], Armstrong-
Hélouvry applied dimensional and perturbation analysis to solve a non-
linear, low-velocity friction control problem. In [34], Walrath designed an
adaptive controller for airborne servo mechanism based on a first-order dy-
namic friction model. Friedland and Park [15] proposed an adaptive con-
trol scheme that entailed the use of an observer to estimate the kinetic
friction coefficient. While in [7], Canudas de Wit et al. designed an adaptive
controller for DC motor drives utilizing a friction model that was asym-
metric in angular velocity, [8] addressed the problem of adaptive friction
compensation for robot manipulators operating at low velocities based on
the assumption of a linearly parameterized model for the Stribeck effect.
Later, Canudas de Wit et al. designed a model-based [9] and an adap-
tive controller [10] to achieve position/velocity tracking for a second-order
linear system in the presence of nonlinear, dynamic friction effects. The
control schemes presented in [9, 10] required the feedback portion of the
controller to satisfy a strictly positive real (SPR) condition that precluded
the use of a PID feedback law. In [32], Vedagarbha et al. exploited the
structure of the friction dynamics proposed in [9] to design several dif-
ferent closed-loop observer/control strategies. Other related work can be
found in [4, 18, 22, 23, 29, 35].

With respect to the above literature review, we first note that the con-
trollers presented in Section 2.5 were designed to eliminate the SPR con-
dition required in [9, 10]; hence, many different types of feedback laws
are possible in the feedback portion of the controller (see Remark 2.5).
In addition, relaxation of the SPR condition endows the adaptive control
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References

laws of Sections 2.5.3 and 2.5.4 with the ability to compensate for un-
certain nonlinear load dynamics in a straightforward manner. Finally, the
observer/controller proposed in [10] to deal with parametric uncertainty
associated with f(§) neglected the observer transients during the stabil-
ity analysis. On the other hand, the adaptive controller of Section 2.5.4
given by (2.132) utilizes the nonlinear observer given by (2.134) actively to
compensate for the observer transients.
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3

Full-State Feedback Tracking
Controllers

3.1 Introduction

This chapter will concentrate on the full-state feedback (FSFB) (i.e., po-
sition and velocity are available for feedback) control problem for general,
nonlinear, MIMO, rigid mechanical systems with parametric uncertainty.
Specifically, we will emphasize the adaptive control solution to this prob-
lem. First (as in Chapter 2), we will present, owing to its popularity and
relative simplicity, the standard adaptive controller of Slotine and Li [27]
in its original MIMO version. The idea is for this adaptive controller to
serve as a benchmark for the subsequent MIMO, FSFB controllers of this
chapter and the output feedback controllers of Chapter 4.

In the standard adaptive controller of [27], the regression matrix depends
on the actual position and velocity; hence, the regression matrix must be
calculated on-line for use in the feedforward portion of the control input
signal. Since the regression matrix often contains many nonlinear terms,
its on-line computation substantially increases the burden on the real-time
implementation of the adaptive control scheme. To reduce on-line computa-
tion, Sadegh and Horowitz [26] proposed the so-called desired compensation
adaptation law (DCAL). The DCAL controller is composed of (i) a non-
linear feedforward term consisting of a desired regression matrix and the
parameterupdate laws(ii).alinear feedback term, and (iii) a nonlinear feed-
back term that is used to compensate for the difference between the actual



54 3. Full-State Feedback Tracking Controllers

and desired regression matrices. In this scheme, the nonlinear functions ap-
pearing in the regression matrix are computed using the desired position,
velocity, and acceleration trajectories; hence, the feedforward control term
can usually be precalculated off-line (i.e., provided the desired trajectory is
known a priori). In this chapter, we reexamine the original DCAL controller
proposed in [26]. By employing a slightly different structure for the nonlin-
ear/linear feedback terms and making use of the nonlinear damping design
tool (see Lemma A.10 in Appendix A), we formulate a class of DCAL-type
control laws that includes adaptive controllers as well as some nonadaptive
extensions.

The DCAL and standard adaptive controllers are founded on a tradi-
tional Lyapunov design approach that does not offer much freedom in the
selection of the parameter update laws. As shown in Chapter 2, this problem
for nonlinear, SISO, rigid mechanical systems was overcome by employing
the estimation-based design of [10], which provides a certain degree of mod-
ularity in the design of the controller and update law. Unfortunately, the
modular adaptive control framework of [10] cannot be directly applied to
nonlinear, MIMO mechanical systems owing to the inertia matrix-related
couplings in the system dynamics. However, the work presented in [10]
does provide some theoretical ammunition that can be used to achieve
controller /update law modularity for MIMO mechanical systems, as will
be illustrated in Section 3.6.

3.2 System Model

The dynamic model of an n degrees-of-freedom, rigid mechanical system
is assumed to be given by the following nonlinear, ordinary differential
equation:

M(q)§ + Vin(q,9)d + G(q) + Fag =7, (3.1)

where ¢(t),4(t),d(t) € R™ denote the position, velocity, and acceleration
vectors, respectively; M(g) € R™™"™ represents the system’s inertia matrix;
Vin(g,4) € R™ ™ represents the centripetal-Coriolis matrix; G(g) € R"
denotes the gravity effects; F; € R™*™ is the constant, diagonal, positive-
definite, viscous friction coefficient matrix; and 7(t) € R™ represents the
control input vector, We will assume that the left-hand side of (3.1) is first-
order differentiable with respect to time and is bounded provided g (),
g (t), and ¢ (t) are bounded.
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The dynamic model of (3.1) is assumed to possess the following standard
properties [11, 16] that will be used in the control design and stability
analysis.

Property 3.1 The inertia matrix M (q) is symmetric and positive-definite,
and satisfies the following inequalities:

ma [[Ell” < €M (q)¢ < ma2 €] = I1M (@)l IEI* ¥ ER™,
(3.2)
where my, my are known, positive bounding constants, ||-|| denotes
the standard Euclidean norm, and ||-||,, represents the matrix-induced
two norm [30].

Property 3.2 The inertia and centripetal-Coriolis matrices satisfy the fol-
lowing skew-symmetric relationship:

(@) - Valad)) € =0 veeRY, (33

where M (q) denotes the time derivative of the inertia matrix.

Property 3.3 The left-hand side of the dynamic equation of (3.1) can be
linearly parameterized as

M(q)G + Vim(g,9)d + G(q) + Fag = Y (q,4,4)¥, (3.4)

where § € R? contains the constant system parameters, and Y (-) €
R™*P is the regression matrix, which contains known functions of the

signals g (t), ¢ (t), and § (¢).

3.3 Problem Statement

The primary control objective is to design the control input 7(t) such that
q(t) — qa(t) as t — oo with the assumption of FSFB. The closeness of
this control objective is quantified by the position tracking error e(t) € R™
defined as follows:

e(t) = qa(t) — q(t). (3.5)

Hence, from the definition of (3.5), the control objective is to make e(t) — 0
as t — co. We will assume the desired motion trajectory is specified such
that g4(t) and its first two time derivatives are all bounded functions of
time. Since the control objective is to be met under the constraint of para-
metric uncertainty, the controllers of this chapter will contain an adaptation
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law to estimate the unknown parameters. The difference between the actual
and estimated parameters is defined by

B(t) =6 — (z), (3.6)

where 8(t) € RP denotes the parameter estimation error vector, and 8(t) €
R? denotes the dynamic estimate of the unknown, constant, parameter
vector § defined in (3.4).

In addition, a filtered tracking error denoted by r(t) € R™ is defined as
follows:

r(t) = é(t) + ae(t), (3.7

where o € R™*" is a diagonal, positive-definite, control gain matrix. Note
that this n-dimensional, filtered tracking error has the same properties
as the one-dimensional, filtered tracking error defined in Section 2.3 in
Chapter 2. We now proceed as in Section 2.3 to rewrite the dynamics of
(3.1) in terms of the definition given in (3.7) as described below. First, we
differentiate (3.7) with respect to time, and multiply both sides by M (q)
to yield

M(q)7 = M(q) (42 + a€) — M(q)g. (3.8)

After utilizing the system dynamics of (3.1) to substitute for M(g)§ into
(3.8), we have

M(q)r = M(q)(Ga+ @é) + Vim(q,d)q+ G(q) + Fag — 7
(3.9)

M(q) (Ga + ) + Vin(q,4)(da + ) + G(q)
+qu - Vm(q; q)T -7,

where (3.5) and (3.7) were used to rewrite the velocity as ¢ = g4 + e —r
in the term V;, (g, ¢)d. Property 3.4 can now be exploited to rewrite (3.9)
as

M(q)i = —Vm(g,9)r + Ys(g,4,1)0 — 7, (3.10)
where the linear parametrization Y;(-)8 is defined as
Y,()0 = M(q) (da + &) + Vim(q,4)(da + e) + G(q) + Fug.  (3.11)

The above first-order, nonlinear, ordinary differential equation represents
the open-loop dynamics of 7(¢), and will be used as the foundation for the
design of the adaptive controllers throughout this chapter.



3.4 Standard Adaptive Control 57

3.4 Standard Adaptive Control

In this section, for the purpose of clarity, we review the well-known, model-
based, MIMO adaptive controller of Slotine and Li [27] in the context of
Lyapunov-type design and analysis techniques used throughout the book.

3.4.1 Controller Formulation
Based on the form of the open-loop dynamics of (3.10), the control input
7 (t) is designed as follows: [27]

T=Y,()0 + Kr, (3.12)

where K € R™*" is a diagonal, positive-definite, control gain matrix, and
6 (t) was defined in (3.6). Based on the subsequent Lyapunov-type stability
analysis, the parameter estimate vector 8 (t) is updated using the adapta-
tion algorithm

b= rYZ()r, (3.13)

where I' € RP*? js a diagonal, positive-definite, adaptation gain matrix.
Substituting (3.12) into (3.10) produces the closed-loop dynamics for r(t)
as shown below:

M(q)F = —Vin(g,§)r — K7 + Ys(-)8, (3.14)

where the definition of (3.6) was used. In addition, by differentiating (3.6)
with respect to time, we can use (3.13) to form the following closed-loop
dynamics for the parameter estimation error:

5= ~TYZ()r. (3.15)

3.4.2 Stability Result

The structure of the error systems of (3.14) and (3.15) yields a stability
result for the position tracking error as delineated by the following theorem.

Theorem 3.1 The control law of (3.12) and the parameter estimation up-
date law of (3.13) ensure the global asymptotic convergence of the position
and velocity tracking error as illustrated by

t]iglo e(t),e(t) = 0. (3.16)
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Proof. To prove the above result, we define the non-negative function
V= —;—TTM(Q)T + %éTI‘_lé. (3.17)

Differentiating (3.17) with respect to time yields

V= %TT M(q)r +rTM(qy +8 T2 § . (3.18)

After substituting the closed-loop dynamics of (3.14) into (3.18), we obtain

V= %TTM(Q)’F —TVin(q, (j)r] —rTKr+§" (Y;T(-)T +rt é) . (3.19)
Applying Property 3.2 to the bracketed term and substituting (3.15) into
the parenthesized term allows (3.19) to be simplified as follows:

V = —rTKr < —Amin {K}|I7]1%, (3.20)

where Amin {-} denotes the minimum eigenvalue of a matrix, and Lemma
A.9 in Appendix A has been utilized.

According to the form of (3.20), we know that V'(¢) is either decreasing or
constant. Since V(¢) of (3.17) is a non-negative function (i.e., V'(¢) is lower
bounded by zero), we can conclude that V() € Loo; hence, r(t) € Lo and
8(t) € Loo. Since 7(t) € Loo, we can utilize Lemma A.8 in Appendix A to
show that e(t), é(t) € Loo; hence, owing to the boundedness of gq4(t) and
Ga(t), we can use (3.5) to conclude that ¢(t),§(t) € Loo. Since 8(t) € Loo
and 6 is a constant vector, (3.6) can be used to show that 8(t) € Loo.
From the above boundedness statements and the fact that §a(t) is assumed
bounded, the definition of (3.11) can be used to state that Y (-) € L.
It is now easy to see from (3.12) that the control input 7 (¢) € Lo. The
above information along with the fact that M ~!(q) exists and is bounded
can be applied to (3.1) and (3.14) to illustrate that ¢(t),7(t) € Loo- Thus,
we have illustrated that all signals in the adaptive controller and in the
system remain bounded during closed-loop operation. Furthermore, the
form of (3.20) allows us to show that r(t) € Lo (see (2.20) to (2.22)). With
the above information, we can now invoke Lemma A.3 in Appendix A to
conclude that

lim r(t) =0. (3.21)

Finally, according to (3.21) and (3.7), Lemma A.8 in Appendix A can be
utilized to obtain the result of (3.16). O
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Recall that the model-based adaptive controller of Section 3.4 formulates
the regression matrix in terms of the actual position g (t) and actual veloc-
ity ¢ (¢) (see (3.11) and (3.12)). Thus, it has the following implementation
problems: (i) it carries the burden of requiring the on-line computation
of an n X p nonlinear matrix and (ii) a significant portion of the feedfor-
ward terms of the control law may be contaminated with sensor noise from
¢ (t) and ¢ (¢). Fortunately, this implementation issue can be overcome by
formulating the regression matrix as a function of the predefined, desired
position, velocity, and acceleration (i.e., the DCAL control scheme), hence
allowing its off-line calculation. In this section, we reexamine the original
DCAL controller of [26] by initially presenting a simplified stability analy-
sis to illustrate asymptotic position and velocity tracking for a DCAL-like
controller. The analysis is simplified by employing a slightly different struc-
ture for the nonlinear feedback term than that originally proposed in [26],
and by making use of the nonlinear damping design tool of Lemma A.10
in Appendix A. By further exploiting the nonlinear damping tool, we also
show that a DCAL-like controller with only linear feedback can guaran-
tee semiglobal asymptotic tracking. Finally, we show that the reformulated
DCAL control structure can easily be utilized to examine some nonadaptive
control extensions.

3.5.1 Controller Formulation

Before we present the controller formulation, let us use (3.4) to define a
so-called desired linear parameterization as shown below:

Ya(q4, 4a, Ga)0 = M (ga)da + Vin(qd, 4a)da + G(qa) + Fada, (3.22)

where Y4(q4,44,da) € R™P is the desired regression matrix which is a
function only of the desired position, velocity, and acceleration. Based on
the above definition and the open-loop dynamics of (3.10), we now design
the control input 7 (¢) as follows:

T=Y4(-)0+ Kpe+ (Ky + Ko) 7 + vg, (3.23)

where K, K,, K. € R**" are diagonal, positive-definite, control gain ma-
trices, and vg (t) is an auxiliary nonlinear term yet to be determined. The
auxiliary vg (t) term will be used to compensate for the mismatch between
the desired regression matrix Y;(-) and the actual regression matrix Y;(-)
defined in (3.11). The parameter estimate vector  (t) is generated by the
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dynamic update law
O=TY] ()r, (3.24)

where I’ € RP*? is the diagonal, positive-definite, adaptation gain matrix.
The substitution of (3.23) into (3.10) yields the closed-loop dynamics for
7(t) as follows:

M(q)7 = —Vm(q,§)r — (Ky + Ke) 7 — Kpe + Yi0+V (g,4,t) —vr, (3.25)

where the variable Y (-) € R™ is introduced to quantify the difference be-
tween the following linear parameterizations:

Y =Y,()0-Ya(")6. (3.26)

As in the previous section, we can use the time derivative of (3.6) along
with (3.24) to form the closed-loop dynamics for the parameter estimation
error as follows:

6= —TYF()r. (3.27)

Remark 3.1 It can be shown that the norm of the variable ¥ (-), defined
in (3.26), can be upper bounded as (see [11, 26] for proof)

7] < p@ lal, (3:28)
where z(t) € R?™ is defined as

z=[rT eT]T, (3.29)
and p(z) is a positive function defined by

p(z) =1+ Calll] - (3.30)

In (8.80), ¢,y denote positive bounding constants that depend only on
the norm of the control gain matriz o of (8.7), the bounding constant mq
defined in (8.2), and the bounds on the desired trajectory. The above bound
will be exploited to obtain the stability results delineated in the following.

3.5.2 Stability Results

We now describe two stability results for the position tracking performance
based on different choices of the control gain matrix K, and the nonlinear
term vg in the control input of (3.23).
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Theorem 3.2 The control law of (3.23) and the parameter estimation up-
date law of (3.24) ensure the global asymptotic convergence of the position
and velocity tracking error, as illustrated by

lim e(2), é(t) = 0. (3.31)

This result holds provided that K, and vg (t) in (3.23) are selected as fol-
lows:
K. =0, vr = knp?(2)r, (3.32)

where p(x) was defined in (3.30), and k, € R is a nonlinear damping gain

selected according to

o > (3.33)
A3

with A3 being a positive constant defined as
Az = miin {Amin { Kpa}, Amin{Kv}} - (3.34)
Proof. We begin by defining the following non-negative function:
V= %TTM(q)T + -;—eTer + %éTr—lé. (3.35)

Note that in comparison to (3.17), an additional term, %eTer, has been
included in (3.35). The need for this extra term will become clear later in
the analysis. From the above definition, it is not difficult to see that V (t)
can be bounded as

Ml < Aallall <V < e el (3:36)
where z (t) was defined in (3.29), z (t) € R?"*? is defined as
T
2= [TT T eT] , (3.37)
and the positive bounding constants A1, A2 are defined by

1 . -
AL = 'é' min {mly Amin {Kp} 7)‘min {F 1}} ,
(3.38)
1 -
Az: —2—max{m2,/\max{Kp},/\max {F 1}},
with m1, ma being the bounding constants given in (3.2). Note that Amax {-}

denotes the maximum eigenvalue of a matrix.
The differentiation of (3.35) with respect to time results in

o 1 o ~ %
Vi= s M(g)r 417 M) + " Kyé + §Fr1g. (3.39)
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Following the same procedure as in the proof of Theorem 3.1, we can sub-
stitute the closed-loop dynamics of (3.25) and (3.27) into (3.39) to get

V=-rT(K,+K)r—rTKpe+ 71TV —rTvg + eT Kyé, (3.40)

where Property 3.2 has been used. In order to substitute for é(¢) in the
last term in (3.40), we will use the fact, derived from (3.7), that

é=—ae+T. (3.41)

After substituting (3.41) into (3.40), and making use of Lemma A.9 in
Appendix A, we can place an upper bound on V (¢) as follows:

V< Amin{Ko} I = Amin{Kpa} [le]l?

(3.42)
“Nain{Ke} i + |l | 7] = 7o

Using the definitions of (3.37) and (3.34), we see that the right-hand side
of (3.42) can be upper bounded as

V < =allall® = Amin Ko} irl> + i) | 7] = 7o (3.43)
After substituting (3.28) and (3.32) into (3.43), we have
V < szl + [ollalirl = kap® 1] (3.49)

Since the bracketed term in (3.44) forms a nonlinear damping pair, we can
apply Lemma A.10 in Appendix A to further upper bound V (t) as

V<o (AB - —) Jall? (3.45)

If the nonlinear damping gain k,, is selected such that &k, > %3, (3.45) can
be rewritten as

V< -Bll=|* < -Brl*, (3.46)

where (3.29) has been used, and (3 is some positive constant that approaches
As as k, is increased. The proof of Theorem 3.1 can now be followed to
illustrate the boundedness of all closed-loop signals and the result of (3.31).
0O

Remark 3.2 The introduction of the term 2eTK e in the deﬁmtzon of
V(t) of (8.85) is motwated by the meed to obtain a mnegative ]|m|| term
in V (t) (i.e., —Aallzl|® in (3.44)). This term is then used to dominate the
positive l|ac||2 term that arises from the application of the nonlinear damping
argument to the bracketed term of (3.44) (i.e., the ﬁ z|? term in (8.45)).
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Theorem 3.3 The control law of (3.28) and the parameter estimation up-
date law of (3.24) ensure the semiglobal asymptotic convergence of the po-
sition and velocity tracking errors as illustrated by

lim e(t), é(t) = 0. (3.47)

t—o00

This result is valid provided that K. and vg (t) are now chosen as follows:
Amin {Ke} = kn (¢F +3), vr =0, (3.48)

where {1,y were defined in (3.50), and ky, is selected according to

1 (X 2
kn > )\—3 (A_l Iz (O)|° + 1) , (3.49)

with As, z(t), and A1, A2 being defined in (3.34), (3.37), and (3.38), respec-
tively.

Proof. The proof of this theorem makes use of the same non-negative
function given by (3.35). The proofs, however, slightly diverge as described
below.

After substituting (3.28), (3.30), and (3.48) into (3.43), we obtain

V < =allel® + ¢y llol ] = a3 1] + [2 Nl i) = ka3 lrl?]
(3.50)
The application of Lemma A.10 in Appendix A to the bracketed terms will
produce

- 2 l=l® | =
V< =Xslz||” + et (3.51)
n n
which can be rewritten as
. 1 2 2
< — _
V< [/\3 = (1+ Il )] ]l (3.52)

The sign of the upper bound on V (t) is determined by the bracketed term
of (3.52), which must be positive for one to conclude the negative semidef-
initeness of V' (¢). That is, we must have

1_1

- (1 + ||x(t)||2) >0 (3.53)

for V (t) to be negative semidefinite. From (3.36), a sufficient condition for
(3.53) can be derived as follows:

1 7:; (1 + KS—)> > 0; (3.54)
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hence, the analysis to this point can be summarized as

V<plalf  fr k> 2241, (3.55)
1

where (3 is some positive constant. From (3.55), we know that since V' (t) <
0 Vt € [0,00), V(t) is decreasing or constant V¢ € [0,00). Therefore, a
sufficient condition for (3.55) is given by

V(0)

1

V<-Blz|> for kn> +1; (3.56)

or by (3.36), we have a sufficient condition for (3.56), as follows:
. A
VS-plal* < -BlIrl*  for  kn>T IO +1,  (357)

where (3.29) has been utilized. The arguments used in the proof of Theorem
3.1 can now be followed to illustrate the boundedness of all closed-loop
signals and the result of (3.47). O

Remark 3.3 From (3.49), we can see that the control gain kn can be in-
creased to cover any set of initial conditions; therefore, the stability result
of Theorem 8.3 is referred to as semiglobal.

Remark 3.4 It is interesting to see how different choices for part of the
feedback portion of the control law (3.23) (i.e., the last two terms on the
right-hand side of (3.23)) can produce slightly different stability results.
Notice from (8.32) that the control law of Theorem 3.2 is a DCAL-like
controller with nonlinear feedback that achieves the global convergence of
the tracking errors. On the other hand, the control law that results from
the_selection of (3.32) in _Theorem 3.3 is computationally simpler in the
sense that it 1s a DCAL-like controller with linear feedback; however, this
controller produces only a semiglobal convergence.
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FIGURE 3.1. Block diagram of the experimental setup.

3.5.3 Experimental Results

The two DCAL~like control schemes described above were implemented on
a two-link, direct-drive, rigid planar robot manipulator built by Integrated
Motion, Inc. (IMI) [7]. This robot is a torque-controlled system that utilizes
special-purpose electronic hardware to enable the implementation of torque
control input algorithms. Specifically, the robot features links that are di-
rectly actuated by switched-reluctance motors that are controlled through
Nippon Seiko K. K. (NSK) drives [14]. The WinMotor control environment
was used to write the control algorithm in the C programming language.
See Appendix D for a description of the C code used to implement the
DCAL control algorithms. A functional diagram of the experimental setup
is shown in Figure 3.1. As provided by the manufacturer, the two-link ma-
nipulator has the following dynamic model [7]:

[ T1 } _ [P1 +2p3ca  p2 + p3co } [ 41 }

To P2 + p3ca p2 @
N [ ~P3s2ds —p3s2(d1 + ¢2) ] [ s ] (3.58)
P35241 0 92

fa 0 ] [ q1 ]
+ . )
[ 0 faz || do
wherepi=13473 kg=m?ypsr=1011931kg-m?, p3 = 0.242 kg-m?2, f4; = 5.3 N-
m-sec, fag = 1.1 N-m-sec, ¢z denotes cos(qz), and s denotes sin(gs). Based



66 3. Full-State Feedback Tracking Controllers

on (3.4) and (3.58), the unknown parameter vector 6 can be constructed
as
T
0=[p p2 p3 far faz ] (3.59)
The experiment was performed using the following desired position tra-
jectories:

40.11sin(¢) (1 — exp (~0.3¢3))

9a(t) = [ 68.75sin(t) (1 — exp (—-O.3t3)) deg. (3.60)

Note that the exponential term in (3.60) was included to ensure that
¢4(0) = ¢a(0) = ¢4(0) = 0. After several experimental runs, it was found
that the nonlinear feedback DCAL controller given by (3.23), (3.24), and
(3.32) achieved its best tracking performance with the following set of gains:

a = diag {180,70}, K, =diag{70,50}, K, =diag{1,1},
kn=10"% (¢, =70, (,=60, T =diag{7,0.12,0.2,30,5}.

For the linear feedback DCAL controller given by (3.23), (3.24), and (3.48),
the set of gains that gave the best tracking performance was

o = diag {480,90}, K, = diag{35,25}, K. = diag{35,25},
K, =diag{1,1}, T =diag{4,0.1,0.1,20,15}.

For both controllers, the initial values of the parameter update law of (3.24)
were set to zero (i.e., §(0) = 0) while a trapezoidal algorithm was used to
compute the integral. A standard backwards difference algorithm applied
to the position measurement q(t) was utilized to generate the required
velocity signal ¢ (¢). The sampling time for all experiments was 200 usec.

The experimental results are shown in Figures 3.2-3.7. Figure 3.2 through
3.4 illustrate the link position tracking errors, torque control inputs, and
parameter estimates for the nonlinear feedback DCAL controller. In Figures
3.5-3.7, the same plots are shown for the linear feedback DCAL controller.
As can be seen from the experimental results, the linear feedback DCAL
produced tracking errors of about the same magnitude as the nonlinear
feedback scheme while maintaining the same level of torque inputs. There-
fore, one could postulate that the nonlinear feedback term is not required
for DCAL-like control implementations. This fact may be specially attrac-
tive in applications where it is deemed that the feedback portion of the
control law should be executed as quickly as possible.

3.5.4 Nonadaptive Extensions

Instead of utilizing the dynamic update law of (3.24) to estimate the system
parameters on-line, one can use a constant parameter estimate. Depending
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on the choice of the constant parameter estimate, different position tracking
stability results will be achieved. The following two corollaries describe
three cases for the selection of the fixed parameter estimate vector: (i)
constant, best guess estimates of the actual parameters; (ii) the parameter
estimates are set to zero; and (iii) the constant parameter estimates exactly
match the actual parameter values.

Corollary 3.1 (Constant Best Guess Parameter Estimate) Let8 in
(8.28) contain constant, best guess estimates of the system parameters, and
K. and vg be chosen such that

Ca

/\min {Ke} = k (Cl + Cz) VR = O, (361)

where €, k, are positive nonlinear damping gains, C1,Cy were defined in
(3.80), and (5 is a positive bounding constant defined as '

“Ydé“ < (s (3.62)
If ky, is selected according to
1 A
> ( e @)1 + 325 + 1) (3.63)

where z (t), A3 were defined in (8.29) and (3.34), respectively, B is some
positive constant, and A1, Ay are defined as

1 . 1
A= 3 min {m1, Amin{Kp}}, Ao = 5 max {m2, Amax{Kp}}, (3.64)

then the position tracking error is semiglobal uniformly ultimately bounded
(SGUUB) in the sense that

nwm$¢ mwmamﬂﬁ0+ggﬁ—m4}%0).@w

Proof. We define a non-negative function of the form

V= %TTM((])T’ + %eTkpe, (3.66)
which can be bounded as

Mllzl? <V < e, (3.67)

L Thebounding constanti¢ziwillidependionly on the bounds on the desired trajectory
and on the magnitude of the difference between the constant, best guess parameter
estimates and the actual parameters.
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where z was defined in (3.29) and A1, A2 were defined in (3.64). The proof

of Theorem 3.2 can be followed to form an upper bound on time derivative
of V (t) as

V< allall® = Amia (K} irl + irl [ 7| + Il [[vad] . (368)
After substituting (3.61), (3.28), and (3.62) into (3.68), we obtain

V< =Nallel® + [y lall il - ka3 1]
\ (3.69)
+[Galel Il = ke 1]+ [ca ) = 2 117

Applying Lemma A.10 in Appendix A to the bracketed terms produces

4
V< A””JFHZ‘II H?I+Q (3.70)

which can be rewritten as
. 1 2 2
< — —_—— . .
V ()\3 = (1 + ||z]| )) llz]|* + € (3.71)

From (3.71), it is clear that
. 2 1 2
V<—Blel+e for k> (1 + =@ ) , (3.72)
3

where § is some positive constant that approaches A3 as k,, is increased.
After utilizing (3.67), a new upper bound can be placed on V (t) of (3.72)
as follows:

V<-£V+e for kn >; (1+Ie@)I?) (3.73)

We can now invoke Lemma A.5 in Appendix A along with (3.67) and (3.29)
to conclude that

el < llz)] < \/— Il )11 exp (—;ﬁ-) t+ 22 (1 — exp (——f—t))

1 )\2 2 }\26
for k,> W ()‘1 llz (0)||° + 5w + 1)

from which the result of (3.65) follows directly. (]

(3.74)
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Remark 3.5 The SGUUB tracking result given by (8.74) can be illumi-
nated by writing the steady state bound on ||z(t)| as

)\26

Jim la)] = /5

(3.75)

From (3.75), it is clear that the steady-state value of z(t); and hence, the
steady-state bound for the position tracking error e(t), can be made arbi-
trarily small by decreasing the value of the gain e.

Remark 3.6 Corollary 3.1 includes the case where 6 = 0. That is, even
if there is no feedforward compensation in the control law, the SGUUB
tracking result of (8.65) remains valid (note that now (8.62) must be written
as ||Yab)| < C3). With 8 =0, the control law is a simple linear controller as
proposed in [4, 18, 19, 20].

Corollary 3.2 (Exact Parameter Knowledge) Provided that§ = 0 and
K., vr (t), and ky, are selected as in Theorem 3.2, the position tracking er-
ror is semiglobal exponentially stable in the sense that 2

el < /32 = @ exp (—z—ﬁ-;t) , (3.76)

where B is some positive constant.

Proof. The proof follows directly from the proof of Corollary 3.1 by re-
moving the last bracketed term in (3.69). O

Remark 3.7 It is easy to show that the controllers of Corollaries 3.1 and
3.2 can be redesigned with vg of (3.32) to yield global position tracking (see
[5] for related work).

3.6 Control/Adaptation Law Modularity

In this section, the modular adaptive control design of Section 2.3.2 in
Chapter 2 is extended to MIMO mechanical systems. As in Chapter 2,
we first design the control law to ensure the ISS property with respect to
the parameter estimation error, hence guaranteeing closed-loop stability
for any update law design that ensures the boundedness of the parameter
estimates. We then show that the control law produces global asymptotic

2This stability result is similar to that of references [8, 31].
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position tracking for any adaptive update law design that also satisfies the
following sufficient conditions: (i) the prediction error is square integrable,
and (ii) the estimated inertia matrix is positive-definite.

3.6.1 Input-to-State Stability Result

Before we initiate the controller formulation, let us first define the filtered
regression matrix [15] Yf(g,q) € R™*? as?

Y7(a,4) +BYs(a,4) = BY (¢,4,4) Y5 (9(0),4(0)) =0, 3.77)

where Y(-) is the regression matrix defined in (3.4), and 3 is a positive,
constant design parameter. We also define the measurable prediction error
(t) € R™ as follows:

e=Yi0=Y0-Yi0 =17 —Y;0, (3.78)
where the filtered torque 7¢(t) € R™ is defined by
Tr+PBry=p1,  715(0)=0, (3.79)

with 7 () being defined in (3.1).

One of the main objectives of the control design is to achieve ISS with
respect to the disturbance input 6(t) [10]. Based on this objective, the form
of (3.10), and the subsequent analysis, we will utilize the following control
law:

, (3.80)

T+ kn

2
T,

= Y,()0+Kr+ [%Yf@"‘ (M ~Vm) r] + k| Vs
1

Y; 0 (M ~—Vm> T
B
where K € R™*" is a diagonal, positive-definite, control gain matrix; k,, is a
positive nonlinear damping gain; M(q), Vin(g, ) represent the estimates of
the inertia and centripetal-Coriolis matrices, respectively; and Y, (-), Y7 (*)
were defined in (3.11) and (3.77), respectively. To clarify the somewhat
unusual structure of the control law (3.80), we note that the terms inside
the brackets have been introduced to cancel similar terms in the subsequent
stability analysis, while the norm-squared terms are nonlinear damping
functions injected to achieve the ISS property of the closed-loop system

+kn

3See [11] for details on how to compute Y;(-) without the need for acceleration
measurements.
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with respect to 8(t). By substituting (3.80) into (3.10), we can form the
closed-loop error system for 7(t) as follows:

2
r

M(q)i = —Kr +Yed — ko |Yal2r — <Y} 0 —hn

B
— (M -—Vm> r—kn

(M —f/m> r
We now state a theorem regarding the ISS property of (3.81) with respect
to 8(t).

—1-Yf 0

(3.81)

2
r—= Vm(Q? q)’l‘

Theorem 3.4 Given the closed-loop error system of (3.81), if 0t) €
Loo[0,tf), then r(t) € Lo[0,tf) where ty denotes the final time.

Proof. We start by defining the non-negative function:

V= -;-TTM(q)r. (3.82)

After taking the time derivative of (3.82) along (3.81), we can obtain the
following upper bound on V (t):

VS Amin (K}l + [I%] ] Uéﬂ — ka1 171

Ol il = | 57 6

* ”%Yf } (3.83)

+ “ <M —Vm> r (Air -Vm) A ||2} .

After applying Lemma A.10 in Appendix A to the bracketed pairs of (3.83),
we have

Il = Fn

V' < = Amin {K} |I7]® + -k% He\lz + k—zn (3.84)

which can be further upper bounded, by the use of (3.2) and (3.82), as
follows:

V(t) < -AV(t He(t)“ (3.85)
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where A = z)—\—"—:—ziﬁ After solving the differential inequality of (3.85),
2
we have
V() S V(e e / . (— o] + ) d¢
0

(3.86)
SV ™ + 5= (HH(t H +2)

Hence, from (3.86), (3.2), and (3.17), we have

OIS \/—nr(o e2 \/mlikn (Hé(t)“iﬂ) <o, (3.87)

which proves the theorem. O

Remark 3.8 Since Theorem 3.4 states that 7(t) € Lo[0,tf), we can ap-
ply Lemma A.8 in Appendiz A to (3.7) to show that e(t), é(t) € Loo[0,5);
hence, q(t),4(t) € Lo[0,t5) owing to the assumed boundedness on q4(t), da(t).

3.6.2 Position Tracking Result

The control law (3.80) guarantees the boundedness of the system states
independent of the adaptation algorithm. In other words, it permits some
flexibility in the design of the parameter update law as long as the bounded-
ness condition on é(t) is satisfied. We now turn our attention to developing
specific technical conditions on the update law that lead to boundedness
of all closed-loop signals and position tracking.

Theorem 3.5 Given the control law (3.80) and any update law, denoted by

8 (q,4,¢), that ensures 6(t) € Loo|0, ts), we can state that (1) all signals are
bounded during closed-loop operation on t € [0,00), and (i) if the update
low also ensures that e(t) € L2[0,tf), then

Jim e(t), é(t) =0, (3.88)
provided M (q) remains positive-definite and K of (8.80) is selected as K =
kI, where k is a positive constant and I, is the n x n identity matriz.

Proof. (Part (i)) Since (t) € Loo[0,t5), we know from Theorem 3.4 and
Remark 3.8 that 7(t),q(t),d(t) € Loof0,¢7); hence, V7 (,d) € Loal0,ty).
Since 0(t) e L5[05t7) and Y5 (g;4) € L[0,t5), we can state from (3.78)

that e(t) € Loo[0, 7). Since 6 () is a function of ¢(t), §(t), and &(t), we know
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that 8 () € Loo[0,t7). From the previous boundedness statements, we can
see from (3.81) and (3.80) that 7(t),7(t) € L[0,ts), and therefore, §(t) €
L[0,tf) from (3.1) and (3.2). Thus, we have shown that all closed-loop
signals are bounded on [0,t¢). As in [10], the bounds are dependent only
on the initial conditions, control gains, and the desired motion trajectory
(i.e., not dependent on ty); hence, this independence of time proves that ¢
can be set to co. I

Proof. (Part (ii)) We start by noting from (3.4) and (3.11) that
Y (9,4,4) 8 =Y (9,4,4)0 = M(9)7 = Vm (0,9) 7, (3.89)

where M(q) = M(q) — M(q) and Vin(q,9) = Vin (¢,4) — Vin (¢,9). With
the intent of writing the term Y0 in terms of £(¢), we can use (3.78), the
time derivative of (3.6), and the relationships given by (3.77) and (3.89) to
show that

1, 1d /o - .
BE+6 ———’Ba (Yf9)+Yf9
~lviivio-Llyio
o s (3.90)
=Y0-=Y; 0
50

~ ~ ~

= Yaf — WH(q)i ~ Vi (a,0)7 = 5¥7 6.

We can now utilize the last line in (3.90) to obtain the following expression
for Y,0 :

1. =

=Y 0. 3.91
5Y7 (3.91)

After substituting the right-hand side of (3.91) into (3.81), we have

. 1. ~ .
ysg=-ﬂ-e+s+M(q)r+Vm(q,q)?"+

where the positive function A () € R is defined as

2
. (3.93)

2

N(q)F = —A(q,4,0,0,)r + %é +e— VI (g)r, (3.92)
27 8| +ka

Similar to the analysis of the modular adaptive, friction compensation

controller of Section 2.3.2, we now define the following variable transfor-
mation:

Ag,4,0,0,8) = k+En || Ys])* + kn

= Mi(g)r — %e. (3.94)
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After taking the time derivative of (3.94) and substituting (3.92) into the
resulting expression, we obtain

T=—-A()r+e. (3.95)
By utilizing (3.94), the above expression for & (¢) can be rewritten as follows:
& =—AM"1z + Be, (3.96)

where the matrix B (-) € R™*" is defined as

B(Q? q-,é,é, t) = In - %AM—l- (397)

After differentiating %:L'Tm along (3.96), we obtain*

g{- (%me') = ——ASCTM_liv -+ fETBE
(3.98)
< = Ahein (M7} 2ll® + 1Bll s el el

where Lemma A.9 in Appendix A has been utilized.

We now let
y=1/ -;-QZT:C (3.99)

(v2) = 209 < ~24%min { M} + V2| Bll lelly.  (3:200)

and rewrite (3.98) as

d

dt
Since y(t) > 0, we can use (3.100) to produce the following upper bound
on g(t):

U< =Gy +Gallell, (3.101)
where the positive constants® ¢; and ¢, are defined as
¢ = ir%f {A} Amin {M’l} and Gy = g | Bll s - (3.102)

From this point on, the same derivations described in (2.59) to (2.63) in
Chapter 2 can be followed to show (3.88). O

“Note that if V(g) is positive-definite, we know M ~1(q) is also positive-definite.
5Since we know all signals are bounded from the proof of Part (i), the constants ¢,
and {, exist.
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Remark 3.9 A typical parameter adaptation algorithm that satisfies the
conditions stated in Theorem 8.5 (i.e., 6(t) € Loo and (t) € L3) is the
least-squares estimator given by
N I'YFe . TYFY:T
b= ! , I=- it (3.103)
1+tr {¥;TYF} L+ tr {VTYF }

where I'(t) € RP*P is g time-varying, symmetric matriz; v is a non-negative
constant; and tr{-} denotes the trace of a matriz. The reader is referred
to Section 2.8.2 in Chapter 2 for the proof that illustrates that 6 (t) € Loo
and €(t) € La. Note that if v = 0 in (3.103), we obtain the standard,
unnormalized least-squares estimator.

Remark 3.10 In order to satisfy the condition on the positive-definiteness
of M(q) stated in Part (i) of Theorem 3.5, a projection-type algorithm (see
[1, 12] for ezamples) must be incorporated into the design of 6(t).

3.6.3 Experimental Results

The performance of the control law (3.80) combined with the unnormalized
least-squares estimator (i.e., (3.103) with v = 0) (hereinafter denoted as LS
controller) was evaluated on the IMI, two-link, direct-drive, planar robot
described in Section 3.5.3. A Pentium 166 MHz PC running @motor pro-
vided the environment to write the control algorithm in the C programming
language.

For comparison purposes, the adaptive controller of Section 3.4 given
by (3.12) and (3.13), which utilizes a filtered tracking error-based, gradient
update law, was also evaluated (hereinafter denoted as GR controller). The
desired position trajectories were selected as follows:

[ 40.11sin(2¢) (1 — exp (—0.3¢3))
9a(t) = [ 68.75sin(2t) (1 — exp (—0.3t%))

A standard backwards difference algorithm applied to the position mea-
surements and then passed through a digital low-pass filter was used to
generate the velocity signals. The update laws given in (3.103) and (3.13)
were initialized to zero, while a trapezoidal algorithm was utilized to com-
pute the integrals. The sampling period for the LS controller was 400 usec
while the GR controller was run at 150 usec®. All control parameters were

} deg. (3.104)

6Becuase of its relative simplicity, the GR algorithm can be run at a faster sampling
period than the LSralgorithm: Since'a faster sampling period will generally improve
an algorithm’s performance, this experimental comparison is much fairer to the GR
algorithm.
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tuned by trial-and-error until the best position tracking performance was
achieved. For the LS controller, the control gains and the initial values for
the time-varying, adaptation matrix I'(¢) that resulted in the best tracking
performance were

B=23, a=diag{51.5,49.0}, K =diag{70,26}, k,=1le ™,

0.5 0.25 0.275 0.5 0.125
0.0175 0.0263 0.0175 0.0175 0.088
I'(0)=| 0.042 0.045 0.036 0.03 0.012
0.1563 0.144 0.288 0.099 0.09
0.242 0.033 0.055 0.01767 0.22
(3.105)
For the GR controller, the set of control and adaptation gains that resulted
in the best tracking performance were

a =diag{40,23}, K =diag{75,33}, I =diag{8.0,0.1,0.2,7.0,2.0}.

(3.106)
The experimental results are shown in Figures 3.8-3.11. Figures 3.8(a) and
3.8(b) illustrate the link 1 position tracking error for the LS and GR con-
trollers, respectively, while Figures 3.9(a) and 3.9(b) show the link 2 posi-
tion tracking error. Figures 3.10(a) and 3.10(b) depict the parameter esti-
mates for the LS and GR controllers, respectively. In Figures 3.11(a) and
3.11(b), we have included the control inputs for links 1 and 2, respectively,
of the LS controller, while Figures 3.11(c) and 3.118(d) contain the same
signals for the GR controller. From these figures, we observe the faster pa-
rameter adaptation of the LS controller; and hence, the improved transient
performance of the tracking error signals. We note that the improved track-
ing/parameter adaptation performance of the LS controller was obtained
at the expense of only slightly larger control torques in comparison to those
of the GR controller.

3.6.4 Discussion of Results

Since the condition on the positive-definiteness of M(q) required in Part
(ii) of Theorem 3.5 is only a sufficient condition for achieving asymptotic
position tracking with the LS controller, it comes as no surprise that the
above experimental results were obtained without utilizing a projection-
type algorithm for 8 (t), as discussed in Remark 3.10. Furthermore, since the
requirement that K = kI, is also only a sufficient condition for achieving
asymptotic position tracking with the LS controller, it also comes as no
surprise that the experimental results were obtained without satisfying this
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FIGURE 3.8. Tracking error for link 1: (a) LS controller and (b) GR controller.
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FIGURE 3.10. Parameter estimates: (a) LS controller and (b) GR controller.
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condition (see (3.105)). We also note that no care was taken during the
tuning procedure to ensure that I'(0) of (3.105) was positive-definite or
symmetric.

The experimental results indicate that an improvement in the transient
response of the tracking performance can be obtained through the use of
the LS controller. Note that.this improvement was also detected in the
experimental results of Section 2.3.4. This behavior is due in part to the
indirect influence the matrix I'(0) has on the system’s transient perfor-
mance. Specifically, if higher values were utilized for the elements of I'(0),
we observed that the parameter estimates greatly overshoot their steady-
state values, thus causing the transient tracking errors to be larger. On
the other hand, if smaller values were used, the parameter estimates took
longer to converge, thus causing the tracking errors to have a larger settling
time. We note that owing to the 5 x5 dimension and coupled nature of I'(0),
it is not easy to tune its elements such that a critically damped behavior
is obtained for all the parameter estimates. However, the fact that I'(0)
provides some means of indirectly controlling the system’s transient per-
formance in the LS controller has been shown to constitute an advantage
over the GR controller.

As stated in the previous section, the control/adaptation gains and I'(0)
were selected by trial-and-error to achieve the best tracking performance
for the desired trajectory signal given by (3.104). That is, we found that
the controller parameters can be tuned to obtain good position tracking
performance by monitoring the changes in the position tracking errors and
then adjusting the gains in between runs. Although the gains in (3.106) and
(3.105) work for different desired trajectory signals that are reasonable (i.e.,
signals that limit the desired acceleration to within the capability of the
motor drive system), a small amount of retuning has to be done to achieve
the best position tracking performance for these different trajectories.

3.7 Notes

Some representative work related to adaptive FSFB controllers applicable
to MIMO mechanical systems can be found in (2, 3, 6, 9, 17, 21, 24, 28, 32],
while a class of DCAL FSFB controllers can be found in [22]. Most of
the above mentioned results share the characteristic of utilizing standard,
gradient-type, adaptation schemes. With the goal of overcoming the slow
parameter _convergence of gradient-type update laws, Lozano Leal et al.
[13] utilized previous passivity-based adaptive control designs to construct
a modified least-squares update law with the position/velocity tracking er-
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ror as the input. As time goes to infinity, the parameter estimates in this
modified least-squares update law converge to the parameter estimates gen-
erated by a standard, least-squares update law. A modified least-squares
update law based on the position/velocity tracking error was also pro-
posed by Sadegh and Horowitz [25] in the design of an exponentially stable
DCAL-type controller. This exponential tracking result was predicated on
the assumption that the desired regression matrix satisfies a semipersis-
tency of excitation condition; furthermore, the modified least-squares up-
date law requires the calculation of a matrix dependent on the excitation
condition. In [27], Slotine and Li developed a composite adaptive controller
by constructing the parameter update law as the composite sum of a least-
squares update law driven by the prediction error and a modified gradient
update law driven by the position/velocity tracking error (i.e., the gradient
update law is modified because it uses the same time-varying, adaptation
gain as the least-squares update law). As compared to the standard per-
sistency of excitation condition, the composite adaptive controller requires
a weaker excitation condition (i.e., the infinite integral condition) for pa-
rameter convergence; however, this algorithm still utilizes a very specific
choice for the adaptive update law. In [29], Tang and Arteaga developed
an adaptive controller that included the standard, gradient update law; the
composite adaptation update law; and an averaging gradient update law
as special cases.

Modular estimation-based adaptive control approaches were reported by
Queiroz et al. [23] and Middleton and Goodwin [15]. Roughly speaking,
in [15], the adaptive computed torque controller of Craig et al. [3] was
augmented with additional terms that allowed the closed-loop error sys-
tem to be written as a stable, linear, strictly-proper transfer function with
the position tracking error as the output and a prediction error-related
term as the input. This input—output relationship facilitated the dual ob-
jectives of position tracking and controller/update law modularity in the
sense that any parameter update law could be used as long as its design
ensured that (i) the parameter estimates remained bounded, (ii) the pre-
diction error was square integrable, and (iii) the estimated inertia matrix
was positive-definite (i.e., a projection-type algorithm is required in the
parameter update law). We note that in contrast to the design of [15], the
modular adaptive controller of Section 3.6 does not need the estimated in-
ertia matrix to be positive-definite to guarantee boundedness of the system
signals, but only to prove position tracking (see Theorems 3.4 and 3.5).
Moreover, the control law (see (3.80)) does not require the online calcula-
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tion of the inverse of the estimated inertia matrix, as is the case for the
controller of [15].
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4

Output Feedback Tracking
Controllers

4.1 Introduction

All the position tracking controllers presented in Chapter 3 required full-
state feedback (FSFB). That is, the control implementation requires the
measurement of the position and velocity of the mechanical system. Since
the cost of implementing a FSFB controller for achieving position tracking
would typically include the cost of motion sensors, this chapter addresses
the problem of position tracking under the constraint of minimizing the
sensor count (i.e., elimination of velocity measurements). Hence, we are
motivated to investigate means of constructing velocity signal surrogates
for use in closed-loop, position tracking control strategies, i.e., output feed-
back (OFB) controllers. A standard approach for removing velocity mea-
surements is to apply the so-called backwards difference algorithm to the
position measurements. Even though this method of eliminating velocity
may provide reasonable performance, the use of this discrete-time veloc-
ity approximation is not satisfying from a theoretical viewpoint since the
dynamics of the backwards difference algorithm are normally not included
during the closed-loop stability analysis.

An alternate approach illustrated in Chapter 2 for SISO systems that
contains a complete mathematical development suggests the use of a non-
linear observer to produce an estimate of the unmeasurable velocity signal.
Often this observer contains dynamics that attempt to mimic the behavior
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of the mechanical system to a certain extent (i.e., model-based observers).
Since, in general, the separation principle [19] does not hold for nonlinear
systems, a more complex procedure is required to analyze the closed-loop
stability of the observer-controller system. To this end, the role of the ve-
locity observer is not merely to provide a velocity estimate but to ensure
closed-loop stability. Analogously, the controller also plays a role in the ac-
curate estimation of velocity. That is, the design of the composite observer-
controller system is based on a coupled set of equations that describe the
observation error dynamics and the position tracking error dynamics.

A drawback of the observer-based approach is that an accurate model of
the mechanical system is required to guarantee the stability of the obser-
vation error and the position tracking error. As mentioned in Chapter 3,
although the structure of the mechanical system dynamic model is fairly
well defined, the physical parameters representing the mass, inertia, and
friction effects are often not precisely known. Therefore, an alternative,
model-independent method is sometimes needed to generate a velocity-
related signal from only position measurements. Heuristically, this method,
often referred to as a high-gain observer, attempts to provide a continuous-
time, approximate derivative of the position signal. That is, a linear, high-
pass-filter-like structure is used to approximate the behavior of a perfect
differentiator over a range of frequencies. A crucial point is that the filter
dynamics can be explicitly included in the analysis along with the position
tracking error dynamics to deliver the desired closed-loop stability result.

A limitation that exists in most OFB tracking controllers, observer or
filter-based, is the semiglobal nature of the stability result (i.e., a control
gain has to be made sufficiently large to guarantee the desired stability
result for a given set of initial conditions). Ideally, it would be desirable to
recover the global stability results achieved with most of the FSFB designs
of Chapter 3, despite having only OFB. A solution to this challenging
problem can be accomplished by utilizing a velocity-generating filter with
a more complex structure and a nonquadratic Lyapunov function that is
softer! than the standard, quadratic Lyapunov function.

Based on the above discussion, this chapter presents three solutions to the
OFB tracking control problem. The first result is a model-based observer-
controller that guarantees the semiglobal exponential stabilization of the
velocity observation error and the position tracking error. An interesting
aspect of this result is that the observer-controller design and analysis is

1 The word. softer-is-used-to-illustrate.the fact that if V (z) = f(z), where f(z) is
some radially unbounded, non-negative function, then f(z) < z2.
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presented from an observed integrator backstepping [22] perspective. The
second result is a linear filter-based, adaptive controller that ensures semi-
global asymptotic position tracking while compensating for unknown sys-
tem parameters. Finally, a nonlinear filter-based, adaptive control is devel-
oped that produces global asymptotic position tracking.

4.2 Problem Statement

In this chapter, we will consider the same nonlinear dynamic model de-
scribed in Section 3.2. However, in addition to the model properties listed in
Section 3.2, we will make use in this chapter of the following supplemental
properties.

Property 4.1: The centripetal-Coriolis matrix of (3.1) satisfies the fol-
lowing relationship: [27]

Vin(g, &)v = Vin(q, v)€ V¢, v e R™ (4.1)

Property 4.2 The norm of the centripetal-Coriolis and gravity terms of
(3.1) can be upper bounded as follows [23]:

V(9 Dllico < Cea Gl G (@lioo < g (4.2)

where (., (, are positive bounding constants, and ||-||;,, denotes the
matrix-induced infinity norm [30].

The primary control objective of this chapter is to design the control
input 7(t) such that q(t) — g4(t) as t — oo with the constraint that only
position measurements (i.e., g(t)) are available. As in Chapter 3, we define
the position tracking error e(t) € R™ as

e(t) = qa(t) — q(t). (4.3)
We will assume the desired motion trajectory is specified such that g4(t)

and its first three time derivatives are all bounded functions of time.? In
particular, we assume that

lda@®)ll < Cazs (4.4)

where (;, is a known, positive bounding constant.

2The controller presented in Section 4.3 will however not require the boundedness of
Q4 (1).
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4.3 Model-Based Observer/Control

In this section, the OFB control problem is tackled by designing a model-
based velocity observer/control algorithm. Using as a starting point, the
observer originally presented by Nicosia and Tomei in [27], the control in-
put is designed based on the observed integrator backstepping technique
[22]. Since the backstepping approach is used for the control synthesis,
the observer/controller developed in this section can be extended to rigid
mechanical systems that include the actuator dynamics (e.g., electrical dy-
namics and joint flexibilities®).

Since velocity measurements (i.e., ¢(¢)) are assumed to be unavailable,
we will estimate this quantity with a model-based velocity observer. To
quantify the difference between the actual and observed velocities, we define

the velocity observation error cj (t)e R™ as follows:
g=q—q, (4.5)

where Q (t)€ R™ denotes the observed velocity. In addition, to simplify the
development of the control input, we define an observed filtered tracking
error signal, denoted by #(t) € R, as follows:

7 = gq— § +ae, (4.6)

where o € R is a positive control gain. The expression for # (¢) is similar to
the filtered tracking error r (t) defined in (3.7), but with the actual velocity
replaced by the observed velocity.

4.3.1 Velocity Observer Formulation

The model-based velocity observer has the following form [27]:

G=y+kod,  y(0) = —kod(0) (4.7)

and
y=M"(q) (T ~ Vin(g,4) G —G(g) — F4 é) , (4.8)

where ¢(t)€ R™ is the position observation error denoted as

3 See [25] for such extensions.
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y(t) € R™ is an auxiliary variable, and %, is a positive control gain. To
facilitate the subsequent Lyapunov-type stability analysis, the control gain
k, is defined as follows:

1
ko = m_l (gclgdZ + Cclkl + Cclakl +a+ an) ) (410)

where « is the same control gain defined in (4.6), k1 is an additional positive
control gain, k, is a positive nonlinear damping gain, and m, (., (4o are
the bounding constants defined in (3.2), (4.2), and (4.4), respectively. Note
that (4.8) is basically the system model of (3.1) with ¢ (¢) replaced by

g (t). That is, the observer is designed with the intent of mimicking the
system dynamics. The form of (4.7) and (4.8), in particular the auxiliary
variable y (t), allows the observer to be implemented without the need to
measure velocity. The selection of the initial condition shown in (4.7) (i.e.,
y(0) = —koG(0) or ¢ (0) = 0) is motivated by the subsequent stability
analysis.

To give some insight into the design of the above observer, we now de-
velop the observation error dynamics. We begin by writing the velocity
observer in a single equation format. This is done by differentiating (4.7)
with respect to time, premultiplying both sides of the resulting expression
by M(q), and substituting ¢ (¢) of (4.8) to produce

M(q) § +Vin{a,d) § +G(q) + Fu § —koM(q) G=. (4.12)

Subtracting (4.11) from (3.1) yields the following observer error system:

M(q) G +Vm(2,9)d — Vm(2,9) § +Fa § +koM(q) §= 0. (4.12)
With the intent of preparing the error dynamics of (4.12) to enable the
use of (3.3) during the stability analysis, we add and subtract the term
Vim(q,4) g to (4.12), and then apply Property 4.1 and (4.5) to obtain

M(q) §= ~Vin(9,9) § —Vm(9,4) § —Fa § —koM(q) G - (4.13)
To analyze the stability of the above observer error dynamics, we use the
following non-negative function:
1 ;T ~
Vo=5d M@)4. (4.14)

The time derivative of V,(t) along (4.13) is given by

. .T . .
%=—§(W@@+&+%M@>i (415
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where (3.3) has been utilized. From (4.15) and the fact that F is positive-
definite, the following upper bound for V, (t) can be obtained:

V, < (ccl qH - koml)

where (3.2) and Property 4.2 have been utilized. To facilitate the subse-
quent composite observer/controller stability analysis, we use (4.6) to sub-

12

q' ’ (4' 16)

stitute for § (t) in (4.16) to form a new upper bound for V, (t) as follows:

2
, (4.17)

Vo < (CeaCaz + Ca Pl + Carexlle]| — ko) ||d

where (4.4) has been used. From the form of (4.17), we are motivated to
design a controller that ensures that the ||e|| and ||7|| terms in (4.17) are
both driven to zero.

4.3.2 Controller Formulation

The dynamics for the position tracking error system can be formed by
differentiating (4.3) with respect to time to yield
é=dq— g (4.18)

From the form of above position tracking error dynamics, we can see that if
g (t) were measurable, a backstepping procedure could be used to determine
the required control input 7 (¢). However, since this is not the case, we add

and subtract the measurable term § (¢) to the right-hand side of (4.3) to
produce

é=4qi—q—q, (4.19)
where (4.5) has been utilized. Since there is no control input in the above
position tracking error dynamics, we add and subtract a fictitious control
input to the right-hand side of (4.19) to yield

é=qa—[da + ce] + [da + €] — § — G, (4.20)

where « is the same control gain defined in (4.6). By using (4.6), we can
simplify the expression given in (4.20) as shown below:

é=—ae+i—§. (4.21)

To analyze the stability of the position tracking error dynamics, we use the
following non-negative function:

V.= LT, (4.22)
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The time derivative of V;; (¢) along (4.21) yields
Vai=ce <—ae + P cj) , (4.23)
from which we can obtain

Ve < —allell® + llell [17]] + Jlell

qH . (4.24)

From the form of (4.24) and the fact that (4.17) indicates that ¢ (¢) can
be driven to zero, we are motivated to design a control input that ensures
that 7 (¢) is driven to zero.

With the goal of determining the open-loop dynamics for 7(¢), we differ-
entiate (4.6), premultiply both sides of the resulting expression by M(q),

and then use (4.11) to substitute for M(q) cj to produce

M(q) 7= M(g)da+aM(q) (4da — §)—koM(q) § +Vin(9,9) § +G(@)+Fa § —.

(4.25)
After utilizing (4.6) and (4.5), the right-hand side of (4.25) can be rewritten
as

M(q) 7= we(q, 4, t) — (@ + ko) M(q) § —Vin(g, d)F — T, (4.26)

where the auxiliary term we(g, é, t) € R™ is defined as
we = M(q) (dd + o(ga— Q)) + Vin(g,4) (da + c€) + G(q) + Fa 4. (4.27)

Given the structure of the open-loop dynamics of (4.26), the control input
7(t) is designed as follows:*

T = we(g, 4, 1) + (a + ke) 7, (4.28)
where k. is a positive control gain defined as
ke = 2kn + Cark1 + (a + ko) m3kn (4.29)

to facilitate the subsequent stability analysis. Substituting the control input
of (4.28) into (4.26) gives the following closed-loop dynamics for 7 (¢):

M(q) f= — (a+ ko)  — (a + ko) M(q) § —Vin(q, 6)7. (4.30)

41t is easy.to.see from the form of (4.27)-that the control input of (4.28) is the same

as the nonadaptive version of the controller presented in Section 3.2, except that tj (t)
has been used in lieu of ¢ (¢).
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To enable the use of (3.3) during the stability analysis, Property 4.1 and
(4.5) can be applied to the term Vi, (g, §)7 in (4.30) to produce

M(q) 7= —Vin(q, §)7 — (e + ko) 7 — (@ + ko) M(q) § +Vin(q, d)7. (4.31)

To analyze the stability of the filtered tracking error closed-loop dynamics,
we use the following non-negative function:

Ve = %f'TM(q)f. (4.32)
The time derivative of Vcz (t) along (4.31) is given by

Viz = — (0 + ko) 17 — (@ + ko) FTM(q) § +7TVin(g, )7, (4.33)

where (3.3) has been utilized. From (4.33), we can obtain the following
upper bound for Veg (t):

Vea < — (a + ko) IF)? + (o + ko) ma |7

~ ~n2
qH Il

q” . (4.34)

where (3.2) and Property 4.2 have been used.

4.3.3 Composite Stability Result

The combination of error systems given by (4.13), (4.21), and (4.31) yields
the following stability result for the velocity observation error and position
tracking error.

Theorem 4.1 The velocity observer of (4.7) and (4.8), and the control law
of (4.28) ensure that the closed-loop observer/controller system is semiglob-
ally exponentially stable as illustrated by

=01 < /3 @) cp (~32) (439

provided the observer/controller gains satisfy the following sufficient con-

ditions
1 o
a> k1> 4/ =1, (4.36)
where T
z= [ §FoeT 4T ] € R, (4.37)
T 1, 1), A = o — (4.38)

kn
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Proof. To prove the above result, we use the composite non-negative func-
tion:
V =Vo+ Vo + Vea, (4.39)

where V, (t), Ve (t), and Vo (t) were defined in (4.14), (4.22), and (4.32),
respectively. From the form of (4.39), it is not difficult to show that the
following bounds hold:

1 1
shllel® <V < Sl (4.40)

where z (t) and A1, A2 were defined in (4.37) and (4.38), respectively. After
taking the time derivative of (4.39), we can utilize (4.17), (4.24), (4.34),

(4.10), and (4.29) to form the following upper bound on V (t):

2

V< —ale’-alf?-alq

i

7l = ko (@ + ko) i3 nfuz] (4.41)

o ~112
+ [Hell 171 = 2 171%] + [l

q” — %,

+ [(a + ko) ma ||

2

= Ce1Caz

. . 2
+Ce1€az ||G q

2
+ Ccla

2

g

g

= (k1 = |l=ll) (Ccl +¢a ||f|l2> ,

where we have used the fact derived from (4.37) that ||z|| > |le||, ||7]], H(IH

Since the bracketed terms are nonlinear damping pairs, we can apply Lemma
A.10 in Appendix A to further upper bound V (¢) as follows:

y 1 2 A2 1
‘/ < -l — — — —la— —

2
+Ca |l7“"l|2) :

112
i

T (4.42)

q

+ Ccla

g

— (k1 = |l=ll) (Ccl

From the form of (4.42), we can state that

V< =3 |l for k> ||lz@®)], (4.43)
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where z (t) and A3 were defined in (4.37) and (4.38), respectively. From
(4.40), we can obtain the following sufficient condition for (4.43):

V§—2—>‘3V for k1> e, (4.44)
A2 A1

Since V(t) < 0Vt € [0, 00), V(¢) is decreasing or constant V¢ € [0, c0) (i.e.,
V(t) < V(0) Vt € (0,00)). Hence, a sufficient condition for (4.44) is given
by

223 2V (0)

;< —202 _— 4.
1% < /\2 Vv for kl > /\1 ( 45)

Applying Lemma A .4 in Appendix A to (4.45) produces

V(t) < V(0)exp (—ZA—):St) for k1 > %‘-;E—O), (4.46)

which yields the result delineated by (4.35) and (4.36) upon the application
of (4.40). O

Remark 4.1 From the above theorem, we know that z(t) € Lo, hence, we
can use (4.8), (4.6), (4.5), and the fact that the desired motion trajectory

is bounded to show that q(t), § (t), §(t) € Loo. Since §(t) is ezponentially
stable as dictated by (4.35), we can utilize Lemma A.11 in Appendiz A to
show that §(t) € L. As a consequence, we can use (4.9) and the fact that
q(t) € Lo to show that §(t) € Loo. Using the above information, we can
easily show from (8.1), (4.7), (4-28), (4.8), and the fact that M~1(q) exists
and is bounded (see Property 8.1) that G(t), y(t), 7(t), 9(t) € Loo. Thus,
all system signals remain bounded during closed-loop operation.

Remark 4.2 From (4.36), we can see that the control gain k1 can be in-
creased to cover any set of initial conditions; therefore, the stability result
is referred to as semiglobal. It is interesting to note the importance of the
initial condition y(0) = —koG(0) given in (4.7) on this semiglobal result.
Specifically, if y(0) # —koG(0), it is easy to see from (4.7), (4.5), and
(4.87) that 2(0) would be a function of k1 owing to (4.10). Hence, it would
not be possible to satisfy (4.86) for all initial conditions. It is also impor-
tant to note that the control gains o and k,, can be increased to speed up the
transient_response_of the position tracking error, as illustrated by (4.35),

(4.87), and (4.38).
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Remark 4.3 After adding and subtracting ¢ (t) to the right-hand side of
(4.6) and rearranging terms, we can formulate the following inequality:

1éll = lda — dl < I + el + HqH (4.47)

Since each of the terms on the right-hand side of (4.47) is exponentially
stable, as illustrated by Theorem 4.1, it is easy to see from (4.47) that the
velocity tracking error é(t) is also exponentially stable despite the fact that
the control law does not explicitly require velocity measurements.

Remark 4.4 As illustrated by the form of (4.8) and (4.28), the observer-
controller requires exact model knowledge of the mechanical dynamics; hence,
one may question the robustness of proposed controller. It is important to
note that the results given in [3, 30, 32] all confirmed the robustness of an
OFB linear control loop used in conjunction with a linear observer (or a
linear filter). Specifically, these results indicate that a semiglobal uniform
ultimate boundedness stability result can be obtained even in the presence
of parametric uncertainty and additive bounded disturbances.

4.3.4 Experimental Results

We now discuss the real-time experimental implementation of the observer-
controller on the two-link, direct-drive, rigid robot manipulator test-bed
described in Section 3.5.3. A PC hosting a Texas Instruments TMS320C30
DSP board served as the computational engine while WinMotor provided
the environment to write the control algorithm in the C programming lan-
guage.

The OFB control law given by the velocity observer of (4.7) and (4.8)
and the controller of (4.28) was applied to the two-link manipulator with
the gains set to

ko = 145, k. = 350, a = 125. (4.48)
The desired position trajectory for the two links was selected to be

40.11sin(t)(1 — exp (—0.3t3))

9(1) = | 68 75 sin(t)(1 - exp (~0.363)

] deg. (4.49)
All experimental runs were performed at a sampling period of 200 usec.
The results of the experiment are shown in Figure 4.1. One can see that the
position tracking error for both joints|is approximately 0.04 deg or smaller.
To examine the robustness of the OFB control law under payload variations,
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a 5 lbs mass was added to the robot end-effector and the experiment was
repeated under the same set of conditions. Figure 4.2 shows the results of
the experiment with the 5 lbs payload. It is clear from the plots that there
is no significant difference in the magnitude of the position tracking errors,
which indicates that the OFB control law is indeed robust, to a certain
extent, against payload variations.

To provide a means for comparing the proposed OFB control law with
a typical method of implementing a robot controller, we implemented the
controller of (4.28) (i.e., the same controller given in Section 3.4 with the
system parameters being exactly known) under exactly the same conditions

as stated above, but with § calculated by the following standard backwards
difference algorithm:

= 9(pT) — g((p - 1)T)
T

forp=1,---,n, (4.50)

where p represents the sampling instant, T' represents the sampling period,
and nT represents the total experiment time. We found that the best po-
sition tracking performance was obtained with the following gain selection

ke =5, a = diag {75,45} . (4.51)

Although the control gain a was defined as a scalar in (4.6) to facilitate
the stability analysis, o was specified as a matrix in (4.51) to provide more
flexibility during controller tuning. We note that the control gains for the
backwards difference/controller could not be adjusted to values as high
as those given by (4.48) without saturating the power amplifiers. From
Figure 4.3, we see that there is not a large difference in the magnitude of
the position tracking errors between the model-based observer/controller
and the backwards difference/controller. However, when the 5 lbs payload
was added to the robot end-effector, the differences of the two approaches
became apparent. Comparing Figures 4.2 and 4.4, it is clear that while the
model-based observer/controller shows no change in the magnitude of the
position tracking error with the additional load, the performance of the
backwards difference/controller degraded significantly. These results seem
to indicate that the proposed OFB control law is more robust than the
backwards difference/controller.
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4.4 Linear Filter-Based Adaptive Control

The model-based observer/controller of Section 4.3 exhibits the drawback
of requiring exact model knowledge, i.e., it is unable to compensate for sys-
tem uncertainty while guaranteeing the convergence of the tracking errors
to zero. In this section, we will illustrate how an OFB control law can be
designed given uncertain knowledge of the constant, mechanical system pa-
rameters. Specifically, the DCAL controller of Section 3.5 is combined with
a non-model-based filter that generates a replacement signal for velocity
using position measurements. A Lyapunov-type analysis along with a judi-
cious definition of the tracking error terms are used to find the appropriate
modifications to the DCAL controller.

As in Chapter 3, in order to compensate for the lack of exact knowledge of
the system parameters, an adaptation law will be developed to generate on-
line parameter estimates. The difference between the actual and estimated
parameters is defined by

B(t) =6 — 6(¢), (4.52)
where 6(t) € R? denotes the parameter estimation error vector, and 8(t) €
R? denotes the dynamic estimate of the unknown, constant, parameter
vector § defined in (3.4).

4.4.1 Filter Formulation

In order to compensate for the lack of direct measurements of the velocity
signal, we will introduce a filter to generate a velocity tracking error related
signal. This filter can be thought of as a high-pass filter with the position
tracking error e (t) as the input and a pseudo-velocity-tracking error signal
as the output. This pseudo-velocity signal attempts to capture the behavior
of é(t). The filter is defined by the following dynamic relationship:

ef =—ke+p (4.53)

and
p=—(k+1)p+ (k* + 1)e, p(0) = ke(0), (4.54)

where ef(t) € R™ is the output of the filter and will be used as a surrogate
for the actual velocity error, p(t) € R™ is an auxiliary variable that allows
the filter to be implemented without velocity measurements, and k is a
positive control gain. The selection of the initial condition given in (4.54)
(i.e., p(0) = ke(0) or ef(0) = 0) is motivated by the subsequent stability
analysis.
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To give some insight into the design of the above filter while also moti-
vating the subsequent control input design, we now derive the dynamics of
the filter output ey (). To this end, we first differentiate (4.53) with respect
to time and then use (4.54) to substitute for p (t) to produce

éf=—ké—(k+1)p+ (K +1)e (4.55)

After solving for p (t) from (4.53), and substituting the resulting expression
into (4.55), we obtain the dynamics for ey () as follows:

éf =—ef—kn+e, (4.56)
where 7(t) € R™ is a filtered tracking error-like variable defined as
n=¢é+es+e. (4.57)

The filtered tracking error-like signal 7 (¢) will be the starting point for the
formulation of the control input. In addition, it should be noted that (4.57)
can simply be rearranged as

é=—e+n—es (4.58)

to give the dynamics for e (¢).

4.4.2 Controller Formulation

We begin the control formulation by determining the open-loop dynamics
for 7 (t) defined in (4.57). To this end, we take the time derivative of (4.57)
and premultiply the resulting expression by M(q) to produce

M(g)n = M(q)(da—4)+ M(g)és + M(g)é
= M(q)da + Vim(q,9)d + Fag + G(q) — T (4.59)

+M(q) (—ef —kn+e)+ M(q) (—e+n—ef),

where (3.1), (4.56), and (4.58) were used to substitute for M(q)d, és (t),
and é (t), respectively. At this point, the desired linear parameterization
term Y30 defined in (3.22) is added and subtracted to the right-hand side
of (4.59) and the relationship ¢ = ¢4 — ¢ is used, where needed, to yield

M(g)ir = Yab — 7+ M(q) (~es — kn) + M(q) (n — e5)

~Vin(g, @) + M(g)da + Vi (q,d)da + Fad + G(g) — Yab.
(4.60)
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After again utilizing (4.58) to substitute for é(¢) in (4.60), we have

M@= —Vm(g,d)n—kM(@Qn+Ysd —7+Y

(4.61)

+M(q)n —2M(q)es + Vin(a,4) (es +€),

where the auxiliary variable Y (e,ef,m,t) € R™ is defined as
Y = M(q)da + Vim(q,4)4a + Fad + G(q) — Yaf. (4.62)

To simplify the notation, an additional auxiliary variable x (e, ez, n,t) € R
is defined as follows:

x =Y + M(q)n — 2M(q)es + Vm(a,4) (ef +¢), (4.63)

and applied to (4.61) to rewrite the open-loop dynamics for 7 (t) in the
following final form:

M(q)n = —Vm(q,q)n — kM (g)n + Yab — 7 + x. (4.64)

Based on the structure of (4.64) and the subsequent stability analysis, the
control input 7(t) is designed as

7= Y40 — kes + e, (4.65)

where £ is the same control gain used in (4.54) and (4.53), and the dynamic
parameter estimate vector 8(t) is defined as follows:

t t
o(t) = F/ Y] (0) (e(o) + ef(0)) do — I‘/ —d% {Yi(0)} e(o)do +TY]e,
0 0
(4.66)
with I" € RP*? being a diagonal, positive-definite, adaptation gain matrix.
After substituting (4.65) into (4.64), we obtain the following closed-loop
dynamics for 7 (¢):

M(q)i = ~Vim(g, §)1 — kM ()0 + Yab + x-+kes — e, (4.67)
where the definition given in (4.52) has been used.

Remark 4.5 It is not difficult to show that an upper bound can be placed
on the norm of the auxiliary variable x (-) defined in (4.683) as follows (see
Appendiz B for proof):

Il < ¢qllell + Ca 211, (4.68)
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where z(t) € R3" is defined as
T
T = [ ef el ot ] , (4.69)

and ¢;,(y are some positive bounding constants that depend on the physical
parameters of the mechanical system and on the bounding constants defined
in (4.4). The bound of (4.68) will be utilized during the stability analysis.

Remark 4.6 As will be seen in the stability analysis, the parameter esti-
mate vector in (4.66) is based on the need to have 6(t) updated according
to

6=TY]In. (4.70)

The implementation of the above form would, however, require é(t) (see
the definition of (4.57)), which would in turn contain the unmeasurable
velocity. To circumvent this problem, the expression given by (4.70) can
be integrated and segregated into measurable and unmeasurable terms as
follows:

9= I‘/ (Y (0) (e(0) + e(0))) do + F/ YF(0)é(o)do. (4.71)
0 0

The first integral of (4.71) can be directly implemented, while the second
integral can be rewritten using integration by parts to yield the update law
given in (4.66). Note that this last operation introduces the constraint that
Ya(qd, 4a, da) must be differentiable with respect to time, which leads to the

constraint that 44 (t) be bounded (see (4.4)).

4.4.3 Composite Stability Result

The combination of the error dynamics of (4.56), (4.58), (4.67) and (4.70)
gives the following stability result for the position tracking error.

Theorem 4.2 The filter of (4.54) and (4.53) and the adaptive control law
given by (4.65) and (4.70) ensure the position tracking error is semiglobally
‘asymptotically stable in the sense that

lim z(t) =0, (4.72)

t—o0

where z (t) was defined in (4.69). This result holds provided the control gain
k is defined as follows:

d
my

k= — (14 ¢ kn + C3kn) , (4.73)
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with k, being a nonlinear damping gain selected to satisfy the following
sufficient condition:

A
kn > 32 120 + 1, (4.74)
A1
where m1 was defined in (8.2), {;,{y were defined in (4.68),
T
z= [ T G ] € R3"*P (4.75)
and

1 . -1 1 —1
)\1=-2—m1n{1, M1, Amin {I‘ }} )\2=§max{1, m2, Amax{T''}}.
(4.76)
Note that Amin {-} and Amax {-} in (4.76) are used to denote the minimum
and mazimum eigenvalues of a given matriz, respectively.

Proof. We begin by introducing a non-negative function of the form

2
From (4.77), V (t) can be bounded as

1 1 1 1,7 4~
V= §eTe + cefes + 5nTM(q)n +50°T 1g, (4.77)

Azl < M2l <V < xo 2, (4.78)

where z (t) and z (t) were defined in (4.69) and (4.75), respectively, and the
positive constants A, A2 were defined in (4.76). Differentiating (4.77) with
respect to time produces

V=elé+efes+ —;-nTM(q)'I] +nTM(q)p+8 1718, (4.79)

Substitution from the three error systems defined in (4.56), (4.58), and
(4.67) yields

V=-eTe—efes —kn" M(q)n+n"x + §" (YdT'r] -r! 9) ,  (4.80)

where (3.3) has been applied, and we have used the fact from (4.52) that

0= — 0 (i.e., 0 is a vector of constants). If the parameter estimate update
law of (4.70) is now substituted into (4.80), we obtain

V =—eTe—efes — kn" M(q)n +n"x. (4.81)

After applying (3.2) to (4.81), we can form an upper bound on V (t) as
shown below:

V < —lelf® — lles > = kma lln)1® + Il lix! - (4.82)
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After substituting (4.68) and the definition of the control gain & given in
(4.73) into (4.82), we obtain the following new upper bound on V (t):

Vo< = lell® = llesl® =l + [y el inll = a3 lml?]
(4.83)

+ [¢2 Il il = a3 ]

Since the bracketed terms form nonlinear damping pairs, we can apply
Lemma A.10 in Appendix A to further upper bound V (¢) as

vﬁ—ﬁ~i(uwwﬁpmﬁ (4.84)

where (4.69) was applied to the first three terms on the right-hand side of
(4.83). The sign of the upper bound on V (t) is determined by the bracketed
term of (4.84), which must be positive in order to ensure the negative
semidefiniteness of V' (¢) . That is, we must have
1 2

1- 4 (1+1=®IF) > 0 (4.85)
for V (t) to be negative semidefinite. From (4.78), a sufficient condition for
(4.85) can be derived as follows:

1 V(%) i
1- I (1 + W ) > 0; (4.86)
hence, the analysis to this point can be summarized as
: t
V<-plel?  for k>0 (4.87)
1

where 3 is some positive constant. From (4.87), we know that since V(t) < 0
vt € [0, 00), V (t) is decreasing or constant V¢ € [0, co); therefore, a sufficient
condition for (4.87) is given by

V()

V<=B|z|> for kn>
AL

+1, (4.88)
or by (4.78), we have a sufficient condition for (4.88) as
. A
V<-B|zl> for  kn> Tz I2(0))) + 1. (4.89)
1

The direct implication of (4.77) and (4.89) is that 2(t) € L, (i.€., (),
ef(t), and n(t) € Lo and 6(¢)€ Loo). The bound on e(t) along with the
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required bound on g4(t) implies that ¢(t) € L. From the boundedness of
e(t), ef(t), and n(t), we can use (4.56) and (4.58) to show that éf(t),é(t) €
Loo; hence, §(t) € Lo owing to the boundedness of ¢4(t). Since 6(¢) is
bounded, the definition in (4.52) and the fact that 6 is a constant vector
can be used to show that 8(t)€ Loo. From (4.53) and (4.54), it is clear
that p(t),p(t) € Loo. From the above boundedness statements and the fact
that Y () is only a function of the bounded desired trajectory, we can use
(4.65) to state that the control input 7(t) € L. Finally, we can utilize
(3.1), (4.67), and the fact that M ~1(q) exists and is bounded to illustrate
that §(t), 7(t) € Loo.

Using the above information, we can state from the definition of (4.69)
that z(t), Z(t) € Loo. In addition, it is not difficult to see from (4.89) that
z(t) € Lo (see (2.20) to (2.22)); hence, Lemma A.3 in Appendix A can now
be invoked to obtain the result of (4.72). O

Remark 4.7 Similar to Theorem 4.1, the semiglobal nature of Theorem
4.2 stems from the fact that the control gain k, can be made arbitrarily
large to encompass any set of initial conditions as illustrated by (4.74). This
semiglobal result is facilitated by the filter initial condition p(0) = ke(0)
gwen in (4.54) (see Remark 4.2 for a similar motivation). Moreover, it is
obvious from the form of (4.74) and (4.75) that we must have a priori in-
formation on bounds for the unknown parameters and on the initial velocity
to facilitate the calculation of k.

Remark 4.8 An extension to Theorem 4.2 can be made to describe velocity
tracking. The equality in (4.58) can be used to form the following inequality:

llell < linll + llesll + llell - (4.90)

From (4.72) and (4.69), we know that the terms on the right-hand side of
the above inequality are driven to zero; hence, we can conclude that

lim é(t) = 0; (4.91)

t—oo

1.e., the controller ensures semiglobal asymptotic velocity tracking.

Remark 4.9 An interesting aside to the above developments lies in the
similarity between the filter used to generate the velocity information and
a continuous time approximation of the backwards difference algorithm.
That is, the Laplace domain transfer function for producing a velocity
tracking error estimate from the position tracking error by a backwards
difference approach can be obtained using the bilinear transformation as
Hpa(s) = 7225 (where T is the sample time), while the Laplace domain
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transfer function for the velocity error generating filter in (4.54) and (4.53)
is Hy(s) = eg((s-;) = —kss_*_"'((kk_}__ll)). The similarity in the magnitude frequency
responses of these two transfer functions suggests that the velocity error
generating filter acts much like the discrete differentiator over a range of
frequencies. This similarity also seems to suggest that since the filter dy-
namics can be incorporated into the closed-loop stability analysis, the same
tracking result might be e:z:trdpolated to the backwards difference approach
(i.e., the proven use of this velocity error generating filter validates to some

degree the use of a backwards difference algorithm).

4.4.4 Experimental Results

The linear filter/controller scheme was implemented on the same experi-
mental test-bed described in Section 4.3.4. Based on (3.4) and (3.58), the
unknown parameter vector § was constructed as
T

0=[p p2 p3 fa fa] (4.92)

The experiment was performed using the following desired position trajec-

tories
45.84sin(2t) (1 — exp (—0.3t3))

45.84sin(2t) (1 — exp (—0.3t3))
The experiment was run several times and it was found that the best track-
ing performance was achieved using the following set of gains:

qq(t) = deg. (4.93)

k = diag {32.25,28.0}, I' = diag {22.8,0.8,1.25,100.6,40.2} .

where, for implementation purposes, the control gain k was specified as a
matrix as opposed to the scalar definition of (4.73). In the experiment, all
parameter estimates were initialized to zero (i.e., #(0) = 0). The integra-
tions required in the parameter estimator of (4.66) and the filter of (4.54)
and (4.53) were performed using a standard trapezoidal algorithm with
a sampling period of 0.5 msec. The results of the experiment are shown
in Figure 4.5 and Figure 4.6. Figure 4.5 shows the two position tracking
errors, while the parameter estimates are shown in Figure 4.6.

4.4.5 Nonadaptive Extensions

Similar to the nonadaptive extensions to the adaptive FSFB controller
discussed in Section 3.5.4, it is possible to use fixed parameter estimates in
the feedforward component of the OFB controller of (4.65) as an alternative
to the dynamic, parameter adaptation law of (4.66). The choice of the fixed
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parameter estimates will dictate the type of position tracking result that
can be achieved as described by the following two corollaries.

Corollary 4.1 (Constant Best Guess Parameter Estimate ) Letf in
(4.65) contain constant, best guess estimates of the system parameters and
the control gain k of (4.73) be redefined as

k= ?71 (1+§1k + C3kn +C3) (4.94)

where € is a positive nonlinear damping gain, and (5 s a positive bounding
constant defined as

|¥ad]| < ¢s, (4.95)

which depends only on the bounds on the desired trajectory and the magni-
tude of the difference between the constant, best guess parameter estimates
and the actual parameters. If the nonlinear damping gain ky, in (4.94) is

selected such that Aot

M’
then the position tracking error is semiglobally uniformly ultimately bounded
(SGUUB) in the sense that

llw(t)lls\/ J2(0)]? exp (—ﬁt)+%(1—exp (—{it)) (497)

where z (t) was defined in (4.69), B is some positive constant less than one,
and

- >5-|| O + 1+ 22 (4.96)

1
M=gmin{l, m} o= —;-max{l, ma} . (4.98)

Proof. The proof of Corollary 4.1 follows directly from the combination of
the proofs of Corollary 3.1 and Theorem 4.2. O

Remark 4.10 The rate of convergence of ||x(t)|| in (4.97) to the steady-
state bound given in (8.75) is limited by the mazimum value of 8, which will
be smaller than one. This rate of convergence can be increased if the filtered
tracking error-like variable of (4.57) is redefined to include the weighted sum
of ef (t) and e (t) in the follow manner:

n=é+kae+kﬁef,

in which ke, kg are positive control gains. This change in 1 (t) will require
manor changes to the velocity error generating filter in ({.54) and (4.53)
and to the selection of the control gains k and ky (see [81] for details).



4.5 Nonlinear Filter-Based Adaptive Control 111

Remark 4.11 It should be noted that the controller of (4.65) with 6 set to
a constant best guess estimate vector is directly related to the approach given
by Yuan and Stepanenko in [32]. Furthermore, Corollary 4.1 also includes
the case where 6= 0. That is, even if there is no feedforward compensation
in the control law, the SGUUB tracking result of (4.97) remains valid. This
controller can be seen as a simple linear controller that is directly related to
the controllers proposed by Berghuis and Nijmeijer [3] and Qu et al. [30].
While the linear controllers proposed in [3, 30] used second-order filters to
generate velocity information, the approach presented here uses a first-order
filter.

Corollary 4.2 (Exact Parameter Knowledge) Let 6=0 in (4.65) and
the control gain k be selected according to (4.78). If the nonlinear damping
gain kn in (4.73) is selected such that

A
kn > 2 (201" +1, (4.99)
1

then the position tracking error is semiglobally exponentially stable in the

sense that
=@l < /2 Ie)lexp (-£). (4.100)

where z (t) was defined in (4.69), M1, 2 were defined in (4.98), and B is
some positive constant less than one.

Proof. The proof follows directly from the proof of Corollary 4.1. O

Remark 4.12 [t follows from (4.100) that the rate of convergence of ||z (t)||
to zero can be increased if the controller is modified in accordance with Re-
mark 4.10.

4.5 Nonlinear Filter-Based Adaptive Control

A theoretical limitation of the linear filter-based, OFB, tracking controller
of Section 4.4 is the semiglobal nature of the stability result. In this section,
we demonstrate how to construct a nonlinear filter-based controller such
that a global stability result is obtained for the position tracking error.
The control law structure is composed of (i) a DCAL feedforward term to
compensate for parametric uncertainty, and (ii) a nonlinear feedback term
coupled to a nonlinear dynamic filter to compensate for the lack of velocity
measurements and the difference between the actual system dynamics and
the DCAL feedforward term.
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To aid the control design and analysis of this section, we define the vector
function Tanh(-) € R™ and the matrix function Cosh(-) € R™*"™ as follows:

Tanh (€) = [tanh(¢;), ..., tanh(¢,)]” (4.101)

and
Cosh(§) = diag {cosh(&,),- - -,cosh(£,)}, (4.102)

where £(t) = [£4, -, En]T € R™. Based on the definition of (4.101), it can
easily be shown that the following inequalities hold for V&(¢), v(t) € R™

n

5 tanb (€]} < In (cosh (1)) < > In (cosh (&) < €]
i=1 (4.103)

tanh? ([l¢]l) < || Tanh ()||* = TanhT (€) Tanh(¢)

where &;(t),v;(t) denote the i-th elements of the vectors £(t), v(t). Based
on the inequalities of (4.104), we will assume that the dynamic model of the
mechanical system considered in this section satisfies the following property
(in addition to the properties given in Sections 3.2 and 4.2).

and

<83 Jtanh (¢, - )]
= (4.104)

<8 |tanh (¢ — i),

=1

Property 4.3: The following bounds for the inertia, centripetal-Coriolis,
and gravity terms of (3.1) are assumed to exist:

[1M(§) = M) |lioo < Cm || Tank (€ — v
IG(€) = GW)Il < ¢, || Tank (€ —v)| (4.105)

Vin(€:9) = Vin (¥, D) llico < ez lldll || Tanh (€ — v,

where (,,, (4, (2 are positive bounding constants, and £(t), v(t) € R™.
An outline of the proof for the bounds given in (4.105) is presented
in Appendix C for a specific mechanical system (the 6 degrees-of-
freedom Puma robot [23]).
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4.5.1 Filter/Controller Formulation

Let us redefine the filtered tracking error-like variable n(t) of (4.57) as
follows:
1 = é+ Tanh (e) + Tanh (ef), (4.106)

where Tanh(-) was defined in (4.101), and ey(t) is the filter output which
is redefined to have the following dynamics

és = —Tanh (ef) + Tanh (&) — kCosh? (ef) 7, ef(0) =0, (4.107)

with k € R being a positive control gain, and Cosh(-) being defined in
(4.102). Note that now the dynamics for e(t) are given by rearranging
(4.106) to yield

é = —Tanh (e) + n — Tanh (ef) . (4.108)

Following similar derivations as those outlined in Section 4.4.2, the open-
loop dynamics for 7 (t) can be obtained, as shown below:

M(q)iy = ~Vin(a,9)n — kM(@)n +Yab +x + Y — 7, (4.109)
where x (e,e7,7,t),Y (e, ef,n,t) € R™ are defined as

x= M(q)Cosh™2 (e) (n — Tanh(es) — Tanh(e))
+M(q) Cosh™2 (ey) (— Tanh(ey) + Tanh(e))
+Vin(q, 4a + Tanh(es) + Tanh(e)) (Tanh(es) + Tanh(e)) (4.110)
+Vin(4, 4a) (Tanh(ey) + Tanh(e))

~Vin(q,m) (4a + Tanh(es) + Tanh(e))
and
Y = M(q)da + Vin(q, 4a)da + G(q) + Fag — Yab. (4.111)

Note that in the formulation of (4.110), Property 4.1 has been utilized.
From the form of (4.109) and the subsequent stability analysis, the following
control input is formulated:

7 = Y40 — kCosh? (ef) Tanh(es) + Tanh(e), (4.112)

where k is the same control gain defined in (4.107), and the parameter
estimate vector 6(t) € RP is generated according to the following adaptation
algorithm:

6=TY]n, (4.113)
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with I' € RP*? being a diagonal, positive-definite, adaptation gain ma-
trix. After substituting (4.112) into (4.109), we can form the closed-loop
dynamics for 7(t) as given below:

M@ = —Vmlg,d)n—kM(g)n+Yad+Y +x
(4.114)
+kCosh? (ef) Tanh(es) — Tanh(e).

Remark 4.13 By exploiting (3.8), (4.2), and the properties of the hyper-
bolic functions, we can place an upper bound on x of (4.110) as follows:

lIxll < ¢q Ml (4.115)

where (; is some positive bounding constant that depends on the mechanical
system parameters and the desired trajectory, and z(t) € R3" is defined as

¢ =[ TanhT(e) TanhT(ef) nT ]T. (4.116)

Furthermore, by utilizing Property 4.8, it can be shown that ¥ (-) of (4.111)
can be upper bounded as follows:

7] < ¢l (4.117)

where {5 s also some positive bounding constant that depends on the me-
chanical system parameters and the desired trajectory.

Remark 4.14 Based on the definition of n(t) given in (4.106), it seems
that velocity measurements are required for control implementation in equa-
tions (4.107), (4.112), and (4.118). However, in a subsequent section, we
will illustrate how the control scheme has an equivalent form that depends
only on position measurements.

4.5.2 Composite Stability Result

Theorem 4.3 The filter of (4.107) and the adaptive control law of (4.112)
and (4.118) ensure global asymptotic position tracking in the sense that

tlirglo e(t)=0 (4.118)

provided the control gain k of (4.112) is selected as follows:

k= mil (1 +kn (¢ + Cz)z) ) (4.119)

where my, 1, and ¢, were defined in (3.3), (4.115), and (4.117), respec-
tively, and k, is a nonlinear damping gain that must satisfy the following
sufficient condition:

fin > 1. (4.120)
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Proof. We start with the following non-negative function:3

V= i In(cosh(e;)) + i In(cosh(ef;) + 2nTM(q)77 + —1- r-19, (4.121)

M

where e; (t) , ef; () are the i** elements of the vectors e (t) and ey (t). After
taking the time derivative of (4.121), we obtain the following expression for
V (2):

) 1 o . ;
V = TanhT(e)é+ Tanh,T(ef)é_f+77TM(q)7'7+—2-77TM(q)77—6’TF”1 0. (4.122)

We can now utilize (4.106), (4.107), (4.114), and (4.113) in (4.122) to sim-
plify the expression for V (¢) as follows:

V = — Tanh" (e) Tanh(e) — TanhT (ef) Tanh(es)+nT (f/ + x) —knT M (q)n,

(4.123)
where (3.3) has been employed. After applying (4.115), (4.117), (3.2), and
(4.119) to (4.123), we obtain the following upper bound for V (¢):

V< =||Tanh(@)]® - || Tank(e,)” - |1l
(4.124)
+ (€1 + €)= Ko (6 + C2)* l?]

Application of the Lemma A.10 in Appendix A to the bracketed term in
(4.124) yields the following new upper bound on V (¢):

V< —|al? +t Il I”, (4.125)

where z (t) was defined in (4.116). Finally, if k, is selected according to
(4.120), we can rewrite (4.125) as

V < -8|e|?, (4.126)

where (3 is some positive constant.

We note that In(cosh(0)) = 0 and that In(cosh(-)) is a radially un-
bounded, globally positive-definite function. Hence, owing to the structure
of V(t) given in (4.121), V(¢) is a radially unbounded, globally positive-
definite function for all e(t), ef(t), 7(t), 6(t), and ¢. Since V(t) is nega-
tive semidefinite as illustrated by (4.126), we now know that V(t) € Lo,

51t should be noted that the first two terms in V(t) are motivated by the work given
in [26].
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which implies that e(t),ef(t),n(t),0(t) € Loo; hence, q(t),4(t),0(t) and

0 (t) € Loo. We can now utilize (4.106), (4.107), and (4.114) to state that
é(t),éf(t),n(t) € L. The above boundedness statements together with
the fact that the desired trajectory is bounded allow us to conclude that
4(t), 7(t) € Loo.

Utilizing the above information, (4.116), and (4.126), we can state that
z(t), #(t) € Loo and z(t) € L2; hence, we can now invoke Lemma A.3 in
Appendix A to conclude that t]irgo z(t) = 0. From the definition given in
(4.116), we can now see that tl_l}](r)xo Tanh(e(t)) = 0, which leads to the result

given by (4.118) owing to the properties of the hyperbolic tangent function.
O

4.5.3 OFB Form of Filter/Controller

We now illustrate how the control scheme formulated in Section 4.5.1 has
an equivalent form that only requires position measurements. Note that the
control input given by (4.112) and (4.113) does not actually need the com-
putation of ey (t); rather, only computations of Tanh(es) and Cosh? (ef)
are required. Also note that if we define the following relationship:

y; = [Tanh(ey)], = tanh (ef;), (4.127)

then according to standard hyperbolic identities, we have

1 1
1—tanh2(ef¢) - 1—y?’

cosh®(ef;) = (4.128)
where y;(t) is the i-th element of the vector y(t) € R™.

We will now show that v;(¢) (and hence, tanh (ef;) and cosh®(ey;)) can
be calculated with only position measurements. First, note that the filter
given by (4.107) can be written element-wise as follows:

éf; = —tanh (ef;) + tanh (e;) — kcosh® (ef:) ;) efr:(0) =0, (4.129)

where 7,(t) is the i-th element of the vector 7(t) defined in (4.106). After
taking the time derivative of (4.127), we can substitute (4.129) and (4.128)
into the resulting expression to obtain

§; = cosh™2(ess)éss = — (1 — y2) (y; — tanh (e;)) — k (& + tanh (es) + vs)

y:(0) = 0.
(4.130)
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It is now straightforward to utilize (4.130) to construct the following filter,
which also computes y;(t):

Pi=— (1 — (pi — kei)2) (p; — ke; — tanh (e;)) — k (tanh (e;) + p; — ke;)

Yi = pi — ke;

(4.131)
where p;(0) = ke;(0). In (4.131), p;(¢) is an auxiliary variable that allows
v;(t) (and hence, tanh (ef;) and cosh?®(ey;)) to be calculated with only po-
sition measurements.

We now illustrate how the controller given by (4.112) and (4.113) can be
computed with only position measurements. First, we substitute the defin-
ition of 7(t) given by (4.106) into (4.113) and then integrate the resulting
expression by parts to obtain

¢
0t) =T¥F ()et) + T | (¥ (@) (Tanh(e(o) +4(0) - ¥ (0)e(0)) do,

° (4.132)
where we have utilized the fact from (4.127) that y(t) =Tanh(ef(t)). By
utilizing (4.131) to compute y(t), it is now easy to see that 6(t) can be
computed with only position measurements. After substituting (4.127) and
(4.128) into (4.112), the i-th component of the control input can be written
as follows

Ti= (Ydé)i - kl _Z{iyg + tanh(e;), (4.133)

where 7;(¢) and (Ydé). are the i-th elements of the vectors 7(t) and Y46,
6(t) is computed using (4.132), and y;(¢) is computed using (4.131).

Remark 4.15 It is clear from (4.127) and (4.133) that y; (t) must be re-
stricted such that |y;(t)] < 1 for all time. To illustrate that this does indeed
occur, first, note that since ef(0) = 0 (see (4.107)), we know from (4.127)
that y(0) = 0. Secondly, from the proof of Theorem 4.3, it follows that
efi(t) € Loo; hence, we can use the definition given by (4.127) and the
properties of the hyperbolic functions to show that |y;(t)| < 1 fort > 0. The
proof of Theorem 4.8 also illustrates that 9(t) € Loo and e(t) € Loo; thus,
it is now easy to see that all of the signals in the OFB form of the control
given by (4.131), (4.133), and (4.182) remain bounded for all time (i.e.,
pi(t), pi(t), Ti(t) € Loo).
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4.5.4 Simulation Results

The adaptive OFB controller given by (4.133), (4.131), and (4.132) was
simulated utilizing the dynamic model of the IMI manipulator [15] given in
(3.58). The desired position trajectory for links 1 and 2 in the simulations
were selected as follows:

0.7sin(t) (1 — exp (—0.3t%))

1.2sin(t) (1 — exp (__0.31:3)) rad, (4.134)

q4(t) = [

while the parameter estimates were initialized to zero (i.e., §(0) = 0). First,
the controller was simulated with the actual positions and velocities initial-
ized to zero, and the control and adaptation gains set to

k=10, T =diag{25,1.0,5.0,30,30}.

The position tracking errors for links 1 and 2 are shown in Figure 4.7.
The control inputs are depicted in Figure 4.8 along with the variables y (t)
and yo(t) defined in (4.127). Figure 4.9 illustrates the parameter estimates.
Next, the controller was run with ¢(0) = [1.0, —1.0]T rad and ¢(0) = [0,0]7
rad/sec, while the control and adaptation gains were selected as

k=01, T =diag{50,1.0,1.0,150,150}.

Note that a small value was utilized for the control gain k in order to
illustrate the global properties of the control law. That is, even for large
initial conditions, the use of a small control gain still provides asymptotic
tracking. For scaling purposes, Figure 4.10 shows magnified plots of the
position tracking errors for ¢ € [0,10] sec and for ¢ € [10,120] sec with
the idea of illustrating the asymptotic tracking performance. The control
inputs and the variables y;(t) and y2(t) are shown in Figure 4.11, while the
parameter estimates are shown in Figure 4.12. It is important to observe
from Figures 4.8 and 4.11 that |y1(¢)| < 1 and |y2(t)| < 1, as predicted by
the proof of Theorem 4.3.

Since the definition of (4.119) and the condition of (4.120) arise from
a conservative stability analysis, it comes to no surprise that even if the
value chosen for k does not satisfy these sufficient conditions, we still obtain
asymptotic tracking. This phenomenon can be explained by noting that
the function cosh?(-) becomes big as its argument increases; hence, the
dynamic control gain matrix kCosh? (e) in (4.112) automatically increases
to compensate for large tracking errors even for small values of k.
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4.5.5 Extensions

Since (4.112) is a position tracking controller, a simplified version of the con-
troller can be used for global position setpoint control (i.e., g4 =constant,

4o = Ga =9a= 0). Specifically, for the setpoint control problem, Y36 defined
in (3.4) becomes
Yi(g4)0 = G(ga); (4.135)

and hence, the parameter update law given by (4.132) simplifies to
t
0(t) =TY] (t)e(t) +T / Y (o) (Tanh(e(o)) + y(0)) do. (4.136)
0

The filter given by (4.131) and the control input given by (4.133) are utilized
to complete the structure of the adaptive setpoint control law.

If we assume exact model knowledge, the control input of (4.112) can be
redesigned as follows

T = M(g)da+Vin(g, §a)da+ G(q) + Fada — kCosh? (ef) Tanh(es) + Tanh(e);
(4.137)
hence, the closed-loop dynamics for 7(t) becomes

M(q)i = ~Vin(g,4)1— kM (q)n+Y + X+ kCosh? (es) Tanh(es) — Tanh(e),
(4.138)
where x (-) is still given by (4.110), but now Y (t) is defined as

Y = —Fye. (4.139)

Note that by using (4.108), ¥ (-) of (4.139) can now be bounded as in (4.117)
but without the need for Property 4.3. By slightly modifying the stability
analysis used to prove Theorem 4.3, we can show that the controller given
by (4.137) yields global asymptotic position tracking. In a manner similar
to that used for the adaptive controller, it is also easy to show that the
controller given by (4.137) can be computed with only position measure-
ments.

4.6 Notes

Global solutions to the OFB position setpoint control problem have been
presented by several researchers. For example, model-based OFB controllers,
composed of a dynamic linear feedback loop plus feedforward gravity com-
pensation, were proposed by Berghuis and Nijmeijer [4], Burkov [7], and
Kelly [21] to globally asymptotically stabilize a class of mechanical systems.
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In [1], Arimoto et al. also presented a model-based, global regulating OFB
controller; however, the gravity compensation term was dependent on the
desired position setpoint as opposed to the actual position. With the intent
of overcoming the requirement of exact model knowledge, Ortega et al. [29]
designed an OFB, PID-like regulator that compensated for uncertain grav-
ity effects; however, the stability result was semiglobal asymptotic. In [14],
Colbaugh et al. proposed a global regulating OFB controller that compen-
sated for uncertain gravity effects; however, the control strategy required
the use of two different control laws (i.e., one control law was used to drive
the setpoint error to a small value, then another control law was used to
drive the setpoint error to zero).

With respect to the more general problem of OFB position tracking
control, semiglobal results have dominated the scenario. For example, in
Berghuis and Nijmeijer [4] and Lim et al. [24], model-based observers
and controllers yielded semiglobal exponential position tracking, while in
Nicosia and Tomei [27], a semiglobal asymptotic tracking result was achieved.
Robust, filter-based control schemes were designed in Berghuis and Nijmei-
jer [3], Qu et al. [30], and Yuan and Stepanenko [32] to compensate for
parametric uncertainty while producing semiglobal uniformly ultimately
bounded position tracking. In Burg et al. [5, 6] and Kaneko and Horowitz
[20], adaptive, filtered-based controllers were presented that yielded semi-
global asymptotic position tracking. Other semiglobal OFB tracking con-
trollers can be found in Wit et al. [9]-[13], Erlic and Lu [16, 17], Hsu and
Lizarralde [18], Nicosia et al. [28], and Zhu et al. [34].

To the best of our knowledge, the only previous work targeted at the
global OFB tracking control problem is given in [26] and [8]. In [26], Loria
developed a model-based controller that yielded global asymptotic position
tracking; however, the control was designed for only SISO rigid mechanical
systems. In [8], Burkov used singular perturbation analysis to show that
a model-based controller, used in conjunction with a linear observer, can
yield asymptotic tracking for any initial conditions; however, as pointed out
in [26], no explicit bound on the singular perturbation parameter was given.
Motivated by the structure of the stability analysis given in [26], Zhang et
al. [33] designed a filter-based, adaptive controller for the MIMO case that
compensated for parametric uncertainty and achieved global asymptotic
position tracking.

In comparison to the above literature review, we first note that the ob-
server presented in Section 4.3 is nearly identical to the observer presented
in [27]; however, the controller given in (4.28) has some additional feedfor-
ward terms that are not included in the controller presented in [27]. Indeed,
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it is these additional terms along with the resulting stability analysis that
allowed an exponential stability result to be obtained as opposed to the
asymptotic stability result of [27]. Furthermore, we would like to point
out that the observer/controller presented in Section 4.3 should be con-
sidered as secondary to the work of [2]-[4] since in [4] a general approach
based on passivity techniques was used to generate a class of observer-
controllers. However, the following differences in the work of [4] and Sec-
tion 4.3 are worth mentioning. First, even though the same stability results
are achieved, the design in Section 4.3 explicitly illustrates how the control
gains can be increased to improve the transient response (see Remark 4.2).
In addition, it is interesting to note that it is not necessary to drive §(t)
(defined in (4.9)) to zero to obtain the desired stability result. As for the
linear filter-based, adaptive tracking controller presented in Section 4.4,
we would like to mention that it yields, as a subresult, a linear regulator
that semiglobally asymptotically stabilizes the mechanical system dynam-
ics with uncertain gravity effects (similar to [29]).

As a final comparison note, we observe that while the structure of the
nonlinear filter-based, adaptive controller of Section 4.5 resembles that of
[26] in certain aspects, the following design/analysis characteristics were all
instrumental in the extension of the model-based controller for SISO me-
chanical systems given in [26] to uncertain, MIMO mechanical systems: the
use of a desired trajectory-based feedforward term, a different filter struc-
ture, the exploitation of an additional property of the mechanical systems
dynamics, and a different error system development and analysis.
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5!
Strings and Cables

5.1 Introduction

In the previous chapters, controllers were designed for mechanical systems
that are modeled by nonlinear ODEs. For the remainder of this book, we
will focus our attention on the development of control algorithms for me-
chanical systems that are assumed to be modeled by PDEs.

The vibrating string phenomenon is one of the most interesting and sim-
ple examples of a distributed parameter system because its dynamics can
be described by a linear, second-order PDE. In the first part of this chap-
ter, we will use Lyapunov-type design and analysis arguments to develop
boundary control strategies for the most commonly used string model —
the wave equation. We then discuss how the controller can be modified
to compensate for relatively large string deflections and time-varying ten-
sion effects by using a nonlinear, distributed parameter model for control
design purposes. The boundary control laws are divided into two classes:
model-based controller and adaptive controller. The model-based controller
provides a stepping stone towards the synthesis of the adaptive controller,
which is designed to cope with constant, parametric uncertainty.

While practical application of controllers for the wave equation is some-
what limited, a thorough understanding of the control design methodology
for the wave equation,serves,as.a-platform for developing controllers for
more complex distributed parameter systems. As such, in the latter part of
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this chapter, we illustrate how the boundary control technique developed
for the wave equation can be applied to mechanical systems that suffer from
cable-induced vibrations. In contrast to the limited practical importance
of the wave equation, cables are used in many engineering applications ow-
ing to their inherent low weight, flexibility, strength, and storability. The
transverse stiffness of a cable depends on its tension and length; however,
long, sagged cables can vibrate excessively in response to relatively small
disturbances. This vibration degrades the performance of the cable system
and ultimately leads to failure. This problem has motivated, in the past,
the development of passive vibration control methods. One such method
for reducing cable vibration is to increase the cable tension; however, this
remedy induces high stress and eventually reduces the life of the cable.
Another approach is the use of passive cable dampers, which can reduce
the resonant forced response but may have little effect on the transient
response. Because of its inherent cost and/or feasibility advantages, active
boundary control provides an alternative, practical approach for reduc-
ing cable vibration. To this end, we will apply Lyapunov-type design and
analysis arguments to develop model-based and adaptive boundary control
strategies for a distributed parameter model of a cable system.

5.2 Actuator-String System

In this section, we present controllers for a boundary-actuated string model.
Specifically, we first design a linear, model-based boundary controller that
exponentially regulates the vibration of a small-displacement string. Next,
we redesign the model-based boundary controller as an adaptive boundary
controller that compensates for parametric uncertainty and asymptotically
regulates the string displacement. Finally, we discuss a large-displacement
extension of the linear, model-based controller and adaptive controller.

5.2.1 System Model

The out-of-plane dynamic model for the actuator-string system in Figure
5.1 is assumed to be described by a PDE of the form

pugt (z,t) — Tougs (z,t) =0, (5.1)
with the following boundary conditions:!
w(0,t) = 0 (5.2)

1 Given the pinned boundary condition of (5.2), we also know that us (0,t) =0.
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A

FIGURE 5.1. Schematic representation of the string-mass system.

mu (L, t) + Toug (L, t) = f (2), (5.3)

where p denotes the mass per unit length of the string; m denotes the
mass of the actuator at the free boundary; Tp denotes the tension in the
string; L denotes length of the string; z € [0, L] is the independent position
variable; ¢ is the independent time variable; u(z,t) denotes the transverse
displacement at position z for time ¢; the subscripts z,t denote the par-
tial derivatives with respect to z, ¢, respectively; and f () is the boundary
control force. The string model described above is based on the following
assumptions: (i) the amplitude of the string displacement u(z, t) is assumed
to be small, and (ii) the string is assumed to be under a constant tension
To.

Since the control strategies will consist of relatively simple functions,
we will assume the existence of a unique solution for the dynamics given
by (5.1) through (5.3) under the control. In addition, we will assume that
the distributed variable u (z,t) and its time derivative u; (z,t) belong to a
space of functions that possess the following properties.

Property 5.1: If the potential energy of the system given by (5.1) through
(5.3),-defined. by

L
I, = -;-To /0 2 (0,8) do, (5.4)
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7

is bounded V¢ € [0,00) and Vz € [0, L], then %u(m,t} is bounded
for n = 1,2, Vt € [0,00), and Vz € [0, L].

Property 5.2: If the kinetic energy of the system given by (5.1) through
(5.3), defined by

L
1
I = %p / u2(o,t)do + §muf(L,t), (5.5)
0

143

is bounded Vt € [0,00), then %ut(m,t) is bounded for n = 0,1,
Vt € [0,00), and Vz € [0, L].

Remark 5.1 From a strict mathematical point of view, one might ques-
tion the above boundedness properties. However, from an engineering point
of view, it seems reasonable to assume for a real physical system that if
the energy of the system is bounded, then all the signals that make up the
governing dynamic equations will also remain bounded. We also note that
the experimental results given in this chapter seem to lend credence to the
fact that these engineer-based properties are indeed true. Finally, a review
of previous boundary control work seems to indicate that there is not a
well-established method for checking the boundedness of signals for linear
distributed parameter systems much less for nonlinear distributed parameter
systems.

5.2.2 Problem Statement

The primary control objective is to design the boundary control force f(z)
such that the string displacement u(z,t) is driven to zero Vz € [0, L] as
t — oo. To facilitate the control design and the subsequent Lyapunov-type
stability analysis, we first define an auxiliary signal, denoted by 7(t), as
follows:

7 (t) = ue (L, t) + ug (L, 1) (5.6)

In order to rewrite the dynamic boundary condition of (5.3) in terms of
n(t), we first differentiate (5.6) with respect to time, multiply the result-
ing expression by m, and then utilize (5.3) to substitute for mus:(L,t) to
produce

mn(t) = muge(L,t) — Touz (L, t) + f(2). (6.7)

The above equation denotes the open-loop dynamics for the auxiliary signal
n(t), and will form the basis for the design of the model-based and adaptive
control laws.
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5.2.3 Model-Based Control Law

Given exact knowledge of the system model, we will now develop an expo-
nentially stabilizing controller for the system given by (5.1) through (5.3).
Specifically, given the structure of the open-loop dynamics of (5.7), the
boundary control force is designed as follows:

F (@) = —mug: (L,t) + Toug (L, t) — ksn (t) , (5.8)

where k, is a positive control gain. After substituting (5.8) into (5.7), we
obtain the following closed-loop dynamics for 7 (¢):

m7 (t) = —ksn () . (5.9)

Theorem 5.1 The model-based boundary control law given by (5.8) en-
sures that the string displacement is exponentially requlated in the following
sense:

2XoL As
1) <4 ——K, —= , L], 1
lu(z, t)| < \/)\1T0 Ko €Xp ( /\zt) vz € [0, L] (5.10)
provided the control gain ks is selected to satisfy the following inequality:
(5.11)

where A1, A2, and A3 are some positive bounding constants, and the positive
constant K, is given by

L L
Ko = %p/ u? (0,0) do + %To/ uZ (0,0) do + 7%(0). (5.12)
0 0

Proof. To prove the above result, we define the following function:

V(E) = Bult) + 5mn(0) + Be 1), (5.13)

where . .
Ey(t) = 39 / w2(o,t)do + —;-To / 2 (o, t)do,  (5.14)

0 0
and
L
E.(t) = 2,[3;)/ ou (0,t) uy (0,t) do, (5.15)
0

with [ being a positive weighting constant. While the form of the first two
terms on the right-hand side of (5.13)|is directly related to the total energy
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of the string system (see (5.4) and (5.5)), the cross term? E(t), although
apparently lacking a physical interpretation, is crucial in the proof of (5.10).

We now illustrate that for sufficiently small 3, the function V (¢) in (5.13)
will be a non-negative function. To this end, first note that the inequality
(A.29) of Lemma A.13 in Appendix A can be used to upper bound E. (t)
of (5.15) as follows:®

L

L
E.= 2[3,0/ outusdo < QﬂpL/ (uf +u2) do. (5.16)
0 0

Also note that a lower bound can be placed on E (t) of (5.14) as follows:

L
E, > -;-min{p,To} / (u? +u) do. (5.17)
0

We can now use (5.16) and (5.17) to establish the following inequalities:

46pL 46pL
—————E,{E.{ ——FE,. 5.18
min {p, Tp} min {p,Tp} (5.18)

If B is selected according to

mm{p, TO}
B < —4L (5.19)

we can utilize (5.18) to state that
0<&Es < Es+ Ec < &E, (5.20)

where &, &, are some positive constants. From (5.20) and the definition of
V (t) given in (5.13), we can formulate the bounds on V (t) as follows:

AL (Es () +7° (1) SV (8) < A2 (Bs (8) + 72 (8)) (5.21)
where
. 4oL m _ 48pL m
Al—mn{l—m,—i} Az—max{1+m,3(5}2,2)

21t is not clear who originally proposed the structure for the Ec(t) term in (5.15).
We first observed the use of this type of “cross” term in [10]; however, we have since
noted that other PDE-based control work often makes use of a similar term during the
stability analysis (e.g., [8, 15]).

3To reduce the notational complexity in most of the following derivations, the ar-
guments @yt willberleftroutrof rallispatial/time-dependent variables (e.g., u(z,t) will
be denoted simply as u), while the argument ¢ will be left out of the time-dependent
variables (e.g., uz(L,t) will be denoted as u(L)).
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with g satisfying (5.19). Note that as a result of (5.19), A\; and Ap will
always be positive.

We will now illustrate that for sufficiently small 3, the time derivative
of V (t) will be a nonpositive function. To this end, we differentiate (5.13)
with respect to time to obtain

V(t) = By () + Be () — ken? (2), (5.23)

where (5.9) has been utilized. To determine Ej (t) in (5.23), we differentiate
(5.14) with respect to time to obtain

L L
E; = To/ UgoUtdo + To/ UsUgtdo, (5.24)
0 0

where (5.1) has been utilized. Integrating by parts, the first term on the
right-hand side of (5.24), we get

E, = Toug (L) us (L), (5.25)

where the boundary condition given in (5.2) has been applied. Based on
the definition of (5.6), we can rewrite (5.25) as follows:

T T,

E, = 5 (uf (L) +u2 (L) + —2—772. (5.26)

To obtain the expression for E. (t), we differentiate (5.15) with respect
to time, and then use (5.1) to produce

E,= A, + A, (5.27)
where

L L
A = 2,8p/ CUsUgedo Ay = 2,3T0/ OUgUgodo. (5.28)
0 0

After integrating by parts, the right-hand side of the expression for A;, we
obtain

L L
Ay =20p (Luf (L) - / ufda> —26p / OULUG:dO, (5.29)
0 0

where (5.2) has been utilized. After noting that the last term on the right-
hand side of (5.29) is equal to A;, we can rearrange (5.29) to obtain

A =8 (pLuz (@) - p ]0 - ufda) . (5.30)
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We now follow the same procedure for As. That is, first integrating by
parts, the right-hand side of the expression for As yields

L L
A = 20T, (Lug (L) — / ugda) — 28T / OUsUseda, (5.31)
0 0

where (5.2) has been used. After noting that the last term on the right-hand
side of (5.31) is equal to Ag, we can rearrange (5.31) to obtain

Ay =p (TOLuﬁ (L) =T / - ugda> . (5.32)
0

We can now substitute (5.30) and (5.32) into (5.27), and then substitute
the resulting expression along with (5.26) into (5.23) to produce

=

L L TO
——ﬁp/ u%da—ﬂTo/ uido — (ks — = ) °.
0 0 2

From (5.33), it is obvious that if ks is selected to satisfy (5.11) and 3 is

selected according to
. To 1
,B<mln{2pL,-2—L—}, (5.34)

V= - (T"' ﬁpL> 3 (L) - (—1;—" - ﬁTOL) 2 (L)
(5.33)

then V (t) can be upper bounded by a nonpositive function as shown below:
V(t) < —Xa (Bs (1) +7° (1)) (5.35)

where (5.17) has been used and A3 is a positive bounding constant defined

a5’4

A3 = min {k - 2;9 2ﬁ} . (5.36)

From (5.21) and (5.35), we can obtain the following new upper bound for
the time derivative of V (¢):

. A
V)< -2V (). (5.37)
A2
After applying Lemma A.4 in Appendix A to (5.37), we have

V (t) <V (0)exp (—%t) < X2 (Es (0) + n? (0)) exp (—i—zt) ,  (5.38)

4Note that A3 is positive as a result of the condition given in (5.11).
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where (5.21) has been used. After utilizing (5.14), (5.21), and (A.25) of
Lemma A.12 in Appendix A, we have

L
—}—Touz (z,t) < %To/ uZ (0,t)do < Es (t) < )\iV(t) vz €[0,L].
0 1

2L
(5.39)
The result given by (5.10) and (5.12) now directly follows by combining
(5.38), (5.14), and (5.39). O

Remark 5.2 Note that the proof of Theorem 5.1 relies on the fact that
the weighting constant B has been selected sufficiently small such that both
conditions of (5.19) and (5.84) are satisfied. Thus, the overall condition on
B can be expressed as follows:
) min{p, T()} To 1

6<1mn{——-———4pL ,—Q—E,Q—L—}. (5.40)

Remark 5.3 From (5.21) and (5.35), we can state that Es (t) and 7 (t) are
bounded Vt € [0,00). Since E; (t) is bounded Vt € [0, 00), we can use (5.14)
and (A.25) of Lemma A.12 in Appendiz A to show that u (z,t) is bounded
Vt € [0,00) and Vx € [0, L]. Since E (t) of (5.14) is bounded Vt € [0, c0),
the potential energy given by 7(1 5.4) is bounded Vt € [0, 00); hence, we can use
Property 5.1 to show that ——Eﬁu(w,t) is bounded for n =1, 2, Vt € [0, 00)
andVz € [0, L]. Sincen (t) and ug (L,t) are bounded Vt € [0, 00), we can use
(5.6) to state that u; (L,t) is bounded Vt € [0,00). From the boundedness
of Es(t) and us (L,t), we can see that the kinetic energy of the system
defined in (5.5) is bounded Vt € [0, 00). Since the kz’netic energy s bounded

Vt € [0, 00), we can use Property 5.2 to conclude that S Ut (z,t) is bounded
forn =0, 1, Vt € [0,00) and Vz € [0, L]. From the above information, we
can now state that all of the signals in the control law of (5.8) are bounded
Vt € [0,00). Finally, we can use (5.1), (5.3), and the above boundedness
statements to show that us (z,t) is bounded Vt € [0,00) and Vz € [0, L].

5.2.4 Adaptive Control Law

The control law given in (5.8) requires exact knowledge of some of the
system parameters. We will now illustrate how the controller of (5.8) can
be redesigned to compensate for constant parametric uncertainty while
asymptotically stabilizing the string displacement. After taking note of the
fact that the open-loop dynamics for 7 (¢) given by (5.7) can be linearly
parameterized; we rewrite (5:7)inthe following advantageous form:

m(t) =Y (wazz (L,8),us (L,1) 0+ f (1), (5.41)
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where Y (-) € R'*? is a known regression matrix, and § € R? is an unknown,
constant parameter vector defined as follows:

Y()=[uat (L) —u(Lt)] 6=[m T] . (5.42)

Based on the form of (5.41), the boundary control force can now be designed
as

F) ==Y ()0(t) - kn(t), (5.43)
where 7 (t) was defined in (5.6), and 9 (t) € R? is a dynamic, parameter
estimate vector defined as follows:

9(t) = [ m(t) To(t) ]T. (5.44)

Based on the subsequent Lyapunov-type stability analysis, the parameter
estimate vector is updated according to the following gradient update law:

9(t)=TYT()n (), (5.45)

where I’ € R?*? is a diagonal, positive-definite, adaptation gain matrix. If
we define @ () = 6 — 8 (t) € R? as the parameter estimation error vector
and then substitute (5.43) into (5.41), we obtain the following closed-loop
dynamics:

miy () = —ken () +Y ()0() 8 @) =-TY"()n(t),  (546)
where (5.45) was used to obtain the parameter estimation error dynamics.

Theorem 5.2 The adaptive boundary control law given by (5.43) and (5.45)
ensures that the string displacement is asymptotically regulated in the fol-
lowing sense:

tlingo lu(z,t)]=0 Vzel0,L], (5.47)

where the control gain ks defined in (5.43) must be selected to satisfy (5.11).

Proof. The following proof is based on arguments similar to those used in
the proof of Theorem 5.1; hence, some of the details will not be repeated.
First, we define the following function:

Vat) =V () + éb'T ©)TH (1), (5.48)

where V (t) was defined in (5.13). If the constant 3 of (5.15) is selected suf-
ficiently small according to the condition given in (5.19), we can formulate
the following bounds on V, (t):

Ao (E (t) + 2 () + “’é (t)“z) W) < Moo (E (®) +n2 (t) + HZ)’ (t)H2>
(5.49)
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for some positive constants A1, and Ag,. After differentiating (5.48) with
respect to time and substituting (5.1), (5.2), and (5.46), we can follow the
derivations used in Theorem 5.1 to obtain the following upper bound for
the time derivative of V, (t):

Va (8) < —As (Ba () 407 () + 0" (1) (YT (n@)+T <t>) . (5.50)

where A3 was defined in (5.36) (the control gain k, defined in (5.43) must be
selected according to (5.11) to ensure that A3 is positive). After substituting
the second equation of (5.46) into (5.50), we can simplify the upper bound
on V, (t) to

Va(t) < =23 (Bs () + 72 () = —ga (t). (5.51)

We can now use (5.49), (5.51), and arguments similar to those outlined in
Remark 5.3 to state that all signals in the control law of (5.43) and (5.45)
are bounded V¢ € [0,00), and that all signals in the system given by (5.1)
through (5.3) remain bounded V¢ € [0, 00) and Vz € [0, L.

After differentiating g, (¢) defined in (5.51) with respect to time, we have

da(t) = As (E )+ 21 ()9 (t)) . (5.52)

Since we already know that all the system signals remain bounded V¢ €
[0,00), we can use (5.25) and (5.46) to show that E, (t) and 7 (t) are
bounded V¢t € [0,00). From (5.52), it is easy to see that g, (t) is bounded
Vt € [0, 00); hence, we can now apply Lemma A.6 in Appendix A to (5.51)
to show that

lim E, (t),7(t) = 0. (5.53)

Finally, the result given by (5.53) and the inequalities developed in (5.39)
can be combined to state the result given by (5.47). O

5.2.5 Extensions

The actuator-string system described by the linear field equation of (5.1)
and linear boundary conditions of (5.2) and (5.3) have been formulated
for small displacements u (x,t). We now discuss how the basic control laws
given in previous sections can be redesigned to account for relatively large
displacements of the string.

A nonlinear PDE and nonlinear boundary conditions for the actuator-
string system depicted in Figure 5.1 can be formulated as follows [12]:

pust (z,t) = T (y (¢))

Uz (z,1) -
VAT — (:c,t)} ] Vz € [0, L] (5.54)
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ug (L,t)

1+ u2 (z,t)
where the term W (u:(L,t))¢ is a linear parameterization representing ad-
ditional actuator dynamics (e.g., friction) with W(-) € R1*? being a regres-
sion matrix and ¢ € R? being a constant parameter vector. The tension
function T (y (¢)) introduced in (5.54) and (5.55) is assumed to have the
following properties: (i) T (y (¢)) is a strictly positive function that satisfies

mug (L,t) + T (y (2)) + W (u (Lt))¢=f(E), (555)

T(y(t) =2 To >0, (5.56)

where y (¢) is the string stretch represented by the following non-negative

function: o - /OL (_1 N m) do, (5.57)

(ii) if y (¢) is bounded, then T (y (t)) is also bounded, and (iii) the potential
energy stored in the string can be bounded as follows:

av® <1, = | T dy < ka9 (1), (5.58)

where o, is a positive constant, and «,, (-) is some continuous class K func-
tion.’

Based on a more involved stability analysis than that used in Section 5.2.3
(see [18] for details), we can redefine the model-based controller originally
given in (5.8) as follows:

f(t) _ _ muxt(L, t) 57 +T (y(t))
(1+ (a(z,1)?)

ug(L,t)
1+ (us(L,1))?

(5.59)
k.
W (L 0)6 - (k+ 52T ) 1),
where k, k, are positive control gains, and the variable 7 (¢), originally de-

fined in (5.6), is now defined as follows:

ug(L,t)

1+ (L, 5)?

As illustrated in [18], the controller given by (5.59) will asymptotically
regulate the total energy of the system in contrast to the exponential result
given in Theorem 5.1.

n(t) = ue(L,t) +

(5.60)

A continuous function x(p) is said to be class K if: (i) x (0) = 0, (ii) x(p) > 0 Vp > 0,
and (iii) k(p) is nondecreasing.
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[

Force Sensor
Decoder Board

Force Sensor

FIGURE 5.2. Schematic diagram of the experimental setup.

By following the adaptive control derivations of Section 5.2.4, we can
redesign the control law given by (5.59) as an adaptive controller that
compensates for parametric uncertainty and asymptotically stabilizes the
total energy of the system. For this new adaptive controller, the regression
matrix Y (ugzt(L, t), us (L, t)) € R1*(+P) and the unknown parameter vector
6 € RM™P, originally defined in (5.42), are now defined as follows:

Uzt (L, t)
(1+ (L, t))2)3/ 2

Y() — —W(ut(L,t)) 9= [ m ¢T ]T'

(5.61)
Based on (5.59), the adaptive control force and parameter update law are
designed as shown below:
ug(L,1)
I+ (um(L:t))2

f) ==Y ()+T (y(2))

- (k+ 3T w0 ) 1) G0

b () = Ly (In(e), (5.63)

ate of the parameter vector 6 and
ve-definite, adaptation gain matrix.
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5.2.6 Experimental Evaluation
Experimental Setup

Figure 5.2 shows a schematic diagram of the experimental setup used to
implement the controllers. The setup consists of a string pinned at one end
and attached to a linearly translating gantry at the other end. A brushed
DC motor (Baldor model 3300) drives the gantry via a belt-pulley trans-
mission. The gantry rides on two parallel 1-inch-diameter steel rods with
linear bearings. The displacement of the gantry u (L,t) is obtained from
a 1,000-count rotary encoder attached to the motor shaft. The static and
dynamic measurement of the string tension 7' (¢) is obtained from a force
sensor attached to the pinned-end of the string. A hollow-shaft 1,000-count
rotatory encoder is mounted on the gantry to measure the string deflection
angle ug (L,t) at the free-end. A mounting bracket attached to the gantry
ensured that the string was held tangent to the rotary encoder.

A Pentium 166 MHz PC running QNX hosted the control algorithm
while @motor provided the environment to write the control algorithm in
the C programming language. The Quanser MultiQ 1/O board [14] pro-
vided for data transfer between the computer subsystem and the electrical
interface. All the controllers were implemented using a sampling period of
0.5 msec. The velocity of the gantry and the time derivative of the string
deflection angle were obtained by using a backwards difference algorithm
applied to the gantry position and the string deflection angle, respectively.
To eliminate quantization noise, the velocity signals were filtered using a
second-order digital filter. The parameter values for the mechanical system
were determined via standard test procedures to be

m = 3.5 kg, p =0.03 kg/m, L=13m.

Experimental Results

Five experiments were conducted to assess the performance of the afore-
mentioned controllers. The transient response to a consistent initial dis-
placement was studied with all control gains tuned to provide the best
response. Figure 5.3 shows the string response to the initial displacement
without control (i.e., f(t) = 0). The response decays under natural damp-
ing in approximately 10 sec. In Figure 5.4, a simple damper control law
given by

f(t) = —kqus (L,t) (5.64)

achieved the best regulation results with k; = 4.25, and decreased the
settling time to approximately 7 sec.
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The linear, small-displacement, model-based controller of (5.8) was im-
plemented with Ty = 29.75 N and ks = 47.23, and its performance is shown
in Figure 5.5. Note that the inclusion of string slope feedback in the con-
trol law reduced the settling time to 6 sec. The fourth experiment used the
nonlinear, large-displacement, model-based control of (5.59) with

W) = [ sgn(us(L,t)) w(L,t) ] ¢=[F F 17, (565)

where sgn (-) is the standard signum function, and F, and F; are the static
and dynamic friction coefficients, respectively. The friction coefficients were
experimentally determined to be F; = 1.05 N and F3 = 15.23 N/m-sec. The
best regulation results were achieved with k¥ = 3.0 and k, = 3.12. Figure
5.6 shows the angular deflection u (L,t), the gantry displacement u (L, t),
the time-varying tension signal T' (¢), and the control voltage resulting from
the initial displacement. The nonlinear control response is slightly improved
compared to the linear control. Finally, the adaptive controller defined by
(5.62) and (5.63) was implemented (see Figure 5.7). The parameter esti-
mates were initialized to 25% of their nominal values and the best regula-
tion was achieved with k = 3.0, k. = 2.97, and I’ = diag {2.55, 50,0.69} .
Again, the response is similar to that of the previous two controllers.

The following table compares the experimental performance of the con-
trollers by computing the root mean square (RMS) of the string deflection
angle over a 10 sec time interval. The trends in the RMS data mirror the
settling time performance, showing that the adaptive controller provides a
12% improvement in performance with similar control effort as compared
to the damper controller.

Controller Type RMS u, (L,t) | RMS control
deg voltage V
Open-loop system 2.75 -
Damper controller 1.98 491
Linear controller 1.94 6.25
Nonlinear controller 1.70 7.30
Nonlinear adaptive controller 1.77 5.32

Remark 5.4 The control force at the actuator was actually applied by
rescaling this force as a desired motor torque. The desired motor torque was
then achieved by using a high-gain current feedback loop (for the brushed
DC motor 7(t) o< I(t) where 7 (t) is the motor torque and I (t) is the
motor current). The current feedback loop and the torque-force conversion
were incorporated into the control software and power was supplied to the
motor by the single-channel, linear power amplifier is capable of outputting
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up to 1000 W at 100 V with a power bandwidth of 0 to 40 kHz. It should
be noted that the backstepping paradigm [9] allows the electrical dynamics
to be incorporated in the overall control solution for this class of hybrid
partial/ordinary differential equation problems as illustrated in Baicu et al.

2]
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(a) String Deflection Angle

Time [sec]

FIGURE 5.5. Linear, model-based controller: (a) us (L,t), (b) u(L,t), and (c)
control voltage.
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ontroller: (a) us (L,t), (b) u(L,t), (c)
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(a) String Deflection Angle (b) Gantry Displacement
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FIGURE 5.7. Nonlinear, adaptive controller: (a) uz (L, t), (b) w(L,t), (c) control
voltage, (d) 7 (t), (e) Fs (t), and (f) Fu(t).

5.3 Cable System

In this section, we develop control strategies for a distributed cable model.
The control design and analysis described in the following will tread on
the steps of those developed for the string system of Section 5.2. Specifi-
cally, we develop a model-based controller that exponentially stabilizes the
displacement of the cable given exact knowledge of the mechanical sys-
tem parameters and measurements of the slope, slope-rate, and velocity
at the cable’s actuated boundary. We then illustrate how the model-based
controller can be redesigned as an adaptive controller, which asymptoti-
cally stabilizes the cable displacement, while compensating for parametric
uncertainty.

5.3.1 System Model

The profile view of Figure 5.8 shows a cable sagging under gravity loading.
The cable vibrates perpendicular to the plane formed by the equilibrium
cable configuration. The top view in Figure 5.8 shows the out-of-plane
displacement U(S,T), where S is the arc length coordinate and T is time.
The left boundary is pinned and the right boundary is free to translate in



5.3 Cable System 147

(a)
Pinned
End
S
~ U(s,m)
Cable
F(T)

(b)

Trrrrr-s77

lg

FIGURE 5.8. Schematic diagram of the cable system: (a) top view and (b) side
view.

S=1

the out-of-plane direction. A control force F(T') is applied in the out-of-
plane direction at the left boundary. The linearized out-of-plane equation
of motion for this cable system is given by [1]

pAUrT (S,T) — [P(S)Us (S,T)]g =0, (5.66)
where pA is the cable mass/length, and the subscripts S and T indicate

partial differentiations with respect to the independent spatial and time
variables S and T, respectively. The equilibrium tension P (S) is defined

as follows:
P(S) = \/ P2+ [pAg (s - -;i)] 2, (5.67)

where Py is the midspan (S = L/2) or horizontal component of the cable
tension, g is the acceleration owing to gravity, and L is the cable length.
The pinned boundary condition at S = 0 is given by

U(0,T) =0, (5.68)
ition at S = L is given by

\Us (S,T) = F (T), (5.69)
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where M is the actuator mass. To simplify the control development, we
substitute the following nondimensional variables:

S g U M F

= — t = —_— = — = ——— = m——
T ™o =1 ™ar T oare

_P(S) [, 1\? PR
PO = oL = p“(x 2)’ P =L AgT

into (5.66)—(5.69) to yield the following field equation: 10
u(z,t) — [p(z)uz(z,t)], =0  Vz€l0,1], (5.71)

with the following boundary conditions:®
u(0,£) =0 (5.72)
muse(L,8) + p(Dua(l, 1) + Y (ue(L,6)6 = £(¢), (5.73)

where the term Y (u¢(1,t))¢ has been added to account for friction and/or
damping in the actuator. We will assume that the actuator friction/damping
can be linearly parameterized by a known regression matrix Y (u:(1,t)) €
R!*? multiplied by a constant parameter vector ¢ € R9. For example, an
actuator with viscous and Coulomb friction can be parameterized as fol-
lows:

Y(ue(l,t) = [w(lt) son(u(l,t) ]  ¢=[b u] , (574

where b and p denote the viscous and Coulomb friction coefficients, re-
spectively. For a general parametrization, we will assume that Y (u:(1,¢))
remains bounded V¢t € [0, 00) if us(1,¢) is bounded V¢ € [0, 00).

Since the control strategies will consist of relatively simple functions, we
will assume the existence of a unique solution for the dynamics given by
(5.71) through (5.73) under the control. In addition, based on the argu-
ments stated in Remark 5.1, we will assume that the distributed variable
u (z,t) and its time derivative u; (z,t) belong to a space of functions which
possess the following properties.

Property 5.3: If the potential energy of the system given by (5.71) through
(5.73), defined by

M, = 5 /0 p(0)u2 (o,t)do, (5.75)

SThe pinned boundary condition of| (5.72) implies that ut(0,t) = 0.
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Y

is bounded ¥Vt € [0,00), then —?—;u(m,t) is bounded for n = 1,2,
vt € [0,00), and Vz € [0, 1].

Property 5.4: If the kinetic energy of the system given by (5.71) through
(5.73), defined by

1

I = —;—/ u2(o,t)do + %muf(l,t), (5.76)
0

is bounded V¢ € [0, c0), then %ﬁut(m,t) is bounded for n = 0,1,
vt € [0,00), and Vz € [0, 1].

5.3.2 Problem Statement

As in Section 5.2, the primary control objective is to design the boundary
control force f(t) such that the cable displacement u(z,t) is driven to zero
Vz € [0,1] as t — co. To facilitate the control design and the subsequent
stability analysis, we define an auxiliary signal, denoted by n(t), as follows:

n(t) = ue(1,t) + ug(1,1). (5.77)

In order to rewrite the dynamic boundary condition of (5.73) in terms of
n(t), we first differentiate (5.77) with respect to time, multiply the resulting
expression by m, and then utilize (5.73) to substitute for mus(1,t) to
produce

mi (8) = mugy(1,t) — p(1)ua(1,t) — ¥ (u(1,1))6 + f (2). (5.78)

The above equation denotes the open-loop dynamics of the auxiliary signal
n(t) and will form the basis for the design of the model-based and adaptive
control laws.

5.3.3 Model-Based Control Law

Given exact knowledge of the system model given by (5.71) through (5.73)
and the structure of the open-loop dynamics given by (5.78), the model-
based control law is defined as follows:

f (&) = —muae(1,) + p(V)uq(1,t) — ks (ue(1,8) +us(1,8) + Y (ue(1, 1)),
(5.79)
where k; is a positive control gain. After substituting (5.79) into (5.78), we
obtain the following closed-loop,dynamics on the boundary:

i) (&) = ~ ka7 (£) . (5.80)



150 5. Strings and Cables

Theorem 5.3 The model-based boundary controller given by (5.79) en-
sures that cable displacement is ezponentially regulated in the following
sense:

lu(z,t)| < \/)‘21)\;0 Ko €XP (—%t) vz € [0,1], (5.81)

where A1, A2, and A3 are some positive bounding constants, the positive
constant K, s given by

1 1
Ko=73 / u2 (0,0) do + %/ p(0)u2 (o,0) do + 7%(0), (5.82)
0 0
and the control gain ks defined in (5.79) must be selected to satisfy the
following inequality:

@>%¥. (5.83)

Proof. To prove the result of (5.81), we begin with the following function:

V@=&@+a@+§W@, (5.84)

where E; (t) and E. (t) are defined as

1 1
E;(¢) =%/0 u%(a,t)da+%/o p(o)u(o,t)do (5.85)

1
E.(t) = 2ﬁ/0 g(0)us(o, t)us(o,t)do, (5.86)

with 3 being a positive weighting constant and the weighting function g (x)
being defined as follows:

= —’@—) an— __2:5—1 T — T
9(z) = 2po [t 1( 2po >+p01n(2 L+ 4() (587)

+tan~! (ﬁ) —poln (\/41)02 Fi- 1)] ,

where the auxiliary function % (z) is given by

h(z) = /49 + 422 — 4z + 1.

First, note that the inequality (A.29) of Lemma A.13 in Appendix A can
be used to upper bound F(t) of (5.86) as follows:
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1 1
E. = 2,6/0 g(o)ugusdo < 2,69(1)/0 (uf +u§) do
4Bg(1) [1 [*
(5.88)

where we have used the facts that p(z) attains its minimum value at z = 1/2
for z € [0,1] and g(z) of (5.87) attains its maximum value at z = 1 for
z € [0,1]. We can now use (5.85) and (5.88) to establish the following
bounds on E.:

__2690) p g < 90 g (5.89)
min (1, po) min (1, po)
hence, if 3 is selected according to the following sufficient condition:

,3 min{1>p0}

TR (5.90)

we have

O S glEs S Es + Ec S §2Es, (591)

where £; and £, are some positive bounding constants. Given the struc-
ture of V'(¢) defined in (5.84) and the inequality given by (5.91), if the
design constant 3 is selected according to (5.90), then we can formulate
the following bounds on V (t):

M (B(0) +P0) SV < o (B0 +7°(),  (592)

where the positive constants A\; and A\ are given by

—min 1 %69) m o 4Bg(1) m
A= {1 min{l,po}’Z} Az = ax{l+nﬁn{1,po}’2(5}9'3)

After differentiating (5.84) with respect to time, we have
V (t) = E, (t) + E. (t) — ken? (t), (5.94)

where (5.80) has been used. To determine E,(t) in (5.94), we differentiate
(5.85) with respect to time to obtain

: 1 1
E; =/0 Ut [p(d)ug]ada‘—k'/o p(0)usuctdo, (5.95)
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where (5.71) has been used. If we integrate by parts, the first term on the
right-hand side of (5.95), we obtain

Eqs = p(1)ue(1,t)us(1,) — p(0)ue(0, t)us (0, t). (5.96)
After applying the boundary condition given in (5.72) to (5.96), we have

E, = p(L)ue(1, t)ug (1, 1), (5.97)
which can be rewritten as
B, = B0 02,0 +u2(,0) + K2 (5.98)

upon application of (5.77).
To determine E.(t) in (5.94), we differentiate (5.86) with respect to time
to obtain

E.= A + Ay, (5.99)
where
1 1
A = Qﬁ/ g(o)urugdo Ay = 2ﬂ/ 9(o)ue [p(o)uq), do,
0 0
(5.100)

and (5.71) has been used in the expression for A;. After integrating by
parts, the expression for A;, we obtain

A1 =28 (g(l)uf(l,t) - /) 1 g,(a)ufda> - 28 /0 1 g(0)ugtudo, (5.101)

where we have used the fact from (5.87) that g(0) = 0. After noting that
the last term in (5.101) is equal to A;, we can write

1
A =B (g(l)u?(l,t) - ga(o—)u%da) , (5.102)
0
where g;(z) can be calculated from (5.87) as follows:

9z(z) = ‘Eﬁ’f)—h—(j) [’can‘1 (%) +poln (2z — 1+ h(z))

+tan™! (5;;5) —poln (\/ 4p5+1- 1)] (5.103)
L ha) ( 1 po (H%)).

+
2po \ po (1 + S&g%f_) 2z — 1+ h(x)
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It is not difficult to show from (5.103) that g;(x) > 1 for z € [0, 1]; hence,
we can utilize (5.102) to construct the following upper bound for A;:

A <B <g(1)u§(1,t) - /0 ' ufda> . (5.104)

After integrating by parts, the expression for Az given in (5.100), we
obtain

1 1
Ay =20 (g(l)p(l)uf(l,t) —/0 9o (0)p(0)utdo — /0 g(a)p(a)uauwd0> ,
(5.105)
where we have used the fact that g(0) = 0. After noting that the expression
for Aj given in (5.100) can be expanded into the following form:

Ay =20 (/01 g(0)uipy(0)do + /01 g(a)p(a)uduwda> , (5.106)

we can combine (5.105) and (5.106) to eliminate the last term in (5.105)
as follows:

1
Azzﬁ(gu)p(l)ui(l,t)— /0 [g,,(a)p(o)—g(cr)pa(a)]ugda), (5.107)

From the structure of g(z) and p(z), it is straightforward to show that

9x(z)p(z) — 9(2)px(2) = 1 + p(2); (5.108)
thus, we can use (5.107) and (5.108) to construct the following upper bound
for Az:

1
4 <0 (sWp10) - [ poydar).  (10)

After substituting (5.104) and (5.109) into (5.99), and then substituting
the resulting expression along with (5.98) into (5.94), we have

V< —(p(” ﬂ(1>)u%(1,t>—(p()—ﬁgu)p(l)) 2 (1,1

- (ks - p_gl_)') 772 - 2:6Es:

(5.110)
where the definition of (5.85) has been utilized. From (5.110), it is clear that
if the controller gain k; is selected according to (5.83) and the weighting
constant (3 is selected according to

a2 1
o} mm{Zg(l)’ 29(1) } ’ (5:111)
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then V() can be upper bounded by the following nonpositive function:
V(t) < X3 (Es(t) +m2(2)), (5.112)
where the positive constant” A3 is defined by

A3 zmin{2,@,ks—p—(212}. (5.113)
From (5.92) and (5.112), we obtain the following upper bound for the

time derivative of V(t):

. A
V() < ——}\—3V(t), (5.114)
2
whose solution, according to Lemma A.4 in Appendix A, yields
)\3 )\3
V() s V(O)exp | —1-t) < dakoexp -7 ). (5.115)
2 2

Note that (5.85), (5.92), and (5.82) have been utilized to formulate the
inequality on the right-hand side of (5.115). In addition, we can use (A.25)
of Lemma A.12 in Appendix A, (5.85), and (5.92) to formulate the following
inequality:

1
%guz(m, t) < —;—/0 p(o)u2(0,t)do < Eq(t) < —)%V(t) vz € [0,1].
(5.116)

The inequality given in (5.81) now directly follows by combining (5.115)
and (5.116). O

Remark 5.5 The proof of Theorem 5.3 relies on the fact that the weighting
constant 8 has been selected sufficiently small such that the inequalities
of (5.90) and (5.111) are satisfied. Thus, an overall condition on B can
be obtained by combining both inequalities, similarly to what was done in
Remark 5.2. We also note that the structure of the weighting function g(z)
defined in (5.87) has been crafted to facilitate the construction of the bounds
given in (5.92) and (5.112).

Remark 5.6 Utilizing similar arguments as in Remark (5.3) and Prop-
erties 5.3 and 5.4, we can easily illustrate the boundedness of all systems
signals during closed-loop operation.

Remark 5.7 It should be noted that some extensions to the basic control
law given in (5.79) can be developed to improve the closed-loop performance.

"The control gain ks must satisfy (5.83) to ensure that A3 is positive.
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For example, an additional control gain can be included in the definition of
the tracking variable n(t) defined in (5.77) as follows:

7 (t) = ue(1,t) + aug(1,¢), (5.117)

where o is a positive control gain. As a result, we can redefine the control
force as

f () = —maug(1,t) + p(D)uz(l,t) — ksn (t) + YV (ue(1,))g.  (5.118)

5.3.4 Adaptive Control Law

In this section, we redesign the model-based controller of (5.79) to compen-
sate for constant parametric uncertainty while asymptotically stabilizing
the cable displacement.

First, note that the open-loop dynamics for 7(t) given in (5.78) can be
rewritten as

mi () = W (uzz (1,8) ,ue (1,t) ,uz (1,2)) 0+ f(2), (5.119)

where W(-) € R1%(¢%2) is a known regression matrix and § € R(4+2)*1 js
the unknown, constant parameter vector defined as follows:

W)= [um(l,t) —us(l,t) —Y(u(1,2)) ]

(5.120)
T
6= [m p(1) 6" ] .
From the structure of (5.78), the adaptive control law is designed as follows:
(&) = —W()B(E) — ksr(2), (5.121)
where 8(t) € R(4+2)*1 js a dynamic parameter estimate vector defined as
. — .7 T
i) =[me) s0 8 @] - (5.122)
The parameter estimates are updated according to
b)) =TwT ()n(), (5.123)

where I' € R(et2x(+2) j5 5 diagonal, positive-definite, adaptation gain
matrix. After substituting (5.121) into (5.119), we obtain the following
closed-loop dynamics on the boundary:

miy () = —ken @) + W ()B(E) 8@ =-TWT ()n(®), (5.124)

where 8(t) = 0 — 8(t) € RUt?)*1 denotes the parameter estimation er-
ror, and (5.123) has been used to obtain the parameter estimation error
dynamics.
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Theorem 5.4 The adaptive boundary controller given by (5.121) and
(5.123) ensures that the cable displacement is asymptotically requlated in
the following sense:

Jm lu(z,t)] =0 Vz e[0,1], (5.125)

where the controller gain ks defined in (5.121) must be selected to satisfy
(5.83).

Proof. The following proof is based on arguments similar to those used in
the proofs of Theorems 5.2 and 5.3; hence, most of the details will not be
repeated. First, we define the following function:

Valt) = V(t) + %éT(t)F‘lé(t), (5.126)

where V(t) was defined in (5.84). If the design constant (3 of (5.86) is
selected to be sufficiently small according to the condition given in (5.90),
we can formulate the following bounds on V,(t):

e [+ 720+ [p0[ ] < 0 < e [0 41200+ 0]
(5.127)
for some positive constants A1, and Agq.
After differentiating (5.126) with respect to time, and substituting from
(5.71), (5.72), and (5.124), we can proceed as in the proof of Theorem 5.3
to obtain the following upper bound for the time derivative of V,(¢):

Vo <=5 (B (047 0) 47 () (WP (170 6 ®). (G129

where A3 was defined in (5.113) (the control gain ks defined in (5.121) has to
be selected according to (5.83) to ensure A3 is positive). After substituting
the second equation of (5.124) into (5.128), we can simplify the upper bound
on V, (t) to

Va(t) < =3 (Es(t) +n2(t)) 2 ga(t). (5.129)
The proof of Theorem 5.2 can now be directly followed to show that

Jlim Ey(t),n(t) = 0. (5.130)

‘We can now use the result given by (5.130) and the inequality-type bound
developed in (5.116) to state the result given by (5.125). O
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5.3.5 Experimental Evaluation
Experimental Setup

The boundary controllers were implemented on an experimental setup sim-
ilar to the one described in Section 5.2.6 with a braided polyester rope
replacing the string. A 486 PC hosting a Texas Instruments TMS320C30
DSP board served as the computational engine. WinMotor provided the
environment to write the control algorithm in the C programming language.
An encoder interface card (Integrated Motions Inc. Model DS-2) allowed
for quadrature extrapolation of the encoder signals. The values for the me-
chanical system parameter defined in (5.70) were determined via standard
test procedures to be

M=3229kg, L=269m, pA=0085kg/m, Pp=0127N,

m=14.1, po=0.056, p(1)=0.503.

To test the performance of the controllers, the cable was perturbed using
a disturbance input applied to the cable’s pinned-end. Since dimensional
quantities were used in the experiment, the applied boundary control force
was scaled according to (5.70) (i.e., F = fpAgL). This implies that the
weight of the cable must be known in order to implement the controllers.

Experimental Results

First, the model-based controller given by (5.118) was implemented using
the following settings:

ks = 5.0, a=4.0, Y (ue(1,t))¢p =0,

where the gains were tuned for the best performance. The results of these
experiments appear in Figure 5.9. As is clear from the figure, the cable sys-
tem exhibits excellent transient response under the controller. The uncon-
trolled swing of the cable to the disturbance input is shown for comparison
purposes. The gantry position and the motor voltage signal are also shown.
It should also be noted that the Y (u:(1,t))¢ term could have been used
to model static friction on the rail of the actuator; however, the feedback
portion of the controller seemed to adequately compensation for friction in
this experiment.

The adaptive controller of (5.121) and (5.123) was then implemented
with the parameter estimates initialized to 80% of their nominal values.
Thesbestyperformanceswaspachievedyusing the following settings:

ks = 5.0, a=4.0, Yi(ue(1,t))p =0, [ = diag {5,2}.
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FIGURE 5.9. Model-based controller: (a) u(1,t), (b) gantry position, and (c)
motor voltage.

The results of this experiment appears in Figure 5.10. In the first subplot
of Figure 5.10, the transient performance of the adaptive controller to the
disturbance is compared to the uncontrolled swing of the cable. Subsequent
subplots show the gantry position, the motor voltage and the parameter
estimates.

5.4 Notes

To understand the vibration of cable-like structures, many researchers have
developed sophisticated modeling and analysis techniques (see Irvine [7]
for a review). Small sag approximation techniques (Soler [16]), lumped
parameter models (West et al. [17]), finite element techniques (Fried [4]),
and Galerkin methods (Perkins and Mote [13]) represent several approaches
used to predict the behavior of cables in a variety of applications.

Active vibration control has only recently been applied to string and ca-
ble systems. For example, Fujino et al. [5] developed axial boundary force
control laws for a single mode cable model and experimentally demon-
strated a large reduction in peak resonant response. This approach was
later extended to multiple cable modes in [6]. Baicu et al. [1] developed a
linear boundary_controller for the out-of-plane vibration of a distributed
cable model that required boundary position, velocity, and slope feedback.
An adaptive boundary control scheme for out-of-plane cable vibrations was
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FIGURE 5.10. Adaptive controller: (a) u(1,t), (b) gantry position, and (c) motor
voltage, (d) (1), and (e) .

proposed in Canbolat et al. [3] that compensated for unknown, constant
boundary mass, tension, and friction effects. Boundary control work for
string-like dynamic models can be found in Morgiil [11], Shahruz et al.
[15], and Zhang et al. [18]. Interestingly, the model-based control law pre-
sented in Section 5.3 reduces to a form that is similar to the one given in
Morgiil [11] if the cable tension is assumed to be constant.
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6

Cantilevered Beams

6.1 Introduction

In many distributed parameter mechanical systems, the flexible element
can be modeled as a beam-type structure (e.g., space structures, flexible
link robots, helicopter rotor/blades, turbine blades, etc.). The most com-
monly used beam model is based on the classical Euler-Bernoulli theory,
which provides a good description of the beam’s dynamic behavior when
the beam’s cross-sectional dimensions are small in comparison to its length
(i-e., this model neglects the rotary inertia of the beam). A more accurate
beam model is provided by the Timoshenko theory, which takes into ac-
count not only the rotary inertial energy but also the beam’s deformation
owing to shear. As discussed in [15], the Timoshenko beam model has been
shown to have a broader applicability than the Euler-Bernoulli model. In
[1], Aldraihem et al. compared the accuracy and validity of these two beam
models by simulating a cantilevered beam under distributed piezoelectric
sensoring/actuation. The results provided in (1] indicated that the Tim-
oshenko model is superior to the Euler-Bernoulli model in predicting the
beam’s response. While the Timoshenko model may be more accurate at
predicting the beam’s response in comparison to the Euler-Bernoulli model,
the Timoshenko model is more difficult to utilize for control design pur-
poses owing to its higher order. For this reason, the design of boundary
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controllers for flexible-beam-type structures has been based mainly on the
Euler-Bernoulli model.

In this chapter, we develop boundary control strategies for the Euler-
Bernoulli and Timoshenko models of a cantilevered flexible beam. To pro-
vide a more accurate description of the system model, the PDEs for the
beam dynamics are augmented to include the ODEs for the mass/inertial
dynamics of a rigid payload and/or boundary actuator located at the
beam’s free end-point. The control strategies, which explicitly exploit the
structure of the hybrid PDE-ODE dynamic model, are designed with the
objective of regulating the beam vibration. As in Chapter 5, both model-
based and adaptive control laws are formulated. The model-based controller
provides a stepping stone towards the synthesis of the adaptive controller,
which is designed to cope with constant, parametric uncertainty.

6.2 FEuler-Bernoulli Beam

In this section, we consider the problem of stabilizing the distributed dis-
placement of a cantilevered Euler-Bernoulli beam with actuator dynam-
ics at the beam’s free end-point. The control strategy is composed of a
boundary control force applied to the beam’s free end-point and requires
measurements of the beam’s end-point shear, shear-rate, and velocity. A
model-based controller is first developed that exponentially regulates the
displacement of the beam. We then illustrate how the model-based con-
troller can be redesigned as an adaptive controller that asymptotically reg-
ulates the displacement of the beam while compensating for parametric
uncertainty.

Actuator mass

m

Control force

f(t)

>
»>

X

p, EI
u(x,t)

ANRARNNNY

A
=
b

FIGURE 6.1. Schematic representation of a cantilevered Euler-Bernoulli beam
with end-point payload/actuator mass.
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6.2.1 System Model

The model for the cantilevered Euler-Bernoulli beam system shown in Fig-
ure 6.1 is described by a PDE of the form [12]

put(z,t) + Elugzzs(z,t) =0, (6.1)

with the following boundary conditions:!

u(0,) = uz(0,t) = gz (L,t) =0 (6.2)

and
mug (L, t) — Eluggs (L, t) = f(t), (6.3)

where z and ¢ represent the independent spatial and time variables, respec-
tively; u(z,t) denotes the beam displacement at the position z for time t;
p is the mass/length of the beam; EI is the bending stiffness of the beam;
L is the length of the beam; m represents the payload/actuator mass at-
tached to the free end-point of the beam; the subscripts z, ¢ denote the
partial derivatives with respect to z, t, respectively; and f(¢) denotes the
boundary control input force.

Since the control strategies will consist of relatively simple functions, we
will assume the existence of a unique solution for the dynamics given by
(6.1) through (6.3) under the control. In addition, based on the arguments
outlined in Remark 5.1, we will assume that the distributed variable u(z, t)
and its time derivative us(x, t) belong to a space of functions that have the
following properties.

Property 6.1 If the potential energy of the system given by (6.1) through
(6.3), which is given by

L
I, = %EA /0 w2, (o) do, (6.4)

is bounded V¢ € [0,00) and Vz € [0, L], then b%u(x,t) is bounded
for n =2, 3, 4, Vt € [0,00), and Vz € [0, L].

Property 6.2 If the kinetic energy of the system of (6.1) through (6.3),
which is given by

1 E
I = §p/ ui (o, t)do + -;—muf(L, t), (6.5)
0

1 Given the clamped-end boundary conditions of (6.2), we also know that u:(0,t) =
uz¢(0,t) = 0.
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I

is bounded V¢ € [0, 00), then —?—;ut(m,t) is bounded for n =0, 1,2,
3, Vt € [0,00), and Vz € [0, L].

6.2.2 Problem Statement

The primary control objective is to design the boundary control force f(t)
such that the beam displacement u(z,t) is driven to zero Vz € [0,L] as
t — o00. To facilitate the control design and the subsequent Lyapunov-type
closed-loop stability analysis, we first define an auxiliary signal, denoted
by n(t), as follows:

ﬂ(t) = ut(L7 t) - ’U/z;m;(L, t)' (66)

We now rewrite the dynamic boundary condition of (6.3) in terms of 7(¢).
To this end, we differentiate (6.6) with respect to time, multiply the result-
ing expression by m, and then utilize (6.3) to substitute for mu(L,t) to
produce

m”?(t) = "‘mumzmt(L; t) + EIummm(Lvt) + f(t) (67)

The above open-loop equation will form the basis for the design of the
model-based and adaptive control laws.

6.2.3 Model-Based Control Law

Given exact mode! knowledge, we will now design an exponentially stabi-
lizing controller for the system given by (6.1) through (6.3). Specifically,
given the structure of the open-loop dynamics of (6.7), the control force is
designed as follows:

f(t) = Mugeat(L,t) — Eluzea(L,t) — kan(t), (6.8)

where ks is a positive control gain. After substituting (6.8) into (6.7), we
obtain the following closed-loop dynamics for 7(t):

mi(t) = —kon(t). 6.9)

Theorem 6.1 The model-based boundary control law given by (6.8) en-
sures that the beam displacement is exponentially regulated in the following
sense:

2o L3 A3
) < | —=kKo —_— , L, .
[u(z, )| < \/AlEI K exp( )\zt) vz € [0, L] (6.10)
provided the control gain ks is selected to satisfy the following inequality:
ke > 2L (6.11)

—2_7
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where A1, A2, and A3 are some positive bounding constants, and the positive
constant Ko is given by

L L
o = L) / w2(e,0)dor + éEI / W2 (0, 0)do + (us(L, 0) — wasa(L, 0))%
0 0
(6.12)

Proof. To prove the result given by (6.10), we begin by defining the fol-
lowing function:

1
V(t) = Ep(t) + 5m772 (t) + E.(t), (6.13)
where the beam’s energy-related term FEjp(t) and the “cross” term FE.(t) are

defined as

L L
Ey(t) = —;-p‘/o ul(o,t)do + %EI/O ul, (o,t)do (6.14)

and L
E.(t) = 26p / ous(0, ) (o, £)do, (6.15)
0

with G being a positive weighting constant, which can be made sufficiently
small to ensure V (¢) is always non-negative. To see this, first note that the
inequality (A.29) of Lemma A.13 in Appendix A can be used to bound
E,(t) of (6.15) as follows:?

L L
E.=28p / ousuydo < 2BpL / (u? +u2) do. (6.16)
0 0

After applying the inequality (A.27) of Lemma A.12 in Appendix A to the
u2 term on the right-hand side of (6.16), we obtain

L
E. < 2ﬂmeax{1,L2}/ (u? +u2,)do
0
(6.17)
max{1,L?}1 (¥, , 2
< 4,6me§/(; (put +EI'U,UG).

We can now use (6.14) and (6.17) to establish the following inequalities:

max {1, L?}
min {p, ET}

max {1, L%}

~40eL min {p, 1)

Ey < E.<A408pL Ey. (6.18)

2To reduce the notational complexity in most of the following derivations, the ar-
guments ;¢ will be left out of all'spatial/time-dependent variables (e.g., u(z,t) will
be denoted simply as «), while the argument ¢ will be left out of the time-dependent
variables (e.g., uz (L, t) will be denoted |as u.(L)).
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If 3 is selected according to

min {p, EI}

— WS 1
A< 4pLmax {1, L?}’ (6.19)
we can utilize (6.18) to state that
0< & By < By + Ee < &Ep (6-20)

for some positive constants £; and £,. Given the definition of (6.13) and
the inequality given by (6.20), we can formulate the following bounds on
V(¢):

A (Eo(t) +72(2) < V(2) < 22 (Bo(t) +7°(2)) (6.21)

where A1 and )\ are defined as follows:

. max{l,Lz} 1
Al—mn{1—4ﬁpLW,§m >0

(6.22)

max {1,L?}
/\g—max{1+4,6me,§m > 0,

with g satisfying (6.19).

Next, we illustrate that for sufficiently large ks and sufficiently small G,
the time derivative of V'(t) will be a nonpositive function. If we differentiate
(6.13) with respect to time, we have

V(t) = Es(t) + Ec(t) - kan*(2), (6.23)

where (6.9) has been utilized. To determine Ej(t) in (6.23), we differentiate
(6.14) with respect to time to obtain

L L
E, = ——EI/ UtUgooado + EI/ UgoUootdo, (6.24)
0 0

where (6.1) has been utilized. If we integrate by, parts twice, the first term
on the right-hand side of (6.24), we obtain

By = —ETuy(L)tggs(L), (6.25)

where the boundary conditions given in (6.2) have been applied. Finally,
upon the application of (6.6), (6.25) can be rewritten as
ET EI ,

By = == (g (L) + uzoo (L)) + =" (6.26)
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To determine E,(t) in (6.23), we differentiate (6.15) with respect to time
and then apply (6.1) to produce

E,=A; + A, (6.27)

where
L L
A1 =20p / OUUgedo Ay = —20BE] / OUgUggoado. (6.28)
0 0
After integrating, by parts, the expression for A; given in (6.28), we obtain
L L
A1 =20p (Luf(L) -—/ ufda) - Z,Bp/ OUtUgtdo, (6.29)
0 Jo

where (6.2) has been used.. After noting that the last term on the right-hand
side of (6.29) is equal to A;, we can rearrange (6.29) to yield

A1 =8 (Lpuf(L) —p /O - u,%do—> . (6.30)

After integrating, by parts, the expression for A, given in (6.28), we obtain

L L
A = —2BEI (Luw(L)umz(L) - / UgUggedo — / Uuwuaaada)
0 0

(6.31)
upon application of (6.2). After integrating, by parts, the first integral on
the right-hand side of (6.31), we obtain

L L
As = —2BEI (Lum(L)umm(L)+ / w2, do — / ouaauaaada) (6.32)
0 0

upon application of (6.2). After integrating, by parts, the last integral on
the right-hand side of (6.32), we obtain

L L
As = —28EI (Lux(L)umm(L) +2 / u?mda + / aua—auagada) ,
0 0

(6.33)
where (6.2) has been again used. After adding the expressions given by
(6.32) and (6.33), we obtain

Az = —BEI (2Luw(L)uzmx (L) +3 /L U?m.d0> . (634)
0
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We can now substitute (6.30) and (6.34) into (6.27), and then substitute
the resulting expression along with (6.26) into (6.23) to produce

Ve - (5 -om) i - Bttty - (k- 5 ) o7 205,

L
—2BEI / w2, do — 2BEILug(L)uges (L),
0

(6.35)
where (6.14) has been utilized. After applying (A.24) of Lemma A.12 in
Appendix A and (A.30) of Lemma A.13 in Appendix A to the second line
of (6.35), we can obtain the following upper bound for V'(¢):

Ve - (5 -om) ) - Fueatt) - (- 5 ) o 205,

2EIL
LN )

~2BEITul(L) + 2BTLASG(L) +

(6.36)

where § is an arbitrary positive constant. We now rearrange (6.36) into the
following advantageous form:

V< - (ﬂ - ﬂLp> W3(L) - (k - -E—}) 72 — 28Ey

_2BILA (— - 5) Ww2(L) — EI (% - #) w2, (L).

From (6.37), it is not difficult to see that if the control gain ks and the
constants 6, 8 are selected to satisfy the following conditions:

(6.37)

EI 1 . [EI ¢
ks>-—2—‘, 6<z-2-, ﬁ<mm{§’—of,4—L-}, (638)

then V(t) can be upper bounded by a nonpositive scalar function as shown
below:

V(t) < =Xs (Bs(t) +7°(2)), (6.39)

where )3 is defined as follows:3
A3 = min {ks — %I-, Qﬁ} > 0. (6.40)

3Note that )3 is positive as a result of the condition given in (6.38).
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From (6.21) and (6.39), we can obtain the following upper bound for the
time derivative of V(t):

V() < -2 ). (6.41)
A2
Upon application of Lemma A.4 in Appendix A to (6.41), we have
A3
V(t) < V(0)exp —Tt . (6.42)
2

From (6.21), (A.28) of Lemma A.12 in Appendix A, and (6.14), we have
that

V(0) < Az (Es(0) +7°(0)) (6.43)
and
L
E%Efu?(a:, t) < %EI /O uZ,(0,t)do < Ep(t) < Xl;V(t) vz € [0, L].

(6.44)
The result given by (6.10) and (6.12) now directly follows by combining
(6.42), (6.43), and (6.44), and then using the definitions given by (6.6) and
(6.14). O

Remark 6.1 Note that the proof of Theorem 6.1 relies on the weighting
constant (3 being chosen sufficiently small such that both conditions (6.19)
and (6.38) are satisfied. Thus, the overall condition on 3 can be written as

min{p,EI} EI § }

4pLmax {1,L2}’ 2pL’ 4L (645)

ﬂ<min{

where 6 must be selected to satisfy the second inequality given in (6.38).

Remark 6.2 From (6.18) and (6.42), we can state that Ey(t) and n(t)
are bounded Vt € [0,00). Since Ey(t) is bounded Vt € [0,00), we can use
(6.14) and (A.28) in Lemma A.12 in Appendiz A to show that u(z,t)
is bounded Vt € [0,00) and Vz € [0,L]. Since Ey (t) defined in (6.14) is
bounded Vt € [0,00), the potential energy given by ( 6'.n4 ) is bounded Vt €
[0,00); hence, we can use Property 6.1 to show that E-T—Lu(:c,t) is bounded
formn = 2,3, 4, Vt € [0,00), and Vz € [0, L]. Since n(t) and uzze(L,t)
are bounded Vt € [0,00), we can use (6.6) to state that u(L,t) is bounded
Vt € [0,00). From the boundedness of Ey(t) and u:(L,t), we can see that
the kinetic energy of the system defined in (6.5) is bounded V¢ € [0, 00).
Since the kinetic energy is bounded Vt € [0,00), we can use Property 6.2

to conclude that %ut(m’,t) s bounded for n = 0, 1, 2, 3, Vt € [0,00),
and Yz € [0, L]. From the above information, we can now state that all of



172 6. Cantilevered Beams

the signals in the control law of (6.8) are bounded Vt € [0, 00). Finally, we
can use (6.1), (6.3), and the above boundedness statements to show that
ugt(z,t) is bounded Vt € [0,00) and Vz € [0, L].

6.2.4 Adaptive Control Law

The control law given by (6.8) requires exact knowledge of the payload mass
and the beam bending stiffness. We will now illustrate how the controller of
(6.8) can be redesigned to compensate for constant, parametric uncertainty
while asymptotically stabilizing the beam displacement. First, note that
(6.7) can be rewritten into the following advantageous form:

mi(t) =Y ((Ugaot (L,t) , Ugaz (L,1))) 0 + f(2), (6.46)

where Y'(-) € R*? is'a known regression matrix, and 6'€ R? is an unknown,
constant, parameter vector defined as follows:

Based on the form of (6.46), the control force is now designed as
F(&) = =Y ()A(®) — kan(2), (6.48)

where 7(t) was defined in (6.6), and 8(t) € R? is a dynamic, parameter
estimate vector defined as follows:

0(t) = [ w(t) EI) ]T. (6.49)

Motivated by the subsequent Lyapunov-type stability analysis, the para-
meter estimate vector is updated according to

é ) =TYT()n(t), (6.50)

where T' € R?*? is a diagonal, positive-definite, adaptation gain matrix. If
we define 8(t) = § — 8(t) € R? as the parameter estimation error vector
and then substitute (6.48) into (6.46), we obtain the closed-loop system
dynamics as shown below:

mi(t) = kO X OEB 8 () = -TY (@),  (6.51)

where (6.50) was used to obtain the parameter estimation error dynamics.
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Theorem 6.2 The adaptive boundary control law given by (6.48) and (6.50)
ensures that the beam displacement is asymptotically regulated in the fol-
lowing sense:

1tlirglo|u(:1:,t)| =0 Vzel0,L], (6.52)
where the control gain ks defined in (6.48) must be selected to satisfy (6.11).

Proof. The following proof is based on similar arguments as those used in
the proof of Theorem 6.1; hence, some of the details will not be repeated.
First, we define the following function:

Va(t) = V() + 28" ()T~28(t), (6.53)

1
2
where V/(t) was given in (6.13). If the constant S of (6.15) is selected suf-
ficiently small according to the condition of (6.19), we can formulate the
following bounds on V4 (t):

e (B0 + 770 + I ) < 1600 < 20 (B +20) + [0 )
(6.54)
for some positive constants 1o and Ag,. After differentiating (6.53) with
respect to time and substituting (6.1), (6.2), and the first equation of (6.51),
we can follow the derivations used in the proof of Theorem 6.1 to obtain
the following upper bound for the time derivative of V,(t):

Valt) < =2 (Bs(t) + (1) + 0 (2 (YT(-)n(t) +771 6 (t)) . (655)

where A3 was defined in (6.40). Substituting the second equation of (6.51)
into (6.55) simplifies the upper bound on V,(t) to

Va(t) < =23 (Bo(t) +77(2)) £ —ga(t), (6.56)

where g,(t) is a non-negative function. We can now use (6.54), (6.56), and
the arguments outlined in Remark 6.2 to state that all signals in the control
law of (6.48) and (6.50) are bounded V¢ € [0, 00), and that all signals in the
system given by (6.1) and (6.3) remain bounded Vz € [0, L] and V¢ € [0, 00).

After differentiating go(t) defined in (6.56) with respect to time, we have

%@=&4&m+%@w0. (6.57)

Since we know that all system signals remain bounded V¢ € [0, 00), we can
use (6.25) and (6.51) to show that Ep(t) and 7(t) are bounded V¢ € [0, c0).
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Hence, we can see from (6.57) that g,(t) is bounded V¢ € [0,00). We can
now apply Lemma A.6 in Appendix A to (6.56) to show that

tl-l-.r& Ew(2),n(t) = 0. (6.58)

Finally, the result given by (6.58) and the inequalities developed in (6.44)
can be combined to state the result given by (6.52). O

6.2.5 Extensions

We now illustrate how some extensions to the basic control laws given in
the previous section can be developed.

Integral Feedback

Using the basic control structure given by (6.8), we can obtain a new control
law with an additional integral feedback loop and an additional control gain
in the definition of the tracking variable 7(t) defined in (6.6). That is, we
redefine the model-based control force originally given in (6.8) as follows:*

t

f(t) = amuggeei(L,t) — Elugge(L,t) — kpn(t) — ki/o n(r)dr. (6.59)

where «, kp, and k; are positive control gains, and the variable n(t) origi-
nally defined in (6.6) is now defined as follows:

n(t) = ue(L,t) — oz (L, t). (6.60)

After deriving the open-loop dynamics for 7 (¢) in (6.60) in a similar fashion
as was done in (6.7), we can substitute (6.59) to obtain the following closed-
loop dynamics for 7(t):

¢

mi(t) = —kypn(t) — ki / n(r)dr. (6.61)

To prove the exponential stability result of Theorem 6.1 for the new
controller of (6.59), we modify the function given in (6.13) as follows:

1 1 1

Va(t) =Eb(t)+—;-zT(t) m ”Lﬂ_m P ? A8) + Eo(t),  (6.62)

2

4The form of this new control law was motivated, in part, by experimental imple-
mentationsof the controllers: These experimental results indicated that improved system
performance could be potentially achieved by modifying (6.8) to include the modifica-
tions described by (6.59) and (6.60).
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where Ep(t) and E.(t) were defined in (6.14) and (6.15), respectively, and
2(t) € R? is defined as

2(t) = [ /Otn('r)dr n(e) ]T. (6.63)

If the constant 3 defined in (6.15) is selected to be sufficiently small, and
the control gain k,, is selected to satisfy the following condition:

kp > m, (6.64)

we can follow similar steps as those used in the proof of Theorem 6.1 to
formulate the following bounds on V.(t) of (6.62):

Me (Bolt) + 120)1) < Ve®) < e (Bo®) + 120)1°)  (6:65)

for some positive constants Aje and Ag.. After differentiating (6.62) with
respect to time and substituting (6.1), (6.2), and (6.61), we can obtain the
following upper bound® for the time derivative of V,(t) of (6.62):

EI EI

) < - (%—ﬂLP) WL, 1)+ T (t) — T ()Q=()

_BEy(t) — 2EIL (% - 5) w2(L, ) (6.66)

a 2LB\ ,
EI(z— 5 )uwm(L,t),

where Q € R?*? is given by

0
Q= | 2m ' i (6.67)

m

b

21
2

Since k; > 0 and k&, has to satisfy (6.64), it is easy to see that the matrix
Q is positive-definite. Hence, we can use (6.66) to obtain the following new

5Torarriveraty(6:66);werhaverusedn(6:60) to manipulate the expression for Ejp (t)
originally given in (6.26) into the following form Ej = —% (ud(L,t) + a?u2, (L, 1)) +
EI_2
S5 (t)



176 6. Cantilevered Beams

upper bound for V,(t):

. EI 2L
V) < - (5&- - ﬂLp) W3 (L,1) - ET (5‘25 - Tﬁ) w2,a (L)

- (min{o. (2-3) } - 2) leor?

—BEs(t) — 2EILA (é - 5) w2(L,¢).

(6.68)
From (6.68), it is clear that k;, kp, §, and [ can be selected such that Ve(t)
is upper bounded by a nonpositive function (i.e., for large enough k; and
kp, for small enough 6, and even smaller 3); hence,

Velt) < —Dse (Bo(t) + 12011 (6.69)

for some positive constant Az.. We can now use (6.65), (6.69), and the argu-
ments outlined in Remark 6.2 and in the proof of Theorem 6.1 to show that
all system signals remain bounded, and state a similar exponential stabil-
ity result as that given by (6.10). Furthermore, by following the adaptive
control derivations given in Section 6.2.4, we can redesign the control law
given by (6.59) as an adaptive controller that compensates for parametric
uncertainty and achieves asymptotic displacement regulation. Note that

for this new adaptive controller, the regression matrix originally given in
(6.47) will now be defined as follows:

Y(-) = [ —0Uszat(L,t) Usaa(L,t) ]. (6.70)

Compensation of Free End-Point Inertial Effects

Since we have assumed that the payload at the free end of the beam is
a point-mass, the dynamic model given by (6.1) through (6.3) neglects
inertial effects at the end of the beam. If it is deemed that the free end-point
inertial effects cannot be neglected, we can use the following additional
dynamic boundary condition:

Jugte(L,t) + ETugg(L,t) = 7(t), (6.71)

where J denotes the inertia of the payload at the end of the beam, and
7(t) is a boundary control input torque applied to the end of the beam. To
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maintain the exponential stability result of Theorem 6.1, we can design the
input torque 7(t) as follows:

T(t) = —Juget(L,t) + Elugy (L, t) — kr (uge(L,t) + uzz(L, 1)), (6.72)

where k. is a positive control gain.

By adding the term 3J (uqt(L, 1) + uzz (L, 1))? to the function V(¢) of
(6.13), we can easily extend the proof of Theorem 6.1 to illustrate that
the additional boundary control input of (6.72) can be used in conjunction
with the input force of (6.8) to compensate for free end mass and iner-
tial effects. Note from (6.72) that the implementation of this new control
strategy will require the additional measurements of the beam’s end-point
strain uzz (L, t), time derivative of the end-point strain ugz¢(L,t), and time
derivative of the end-point slope u4:(L,t). In a similar manner to Section
6.2.4, an adaptive control torque strategy can also be designed and com-
bined with (6.48) to compensate for parametric uncertainty (including the
unknown inertia) and produce the same asymptotic stability result of The-
orem 6.2. Note, however, that since the Timoshenko beam model accounts
for the rotary inertia of the beam and the deflection owing to shear as dis-
cussed in Section 6.1, it seems more reasonable to use the more complex
Timoshenko model for control design when the end-point inertia cannot be
neglected, as illustrated later in Section 6.3.

6.2.6 Experimental Evaluation
Experimental Setup

A schematic of the experimental setup used in the real-time implementation
of the controllers is shown in Figure 6.2. A flexible beam 72 cm in length
was attached to the top of a support structure. A small metal cylinder
weighing 0.3 kg was attached to the free end-point of the flexible beam via
a strain-gauge shear sensor to serve as the payload mass. The axis of the
beam was made to coincide with the center of gravity of the mass. The
displacement of the beam’s end-point (i.e., u(L,t)) was sensed by a small
laser displacement sensor mounted perpendicularly to the beam. Another
laser displacement sensor was used to measure the displacement of the
beam’s mid-point (i.e., u(L/2,t)). The signal from second laser was only
used to monitor the performance of the controller and was not used in the
control strategy.

At the end-point of the beam, a pair of electromagnets were arranged to
apply the boundary control input force on the payload mass. A custom de-
signed software commutation strategy ensured that the desired input force
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FIGURE 6.2. Schematic diagram of the Euler-Bernoulli beam experimental setup.

commanded by the control law was applied to the mass. Roughly speaking,
the commutation strategy involved translation of the desired force trajec-
tory into desired current trajectories. To ensure that the actual currents
tracked the desired current trajectories, a high-gain current feedback loop
was utilized to apply voltages to the two electromagnets. The two magne-
tizing currents were measured using hall-effect current sensors. The signal
from the force sensor’s bridge circuit was scaled and filtered before being
read into an analog input port on a motion control board. The iaser sig-
nal was sent to an analog input port on the motion control board after
scaling. A Pentium 166 MHz PC running QNX hosted the control algo-
rithm. @motor provided the environment to write the control algorithm
in the C programming language. All controllers were implemented using
a sampling period of 0.5 msec. The velocity of the beam’s end-point (i.e.,
u¢(L,t)) and the time derivative of end-point shear (i.e., Uzzzt(L,t)) were
obtained by use of a backwards difference algorithm applied to the signals
u(L,t) and uzqs (L, t), respectively, with the resulting signals being filtered
by a second-order digital filter. The parameters associated with the flexible
Fuler-Bernoulli beam model were calculated using standard test procedures
and engineering handbook tables, and were found to be EI = 2.65 N-m?
and p = 1.56 kg/m.
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Experimental Results under Impulse Excitation

To ensure a consistent excitation, an impulse hammer was released from
a latched position and allowed to strike the beam only once and at the
same point each time. First, the uncontrolled (i.e., open-loop) response
of the beam’s end-point and mid-point displacements when struck by the
impulse hammer were recorded and are shown in Figure 6.3. Note that the
uncontrolled oscillations of the beam take a long time to damp out.

Ezperiment 1: For comparison purposes, a standard active damper was
implemented using the following control law:

f(t) = —kpus(L, 1), (6.73)

where k;, is a positive control gain. The performance of the damper con-
trol law in terms of the beam’s end-point and mid-point displacements for
three values of the control gain k, (ie., k, = 1, 2.5, and 6) is shown in
Figure 6.4. Note that increasing the control gain k, has a favorable effect
on the damping of the low-frequency oscillations induced by the excitation;
however, the high-frequency oscillations induced by the impulse excitation
seem to increase as k, is increased. It was observed that for k, > 6.5, the
high-frequency oscillations in the beam increased continuously even in the
absence of the impulse excitation. One heuristic explanation for this be-
havior is that as k;, is increased, the beam dynamics began to more closely
resemble a clamped-clamped configuration instead of the clamped-free end
configuration described by (6.1) and (6.2).

Ezperiment 2: The model-based controller given by (6.59) and (6.60) was
implemented with three sets of control gains:

kp=25 a=11 k=0
kp=5 a=055 k=0

kp=175 a=038, k=0.

The performance of the controller in terms of the beam’s end-point and
mid-point displacements is shown in Figure 6.5. Note that the model-based
controller damps out both the high-frequency and the low-frequency oscil-
lations quite satisfactorily provided k,, is selected to be small. Several other
experiments were run with k; set to different nonzero values; however, no
significant improvement in the regulation performance was observed.

FEzperiment 3: Finally, the adaptive version of the controller given by
(6.59), (6.60), and (6.50) was implemented by assuming no a priori knowl-
edge of the system parameters m and EI. The best performance was
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FIGURE 6.3. Uncontrolled response of the beam owing to impulse excitation.

achieved with the gains k, = 5.0, « = 0.3, k; = 0, and ' = diag{5, 5}.
The estimates of the unknown parameters were initialized to zero and com-
puted on-line using a standard trapezoidal rule of numerical integration.
The controller performance in terms of the beam’s end-point and mid-
point displacements is shown in Figure 6.6. The parameter estimates are
also shown in Figure 6.6.

As the above results indicate, the model-based and adaptive controllers
regulate the beam displacement a little faster when compared to the active
damper control of (6.73); however, the high-frequency oscillations have been
significantly reduced.

Experimental Results Caused by an End-Point Offset

This set of experiments consisted of releasing the beam’s end-point from an
offset position via the use of a mechanical latch. The uncontrolled response
of the beam’s end-point when released from the end-point offset is shown in
Figure 6.7. Again, note that the uncontrolled oscillations take a long time
to damp out.

Ezxperiment 1: First, the active damper control algorithm given by (6.73)
was implemented. The best regulating performance was achieved with &k, =
100. The beam’s end-point displacement is shown in Figure 6.8. The control
energy (i.e., the integral of the square root of the sum of the squares of
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the two actuator electrical currents) was computed on-line to serve as an
additional performance index to compare the controllers, and is also shown
in Figure 6.8.

Ezperiment 2: The model-based controller given by (6.59) and (6.60) was
implemented with the best performance being achieved, with the control
gains kp = 100, o = 0.026, and k; = 0. The performance of the controller
in terms of the beam’s end-point displacement and control energy is shown
in Figure 6.9.

Ezperiment 3: Finally, the adaptive controller version of the controller
given by (6.59), (6.60), (6.70) and (6.50) was implemented by assuming no
a priori knowledge of the unknown parameters. The best performance was
achieved with the gains k, = 100, a = 0.02, k; = 0, and T' = diag{1,1},
while the parameter estimates were initialized to zero. The beam’s end-
point displacement and control energy are shown in Figure 6.10 along with
the parameter estimates.

To compare the controllers’ performances, the following table is utilized
to summarize the results of the above experiment:

Controller | M, cm | t;sec | E at 3 sec
Damper —1.74 | 2.50 5.75
Model-Based | —1.63 | 1.35 5.39
Adaptive —1.44 | 1.90 5.71
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FIGURE 6.11. Schematic representation of a cantilevered Timoshenko beam with
end-point mass/inertia.

where M, denotes the maximum peak end-point displacement, ¢s denotes
the settling time corresponding to the time when the beam’s end-point
displacement is less than or equal to £0.8 [mm], and E denotes the con-
trol energy. While M, and E for each controller are all relatively close in
their numerical value, the model-based controller exhibited supérior set-
tling time. Furthermore, it is interesting to note that ¢, of the adaptive
controller is significantly better than that of damper controller, even though
the adaptive controller requires no knowledge of the system parameters.

6.3 Timoshenko Beam

In this section, we consider the problem of stabilizing the distributed dis-
placement and cross-section rotation of a cantilevered Timoshenko beam
with mass and inertial dynamics at the beam’s free end-point. The control
strategy, which is composed of boundary force and torque inputs applied
to the beam’s free end-point, requires measurements of the end-point dis-
placement, slope, rotation owing to bending, slope of the rotation owing to
bending, and the time derivatives of these quantities. As in Section 6.2, a
model-based controller is first developed which exponentially regulates the
beam displacement and rotation. An adaptive controller is then designed
to asymptotically regulate the beam displacement and rotation while com-
pensating for parametric uncertainty.
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6.3.1 System Model

The Timoshenko model for the cantilevered beam system depicted in Figure
6.11 is assumed to be described by the following PDEs [5, 19]:

pwt(z,t) + K (g (z,t) — wee(z,t)) =0 (6.74)

Lopu(7,t) = Elpy,(x,t) + K (p(, 1) — wa(z, 1)) =0, (6.75)

with the following boundary conditions:®

w(0,t) = ¢(0,t) =0, (6.76)
muwe(L,t) — K (o(L, t) — wa(L, ) = £(2), 6.77)

and
Jou(L,t) + Elp,(L,t) = 7(t), (6.78)

where w(z,t) denotes the beam displacement at the position z for time ¢;
@(z,t) denotes the rotation of the beam’s cross-section owing to bending
at the position z for time ¢; f(¢) denotes the boundary control input force;
7(t) denotes the boundary control input torque; p is the mass/length of the
beam; K = kGA; k is a positive constant that depends on the shape of the
beam’s cross-section; G is the modulus of elasticity in shear; A is the cross-
sectional area of the beam; I, is the mass moment of inertia of the beam’s
cross-section; ET is the bending stiffness of the beam; L is the length of
the beam; and m, J denote the mass and inertia of the payload/actuator,
respectively, attached to the beam’s end-point.

Since the control strategies will consist of relatively simple functions, we
will assume the existence of a unique solution for the dynamics given in
(6.74) through (6.78) under the control. Furthermore, based on the argu-
ments outlined in Remark 5.1, we will assume that the distributed variables
w(z, t), p(z,t) and their time derivatives u:(z,t), p;(z, t) belong to a space
of functions that have the following properties.

Property 6.3: If the potential energy of the system given by (6.74) through
(6.78), defined as

L L
o= 5K [ (o) —uw @) do+ 381 [ G2 (o.0)do
(6.79)

6 Given the clamped end boundary conditons of (6.76), we also know that w(0,t) = 0
and ¢,(0,t) = 0.
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. 1

is bounded, then %;L-w(m,t) and %tp(m,t) are bounded for n =1,
2, Vt € [0,00), and Vz € [0, L].

Property 6.4: If the kinetic energy of the system given by (6.74) through
(6.78), defined as

) = é /0 - (pwl(o,1) + Lp¥(o, 1)) do + %mw?(L, 8 + Jo2(L, 1),
(6.80)
is bounded, then %wt (z,t) and %gat (z,t) are bounded for n = 0,
1, Vt € [0, ), and Vz € [0, L].

6.3.2 Problem Statement

The control objectives are to design the boundary control inputs f(¢) and
7(t) to drive both the beam displacement w(z,t) and cross-section rotation
¢(z,t) tozeroVz € [0, L] ast — co. Asin Section 6.2.2, in order to facilitate
the control design and the subsequent Lyapunov-type stability analysis, we
start by defining the auxiliary signals, denoted by 7, (¢) and 75 (¢), as follows:

M1(t) = we(L,t) +wz(L,t) — (L, 1) mo(t) = (L, t) + @, (L, t). (6.81)

After differentiating 7, (t) and 75(t) of (6.81) with respect of time, multi-
plying the resulting expressions by m and J, respectively, and then utilizing
(6.77) and (6.78) to substitute for mwy:(L,t) and Jp,,(L,t), respectively,
we obtain

mipy () = mwz(L,t) — mpy(L,t) + Kp(L, 1) — Kwa(L, 1) + f(2)

Ina(t) = Joz4(L,t) — Elpy(L,t) + 7(t).
(6.82)
The above open-loop dynamics will dictate the design of the model-based
and adaptive control laws.

6.3.3 Model-Based Control Law

Based on the form of the open-loop dynamics of (6.82), the boundary con-
trol force and torque inputs are designed as follows:

Hoh=mmwar(Lst)ahmesLst)md ©(L, 1) + Kws (L, t) — ksny(t) (6.83)

and
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7(t) = =Jp54(L,t) + Elp, (L, 1) — kemo (), (6.84)

where ks and k, are positive control gains. After substituting (6.83) and
(6.84) into (6.82), we obtain the following closed-loop dynamics for 7,(t)
and 7,(¢):

mi () = —ksmi(8)  Jia(t) = —kma(D). (6.85)
Theorem 6.3 The model-based boundary control law given by (6.83) and

(6.84) ensures that the beam displacement w(zx,t) and cross-section rotation
p(z,t) are ezponentially regulated in the following sense:

LA
lw(z, )], ez, t)| < 1/ 2k, exp ——&it vz € [0, L], (6.86)
A1 A2
provided the control gains ks and k, satisfy the following inequalities:

K
ks > — kr >

: = (6.87)

where A1, A2, and A3 are some positive bounding constants, and the positive
constant K, is given by

L
Ko = / [¢2(0,0) + wi(0,0) + ¥3(0,0) + wi(c,0)
0

+0%(0,0)] do + (we(L,0) + wa(L,0) — o(L,0))2  (&58)

+ (04(L,0) + (L, 0))°.

Proof. The following proof utilizes the same basic steps adopted in the
proof of Theorem 6.1. We begin by defining the following function:

4
1 1
V(t) = Bo(t) + 5mmi(t) + 5In3(t) + D _ Eei(2), (6.89)
=1
where
L L L
Bot) = § [ wioiao+ 2 [ oo+ 5 [ e
2 Jo 2 Jo 2 Jo

K (-
+3A<ﬂmn—%w@fw,
(6.90)
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L
Eu(t) = 26p /0 wi(o, o (0, 1) do,
L
EcZ(t) = 2:6-[/)/0 U‘Pt(oyt)goa(o-;t) do,
L
Ee(t) = —ubp /0 wi(o, t)w(o,t) do,

L
Beslt) = b1, | ou(o,t0p(0,1) do,

and (3, u are positive weighting constants. The term Ej(¢) defined in (6.90)
represents the beam’s total energy, while the second and third terms in
(6.89) are related to the kinetic energy of the end-point mass/inertia. The
cross terms E.;(t), defined in (6.91), were originally proposed in [5] and are
utilized to facilitate the stability analysis.

Notice that (6.90) can be rewritten as

(6.91)

1 L L
Eb:i/ (pw?-i—[,,cp?—i—K(pz+Kw(2,+EI<p(2,)da——K/ pwedo.
0

(6.92)
After applying (A.29) of Lemma A.13 in Appendix A to the last term on
the right-hand side of (6.92), we can upper bound FEj(t) as follows:
1
E, < Emax{p,Ip,EI, 2K} E,, (6.93)
where

L
E,= / (go% + wt2 + <p‘27 + w?, + goz) do. (6.94)
0

After applying (A.24) of Lemma A.12 in Appendix A to the 2 term of
(6.92), we can lower bound Ej(t) as shown below:

Wo o

1 r EI T
—2-/0 (pwt2+fp@%+-‘2—§03+[ v ] A[ e ]) do < Ep, (6.95)

with A € R?*2 being defined as follows:

EI
A= K+5.—L_2— -K '
-K K

Since the matrix A is positive-definite, we can now see from (6.93) and
(6.95) that
EI

émin {p, I~ Amm{A}} B, < B, < -;—max {p,1,,EI,2K} E,,, (6.96)
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where Amin{-} denotes the minimum eigenvalue of a matrix. After utiliz-
ing (A.29) of Lemma A.13 in Appendix A, Ec;(t) of (6.91) can be upper
bounded as follows:

L
E. < 2BpL / (w? +w?) do. (6.97)
0
We can now use (6.94) and (6.97) to establish the following inequalities:

_2ﬁpLEn S Ecl S 2ﬂpLEn- (698)

In a similar manner, we can use (A.24) of Lemma A.12 in Appendix A,
(A.29) of Lemma A.13 in Appendix A, and (6.94) to bound Eu(t), Ecs(t),
and Ec4(t) of (6.91) as follows:

—2B81,LE, < Eg < 281,LE,
—pBpmax(l, L?)E, < Ec3 < pfpmax(1, L?)E, (6.99)

_,U',BIpEn < FEy < ﬂ,BIpEn-
Now, from (6.96), (6.98), and (6.99), if 3 is selected as

1 . EI
5 min {P, Ip, 7; Amm{fl}}

B < 3L+ 2L,L + ul, + pp (L, I3’ (6.100)
then
4
(1En < Ey+ Y Eei < (3En, (6.101)
i=1
where the positive constants ¢; and (, are defined as follows:
1 . EI
¢ = 5 min {p, I,, - Amin{A} ¢ —26pL — 281,L

—uBI, — pfpmax(l, L?)

Gy = % max {p, I,, EI,2K} + 2BpL + 20I,L + pBI, + pBpmax(1, L?).
(6.102)
Given the structure of V'(¢) defined in (6.89) and the inequality of (6.101),
it is not difficult to see that

M (En(t) +n3(0) +03(2) S V() < X2 (Ba(t) + 3 (t) +n3()), (6.103)

where the positive constants A\; and A2 are defined below:

. M J M J
)\1=mm{cl,—§—,§} Ag:max{c2,—2—,§}. (6.104)
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After differentiating (6.89) with respect to time, we have

4

V=Ey+)» Ee— kel — ke, (6.105)
i=1

where (6.85) has been used. To determine Ej (t) in (6.105), we differentiate
(6.90) with respect to time to obtain

L L
/ (Kws (oo — 9,) + Elpypy,) do + K / o0 (wo — @) do
0 0

L
+ /0 (K (9 — wo) (01 — wot) + Elpy ) do,

(6.106)
where (6.74) and (6.75) have been utilized. If we integrate, by parts, the
first integral of (6.106), we obtain

Ey= Kuwi(ws— )5 + Elpup,ly

L
- /0 (Kwet (Wo — @) + Elp,yp,) do

L
+/0 (K (¢ — wo) (¢ — Wot) + EIQspqs + o1 (—K ¢ + Kwg)| do,

(6.107)
which, after the cancellation of common terms and the application of (6.76),
reduces to

= K (wz(L) — (L)) wi(L) + EIp,(L)p,(L). (6.108)

By utilizing the definitions given in (6.81), we can rewrite (6.108) in the
following advantageous form:

By = G- wt (D)~ (walD) - oD+ = DL D) - 2L A(D)

2
(6.109)
To determine F;(t) in (6.105), we differentiate E.; (t) of (6.91) with
respect to time and substitute (6.74) into the resulting equation to produce

. L L L
E. =26p / cwiwyedo + 28K TWeWyedo — 20K oW p,do.
0 0
(6.110)
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After integrating, by parts, the first two integrals of (6.110), we obtain

Eq = (Lwt (L) - / wfdcr) + 6K (ng(L) - /0 - w?,da)

L
—2,6K/ W, do.
0
(6.111)
To determine Eco(t) in (6.105), we differentiate E3 (t) of (6.91) with respect
to time and substitute (6.75) into the resulting expression to yield

L L
Eo= 241, / 0P p.1do + 28E1 f TPePoqdo
0 0

(6.112)
L L
—2ﬂK/ agagoada—f-ZﬂK/ CWep, do.
0 0

After integrating, by parts, the first three integrals of (6.112), we have

. L L
Eg= BI, (Lso%’(L) - /0 so%’da) + BEI (Leoi(L) - fo soida)

L L
—BK (L&(L) - /0 gazda) + 28K /0 oWy P, do.

(6.113)
In a similar manner, the time derivatives of E.3(t) and E.4(t) defined in
(6.91) can be determined to be

L L L
Eeg = —pfBp / wido+pBK / wpydo—pfSK (w(L)wx(L) - / wydo
0 0 0
(6.114)
and
) L L L
E= ppl, f pido — ppK / ¢°do + uBK / pwodo
0 0 0
(6.115)

. /OLgocz,da |
Lyl
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After combining (6.111), (6.113), (6.114), and (6.115), we have

4
Y Ea= BpLuw}(L)+ fI,Le(L) + BK Lwi(L) + BEILy%(L)

i=1

- rLog
~BK L) + uBK | 2= (ow) do = pBKw(Dywa (D)
L
+UBETP(L)po(L) + BK (1 — k) [ / sogda}
L L
—BEI(1+ u)/o @odo — BI, (1 - u)/o prdo

L L
~Bp 1+ [ upde—pK (1= [ uldo

(6.116)
After applying (A.24) of Lemma A.12 in Appendix A to the bracketed
term of (6.116), and then selecting p such that

KI? - EI

we can upper bound (6.116) in the following manner:
4
> Eu < BpLwi(L) + BI,Lpi(L) + BEILGI(L) + uBEI [p(L)p, (L))
i=1
+BK L (we(L) = @(L))° + 26K Lp(L) (wa(L) — p(L))]

—uBK [w(L) (wz(L) - ¢(L))]

L
—Bbo / (02 +w} + 2 +w?) do,
0

(6.118)
where the positive constant 8 is defined as follows:

8o = min { EI(1 + p) — KL*(1 — ), L,(1 — ), p(1 + ), K (L — ) } -
(6.119)
After applying (A.24) and (A.25) of Lemma A.12 in Appendix A to the
last term in (6.118), and then applying (A.30) of Lemma A.13 in Appendix
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A to the three bracketed terms in (6.118), we obtain

4
Y Eu < BpLwi(L)+ Bl,L3(L) + BEILGE(L)

=1
2
+BKE (we(E) — (D) + BT (S50 o3 (0))
2
2
+.U'IBK <(ww(L)5—5 ‘P(L)) + 65w2(L)) _ ,352102(.[4)
L
—B61 / (#F +wi + @2 + w2 + ¢?) do — G202 (L),
‘ (6.120)
where
6 1 6
&1 =3°nun{1-f:§} 52=§%, (6.121)

and 63, 64,05 are some positive constants. After regrouping the terms in
(6.120), we obtain

4
Do Fu S BpLuk(D) + BILAD) + 65T (2 + 1) (L)
i=1

—B (62 — 2K L84 — pEI63) p*(L) — B (62 — uK6s) w?(L)

6

ol LN ZJL?H

+BK (-;g vy L) (we (L) — o(L))?

. + w2 + ¢?) do.
(6.122)




6.3 Timoshenko Beam 195

After substituting (6.109) and (6.122) into (6.105), we have

vs - (5-sn)ute) - (B -snr) vt - (-3 ) 7
—_ (% — BEI (6% + L)) @3(L) - (kr - %) 3
+ (‘% +BK (5% + % + L)) (wa(L) = p(L))?
—B (62 — 2K L84 — pEIS3) ¢?(L) — B (62 — uK6s) w?(L)

L
—B6, / (02 + wf + 2 + w2 + ¢%) do.
0

(6.123)
If 63, 64, b5, B, ks, and k, are selected according to
2 b2 82
< — < — < —= 124
bs < ouEI 1Sqgp &S K (6.124)
. ¢1
A< min { 5L + 2L, + pul, + ppmax(1, L2)’
(6.125)
K EI 1 1
20L° 21,1 2(§ + L)' 2(£ + 3 + 1)
K EI
ks > E ky > T, (6126)
then it is not difficult to see that V(¢) can be upper bounded by
V(t) < =23 (En(t) +n3(t) +13(2)) » (6.127)
where the positive constant A3 is defined as
A3=nﬁn{k3——§,kr—%{,ﬁ61}, (6.128)

and the definition of E,(t) from (6.94) has been utilized. From (6.103)
and (6.127), we can obtain the following new upper bound for the time
derivative of V (t):

V() < s V(t). (6.129)
A2
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After applying Lemma A.4 in Appendix A to (6.129), we obtain the fol-
lowing solution:

V(t) < V(0)exp ~234) < dgrpexp 284, (6.130)
)\2 )\2

where (6.103) has been utilized to formulate the second inequality, and the
positive constant , is defined in (6.88) (note that (6.81) and (6.94) have
been utilized during the construction of ,). In addition, we can use (A.25)
of Lemma A.12 in Appendix A, (6.94), and (6.103) to derive the following
inequalities:

L@ < /L w2(0,t)do < En(t) < —V(f) Voel0,L] (6.131)
L S A =M=\ ’ )

1 t)</ch2(cr do < Bn(t) < —V(8) Vze[0,I]. (6.132)
@< [ oo <B0 <5

The result given in (6.86) is a direct consequence of the combination of
(6.130), (6.131), and (6.132). O

Remark 6.3 From (6.103) and (6.130), we can state that En(t), n,(t),
and n5(t) are bounded Vt € [0,00). Since En(t) is bounded Vt € [0,00),
we can use (6.93) and (A.27) of Lemma A.12 in Appendiz A to show
that w(z,t) and p(z,t) are bounded Vt € [0,00) and Yz € [0, L]. Since
E, (t) defined in (6.94) is bounded Vt € [0,00), the potential energy given
by (6. 72) is bounded Vt € [0,00); hence, we can use Property 6.3 to state
that aa—xﬁw(x,t) and b%;(p(a:,t) are bounded for n = 1, 2, Vt € [0,00),
and Vz € [0, L]. Since n;(t), 1y(t), we(L,t), and ¢ (L,t) are bounded Vt €
[0,00), we can use (6.81) to state that wi(L,t) and @;(L,t) are bounded
Vt € [0,00); hence, it is now easy to show that the kinetic energy of the
system defined in (6.80) is bounded Vt € [0,00). Since the kinetic energy

is bounded Vt € [0,00), we can use Property 6.4 to state that —a%;wt(:c,t)

and %got(a:,t) are bounded for n = 0, 1, Vt € [0,00), and Vz € [0, L].
From the above information, we can now state that all of the signals in the
control law of (6.83) and (6.84) are bounded ¥Vt € [0,00). As a consequence,
we can utilize (6.74), (6.75), (6.77), and (6.78) to illustrate that wy(z,t)
and ¢, (z,t) remain bounded Vt € [0,00) and Yz € [0, L].

6.3.4 Adaptive Control Law

We now illustrate how the control law given by (6.83) and (6.84) can be
redesigned to compensate for parametric uncertainty while asymptotically



6.3 Timoshenko Beam 197

stabilizing the beam displacement and cross-section rotation. We begin by
rewriting the open-loop dynamics of (6.82) as follows:

mﬁl(t) = Yl (UJzt (L’t) y We (L7t) 7(pt(Lat)750(L7t)) 91 + f(t)
(6.133)
JﬁZ(t) = Y ((pzt(L7 t)7 Soa:(L7 t)) b2 + T(t)7

where Y;(-), Y2(-) € R'*2 are known regression matrices, and 61,6, € R?
are unknown, constant parameter vectors defined as follows:

Yi() = { wot(L,t) — oy (L,t) (L,t) —wz(L,t) ]
Y2() = [ pae(Lyt) —pa(L,t) | (6.134)
6=[m K" 6=[J EI".

From the structure of (6.133), the boundary control force and torque inputs
are defined as follows:

FO) = -Y1()01(t) —kama(t)  T(t) = —Ya()02(t) — kera(t), (6.135)

where 7, (t),75(t) were defined in (6.81), and 8, (t), #2(t) € R? are dynamic,
parameter estimate vectors defined below:

- ~ T n R - T
Gl(t):[r‘n(t) K(t)] Gg(t)z[J(t) EI(t)] . (6.136)

Based on the subsequent stability analysis, the update laws for the para-
meter estimates are designed as follows:

b () =TT () ba (1) = YT Oma(e), (6.137)

where I', T’y € R?%2 are diagonal, positive-definite, adaptation gain matri-
ces. After defining 8;(t) = 61 — 61 (t) € R? and 8(t) = 63 — B,(t) € R2, and
then substituting (6.135) into (6.133), we obtain the following closed-loop
system dynamics:

miy(t) =~k (+Y1()01(8)  Tin(t) = —kema(t)+Ya()82(t) (6.138)

b1 (t) = —T0Y{ ()mi(2) B (t) = —Ta¥3 (Ima(?), (6.139)
where (6.137) was utilized to form (6.139).
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Theorem 6.4 The adaptive boundary control law given by (6.135) and
(6.137) ensures that the beam displacement and cross-section rotation are
asymptotically regulated in the following sense:

Jim w(z,t),p(z,t) =0  Vz €0, L], (6.140)

where the control gains ks and k, defined in (6.135) must be selected to
satisfy (6.87).

Proof. We use the following function:
2
_ LS~ 6T nr-1a,
Vo(t) =V (t) + 3 ;:1 6; (t)T';770:(¢), (6.141)

where V(t) was defined in (6.89). As a straightforward extension of the
arguments used in the proof of Theorem 6.3, we can select 3 sufficiently
small to formulate the following bounds on V,(¢):

2 . 2
e (B0 780+ 730+ 2 o)) < vt
i=1

< A\2a (En(t) +n3(t) +m3(t) + é é"(t){r)

for some positive constants A1, and Ag,. After differentiating (6.141) with
respect to time, and substituting from (6.74), (6.75), (6.138), and (6.139),
we can proceed as in the proof of Theorem 6.3 to obtain the following upper
bound for the time derivative of V,(¢):

Va(t) < =23 (En(t) +n3(t) +n3()

(6.142)

(6.143)
< =4 (Bolt) + 3 (0) +13(2)) £ —ga(t),

where A3 was defined in (6.128), \4 is some positive constant, and gq(t) is
a non-negative function. Note that the inequality given by (6.96) was used
to form the second inequality in (6.143).

After utilizing (6.142), (6.143), and the arguments outlined in Remark
6.3, we can illustrate that all system signals are bounded during closed-loop
operation Vt € [0,00) and Vz € [0, L]. From (6.143), the time derivative of
9a(t) is given by

3a(t) = M (Bo(®) +2m (2)in (t) + 202(0)a() ) - (6.144)

Since we know all of the system signals remain bounded V¢ € [0, c0), we can
use (6.109) and (6.138) to show that Fy(t), 7, (t), and 7j5(t) are bounded;
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hence, we can see from (6.144) that g, (t) is also bounded Vt € [0, 00). We
can now invoke Lemma A.6 in Appendix A to show that

Jim Ey(6),m,(2),715(8) = 0. (6.145)

Finally, we can use (6.145), (6.96), (6.94), (6.131), and (6.132) to obtain
the result given by (6.140). O

6.3.5 Simulation Results

To enable the simulation of the boundary control laws, Galerkin’s method
[10] was utilized to obtain a finite dimensional model for the beam dynamics
of (6.74) and (6.75). To this end, the exact eigenvalues and eigenfunctions
of the open-loop system were determined. The solutions to equations (6.74)
and (6.75) have the form

w(z,t) = W(z)e™ o(z,t) = ®(z)e™  Vrel0,L], (6.146)

where A denotes the open-loop eigenvalue and W(z), ®(z) are the open-
loop eigenfunctions. Substitution of (6.146) into (6.74) and (6.75) yields
the following form for the eigenfunctions:

Wi(z) = cosh(aiz) — cos(B;z) )

~Du sinh(aiz) — 3{1’_ sin(B;z)

Diz Bi
» for A< 1/5—{ (6.147)
P

oi(z) = a; sinh(ouiz) + ,3; sin(B;x)
_Da ( ;cosh(aiz‘) - cos(,@im))

D;y
and
Wi(z) = cos(aiz) — cos(8;x) )
__.g% (Sin(aiit) + % sin(ﬁ,-:c))

for Xi> E—, (6.148)
\/ I,

where D;1, Dia, o, B3, o, and ,8; are defined as follows:

®:(z) = a;sin(csz) + B; sin(B;z)
_g‘: (—a’i cos(aiz) + o cos(ﬂiz))

Di1 = —A2Jo; sinh(a; L) — A2JB; sin(B,L)

+Ela;a; cosh(a; L) + ET ﬁi,@; cos((3;L) K
for A < H—I—’ (6.149)
Din = —X3Ja; cosh(as L) + AeJet, cos(5;L) ’

+FETa;o; sinh(a: L) + EIB;e; sin(8;L)
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Di1 = —A?Jo; sin(a; L) — A2 JB; sin(8; L)

+Elaia; cos(ai L) + EIB,B; cos(B; L) K
for i > 4/7,  (6.150)
P

Dig = MJa; cos(ai; L) — A Ja; cos(B; L)
+Ela;c; sin(a; L) — Elﬁia; sin(g,; L)

2 L 21— g1ly]° 2
FX (L, + BI) + \/[,\ U, EIK)] +4EI2p

2 52
g, ﬂi =
2E1 for \; < IK’
P
/ Ap : Alp
ai—ari'm ﬁi——ﬁi—Kﬂi
(6.151)
and

2 12 21 — g1 2
,\1(IP+E1K):;\/[,\1(I,, EIK)] +4EINZp

2 22
aiaﬂi =
2EI for A\; > —K;
I,

ai__a’+Kai ﬁi—ﬂr‘K—ﬂi

(6.152)
To obtain the finite dimensional, closed-loop system dynamics, we approx-
imate the variables w(z,t) and ¢(z,t) by the following finite expansions:

N N
W)=Y Wi@)al) et =Y @al),  (6153)

i=1 =1
where N denotes the number of modes used in the approximation, and
gi(t) is the i-th modal coordinate. Substitution of (6.153) into (6.74), (6.75),
(6.77), and (6.78) with f(t) and 7(t) given by (6.135) results in the following
finite dimensional, nonlinear, closed-loop system dynamics:
Mq(t) + B(t)q(t) + H(t)q(t) =0, (6.154)

where q(t) € R is the modal coordinate vector, and the elements of the
matrices M, B(t), H(t) € RV*¥ are defined as follows:
L
M= [ (WioWs(o) + [,8i0)0(0) do
0 (6.155)
+mW;(L)W;(L) + J®;(L)®;(L),
Bij(t) = m(t)Wis(L)W;(L) + ksWi(L)W;(L) + J (£) i (L) 2;(L)

+ (kr — () @:(L)®;(L),
(6.156)
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and

L
Hij(t) = / (=K Wigo (0)Wj(0) — Kig(0)W;(0) — ETi00(0);(0)

+E Wiy (0)®;(0) + K®i(0)®;(0)) do
+(K — K (t) + ks) Wiz (L)W (L)
+(EI — EI(t) + ky)®i(1)®;(L)

- (K —R(t)+ k) 3,(L)®;(L).
(6.157)
The nonlinear nature of (6.154) comes from the dependency of B(t) and
H(t) on the parameter estimates 7(t), J(t), K (¢), and EI (t). Note that
for the model-based control simulations, 7(t) = m, K(t) = K, J(t) = J,
and EI(t) = EI in (6.155) to (6.157).
The system parameters used in the simulations are given below:

m=01kg, J=01lkgm?, L=10m, p=10kg/m,

K=15N, I,=2kgm, and EI=7.5N-m?.

For N = 4, the following simulation results illustrate the response of the
closed-loop system to a simulated impulse at the beam’s free end-point.
For comparison purposes, the open-loop system with f(t) = 7(t) =0 (i.e.,
ks =k, = m(t) = J(t) = K(t) = EI(t) = 0in (6.156) and (6.157)) was also
simulated. The control gains used for the model-based controller were cho-
sen as k; = 1.0 and k, = 4.0. The gains for the adaptive controller were k, =
0.75, k = 3.75, I'y =diag{4,20}, and I'; =diag{10, 10}, while the initial
values of the parameter estimates were set to 7(0) = J(0) = EI(0) = 0 and
K(0) = 2.0. Figure 6.12 shows the beam’s end-point displacement w(L,t),
end-point cross-section rotation ¢(L,t), mid-point displacement w(L/2,t),
and mid-point cross-section rotation ¢(L/2,t) for the model-based con-
troller in comparison to the open-loop response. Figure 6.13 depicts the
boundary control force and torque inputs for the model-based controller.
Figures 6.14 and 6.15 show the same plots for the adaptive controller, while
Figure 6.16 presents the parameter estimates 7 (t), K(t), J(t), and EI (t).
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FIGURE 6.16. Parameter estimates for adaptive controller.
6.4 Notes

As stated in the Introduction, owing to its simplicity, the Euler-Bernoulli
model has been largely utilized in the design of boundary controllers for
beam-type systems. For example, boundary controllers for cantilevered
beams were proposed in Morgil [11, 12], Chen et al. [4], Canbolat et al.
[3], and Rahn and Mote [16], while boundary controllers for single flexible
link robots were developed in Luo et al. [6]—[9] and Morgiil [14]. Boundary
controllers for rotating beam models were designed in Baillieul and Levi
[2], Morgiil [13], Sallet et al. [17], and Xu and Baillieul [20]. On the other
hand, there seems to be very little work regarding the design of bound-
ary controllers for the Timoshenko model. Early work was provided by
Kim and Renardy [5], where the stability of a cantilevered Timoshenko
beam without end-point mass/inertia was investigated under the influence
of standard linear, force and torque control dampers. A Lyapunov-type
stability analysis coupled with semigroup theory was utilized to show that
the energy of the system exponentially decays after a finite initial time
which depends on the control gains and the system parameters. Shi et al.
[18] proposed nonlinear and linear boundary controllers for a cantilevered
Timoshenko beam with end-point mass/inertia, and proved the asymp-
totic and exponential decay, respectively, of the energy of the system by
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using semigroup theory and LaSalle’s invariance principle. Recently in [21],
Zhang et al. proposed exponentially stabilizing boundary controllers for a
cantilevered Timoshenko beam with end-point mass/inertia. In contrast to
the control laws of [18, 21|, the control design and analysis presented in
Section 6.3 (i) contains feedforward model-based terms and (ii) illustrates
how the controller can be augmented with adaptive, parameter estimates
to compensate for parametric uncertainty.
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7
Boundary Control Applications

7.1 Introduction

In this chapter, we present boundary control strategies for reducing vibra-
tion in three different engineering applications of flexible mechanical sys-
tems. Two of these applications will share the interesting characteristic of
having flexible and rigid subsystems, which leads to Aybrid dynamic models
containing coupled PDEs and ODEs. The design of boundary controllers
and the closed-loop stability analysis will be built upon the arguments set
forth in Chapters 5 and 6.

The first application will deal with the use of active vibration control for
eliminating vibration-induced web breaks. This application is motivated by
the fact that high-speed manufacture and transport of thin webs require
tight control of the large vibration that can result from material nonunifor-
mity, support roller motion/eccentricity, or aerodynamic excitation. Since
failure of the web owing to excessive vibration wastes material and time and
thereby limits the process productivity, the use of vibration control strate-
gies is well motivated. In a typical material transport system, large rollers
are often utilized at the entry and exit points to move the web-like ma-
terial along the axial direction. To improve the vibration damping, much
of the previous theoretical control work relies on the use of a transverse
boundary_control force applied at the entry or exit roller. Unfortunately,
the size and weight of the entry/exit rollers and their inherent dynamic
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coupling with the adjacent web limits the applicability of boundary control
for axially moving webs. The impracticality of boundary control seems to
be the primary motivation for the current use of a passive, interstitial (i.e.,
located in between the entry and exit rollers) dancer arm to control the web
vibration. To promote active vibration regulation of axial moving web-like
materials, we present the design of a Lyapunov-based control strategy that
automatically regulates the web vibration by controlling the position and
orientation of a mechanical guide attached to an active interstitial actuator.

Because of the prohibitive cost of placing equipment in outer space, the
use of standard, rigid link robot manipulators is impractical. As such, space-
based robot manipulators are more likely to be characterized by long links
manufactured from lightweight metals or composites. Unfortunately, the
use of long, lightweight links greatly complicates the corresponding posi-
tion control problem since the links are subject to deflection and/or vi-
bration. The second application examines the vibration control of a robot
manipulator-like device. Specifically, we design control algorithms for a
nonlinear distributed parameter model of a flexible single-link robot with
a payload mass at the link’s free end-point. That is, the controller is based
on a hybrid system model that takes into account the nonlinearities and
coupling effects between the link dynamics, the actuator hub dynamics,
and the payload mass dynamics.

In many engineering applications, a long rotor is utilized to transmit
torque from a source to a load. As a result of shaft flexure, long rotors
often exhibit dynamic misalignment or an unbalanced response. In the third
application, we examine the vibration control of a flexible rotor by designing
boundary controllers for a hybrid PDE-ODE model of a rotor that is free
to vibrate in two dimensions. The rotor displacement is regulated via two
boundary control forces applied to the free end-point of the rotor while
angular velocity tracking is achieved via a boundary control torque applied
to a rigid hub clamped to the other end of the rotor.

7.2 Axially Moving String System

In this section, we develop a vibration control system that uses two ac-
tuators to regulate the displacement in an axial moving string system.
Specifically, we develop an active control strategy that automatically reg-
ulates the string displacement by controlling the position and orientation
of a_mechanical guide (see Figure 7.1). Given the dynamic model of the
mechanical system, composed of a distributed parameter field equation
coupled to a discrete actuator equation, a Lyapunov-type analysis is used
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x=0 x=L, x=L, x=L

v(t)

— —\ u(x,t) . 5
Tm(t)t %\w lrm(t)

() £(1)

Tm)

Actuator

FIGURE 7.1. Schematic diagram of the axially moving string and actuator sys-
tem.

to design a model-based control law that exponentially stabilizes the string
displacement. We then illustrate how the model-based controller can be
redesigned as an adaptive control law that asymptotically stabilizes the
string displacement while compensating for parametric uncertainty.

7.2.1 System Model

For the system shown in Figure 7.1, let « and ¢ denote the independent spa-
tial and time variables, respectively; u(z,t) denote the string displacement
at the position « for time ¢; p be the mass/length of the web; P represent
the constant bias tension in the web; m denote the actuator mass; J de-
note the actuator inertia; L be the length of the string; L1, Lo demark the
boundaries of the actuator; v denote the constant, positive axial velocity;
and f(t),7(t) denote the control force and torque inputs applied by the

interstitial actuator, respectively. To prevent buckling instabilities in the

web, and to ensure that P, = P — pv? > 0, we will assume that v < ,/ %.

The derivation of the dynamic model of the axial moving string system
uses the following assumptions: (i) the string is perfectly flexible, (ii) the
string is pinned at « = 0 and =z = L, (iii) the string and actuator are
subject to small displacements only, i.e.,

u(La,t) —u(L1,t)
Ly— 1L, ’

o(t) ~ (7.1)
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where ¢(t) is defined in Figure 7.1, (iv) the rotary inertia of the string is
negligible, and (v) the hollow, rigid actuator has uniform mass distribution
with its center of mass located at point (£23L1,y(t)) where y(t) is given
by

u(Lg,t) +u(Lq,t)

y(t) = 5 - (7.2)

Based on the above assumptions, the total kinetic energy of the system is
given by

Ly
Iy = —;-p/ [us(0,t) + vue (o, t)]* do
0

L
+—1-p/ (us(0,t) + vug(o,t))? do + lijZ(t)
2 Ly 2
21 (L= L)
(7.3)
where the subscripts z,t denote the partial derivatives with respect to
z,t, respectively. The first two terms of (7.3) denote the kinetic energy of
the axial moving string, the third and fourth terms represent the kinetic
energy of the actuator, and the last two terms denote the kinetic energy of
the string moving through the actuator. The total potential energy of the
system is given by

+%J<}52(t) + %p (L2 = Ln) (§(¢) + va(t))” +

L, L
np:%p/o ug(a,t)doJr%P/L ui(o,t)da+%P(L2—L1)¢2(t), (7.4)
2

and the total work done by the external forces is given by
L, = f()y(t) + 7(t)9(2). (7.5)

Substitution of (7.3), (7.4), and (7.5) into Hamilton’s principle [15], given
by

t
/ (811, — 8TL, + 81L,) dé = 0, (7.6)
0
yields the following field equation:
putt(,t) + 200Ut (2, 1) — Pouge(z,t) =0  z € [0,L1]U[Le, L]. (7.7)

The boundary conditions are given by!

! The pinned boundary conditions of (7.8) imply that u:(0,t) = 0 and us(L,t) = 0.
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u(0,¢) = u(L,t) =0, (7.8)
while the actuator dynamics are described by the following ODE:

-1 1

_ 2 t

Mzy(®)+N(@t)= | L2701 2 { ;8 ] : (7.9)
Lo—L, 2
where z(t) € R®*!, M € R**2, P, € R, and N(t) € R?>*! are defined as
follows: (
_ | w(L1,t)
z(t) = [ (Lo, ) ] : (7.10)
meq Jeq meq _ Jeq

| 4 (Le-L)? 4 (La-Ly)?
M= % o veq Meg eq (711)

4 (Ly- L) 4 7 (Ly—Ly)?
Lo —ILy)?
PO:P_pUZa meq:m+P(L2*L1), Jeq=J+________p( 2 1)’
(7.12)

and
_ -1 1 ut(L1,t) ugz(L1,t)
N(@) = pv[ 11 ] [ w(Lart) ] +Po[ (I )
(7.13)
+__}2‘3__ 1 -1 u(Llat)
Li—Li| -1 1 || uat) |

Since the control strategies will be composed of relatively simple functions,
we will assume the existence of a unique solution for the dynamics given by
(7.7) through (7.9) under the control. In addition, based on the arguments
outlined in Remark 5.1, we will assume that the distributed variable u (z, )
and its time derivative u; (z,t) belong to a space of functions that possess
the following properties.

Property 7.1: If the potential energy of the system given in (7.4) is
bounded V¢ € [0, 00), then %ﬁu(m,t) is bounded for n = 1,2, Vt €
[0,00), and Vz € [0, L1] U [Lo, L].

Property 7.2: If the kinetic energy of the system given in (7.3) is bounded
vt € [0,00), then B%ut(a:, t) is bounded for n = 0,1, V¢ € [0, c0),
and Vz € [0,L1] U [Lo, L].
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7.2.2 Problem Statement

The control objective is to drive the string displacement u(z,t) to zero as
t — oo for = € [0, L1] U [Lg, L]. To facilitate the subsequent control design
and analysis, we first define an auxiliary variable, denoted by 7n(t) € R?, as

follows: ( ) ( )
~ug(L1,t) +uzp(Ly,t
n(t) = { we(La,t) — ua(La, ) ] . (7.14)

After differentiating 7(¢) of (7.14) with respect to time, multiplying the
resulting expressions by M defined in (7.11), and then substituting from

(7.9), we obtain
0]

(7.15)
where (7.11) has been used and 7(t) = % (n(t)). The above equation de-
notes the open-loop dynamics of the auxiliary signal 7 (¢) and will form the
basis for the design of the model-based and adaptive control laws.

-1
] ~N@+ | Ta7h
I;— L

Uzt (L11 t)

Mi(t) = M [ ),

N =N =

7.2.3 Model-Based Control Law

Given perfect knowledge of the system parameters, the form of (7.15), and
the subsequent stability analysis, the control input vector is defined as
follows:

-1
7(t) — Lo — L
(@) !

-1
uzt(L1,t)

<_M [ —uzt(L2,t) ] + N(t) - Ksﬂ(t)> )

(7.16)

where K € R?*2 is a diagonal, positive-definite, control gain matrix. After

substituting (7.16) into (7.15), we obtain the following closed-loop dynam-
ics for n(¢)’

NN |

Lo — Ly

Mi(t) = —Ken(t). (7.17)

Note that the control algorithm given in (7.16) only requires measure-
ments of the string slope (and its time derivative) on both sides of the
mechanical guide and the position and orientation (and their time deriv-
atives) of the mechanical guide. Practically speaking, the time derivative
quantities can be calculated on-line from the corresponding position or
slope related quantities via a backwards difference-type algorithm; hence,
implementation of the control algorithm could be performed with stan-
dard sensor hardware. That is, incremental encoders can be used to obtain
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position-related information while load cells mounted to the ends of the
mechanical guide can be used to measure the string slope at the entry/exit
points on the guide.

Theorem 7.1 The model-based controller given by (7.16) ensures that the
web displacement is exponentially regulated in the following sense:

2012 A3
< —_ .
lu(z,t)] < \/ Pa, o &P ( " t) Vz € [0, L] (7.18)
2 (L - Lz) )\2 /\3
< —_— = ——
lu(z,t)] < \/ Pn, Ko €XP ( " t) Vz € [Lq, L],

where A1, A2, and A3 are some positive bounding constants, and the positive
constant ko s given by

1 b R 1 b
Ko = —p/ u2(a,0) dcr+—-Po/ u?,(cr,O)do—{—-—p/ uZ(0,0) do
2% /s 27°J, 2

Ly

1 L
+-Po/ uz(0,0)do + [[m(0)|*,
2 Ly

(7.19)
with 1(t) defined in (7.14). To ensure that (7.18) is achieved, the azial
velocity v and the control gain matrix K, must be selected to satisfy the
following sufficient conditions:

P o
v<—2+“—/—)—+4<“§ )\min{Ks}>%, (7.20)

where Amin {-} denotes the minimum eigenvalue of a matriz.

Proof. To prove the result given by (7.18), we define the following function:

V(e) = Eolt) + Balt) + Eal®) + 50" (OMn(s),  (721)

where

1 [ 1, [
Ei(t) = -2—p/0 u2(o,t) da+§Po/0 u2(o,t)do

(7.22)

1 F 1 L
+—p/ uZ(o,t) do + —Po/ uZ (o, t)do,
2 Lo 2 L,

Ly
Ea(t) = 2ﬂp/0 o0ug(0,t) (u(o,t) + vus(o,t)) do, (7.23)
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L
Exn(t) = 2,8,0/ (0 — L) ug(o,t) (ue(o,t) + vug(o,t)) do, (7.24)

Ly
and f is a positive weighting constant. To ensure that V (t) defined in
(7.21) is non-negative, first note that the inequality (A.29) of Lemma A.13
in Appendix A can be used to bound E;(¢) of (7.23) as follows:?
L,
Eaq <20BpLy / (u + (1 +v) ul) do
0

(7.25)

1 b
5/ (pu?—l—Poug) do| .
0

We can now use (7.22) and (7.25) to establish the following inequality:

< 46pL1 (1 +v)
min(p, PO)

_40pLy (1 +v)
min(p, Fo)

48pL1 (1 +v)

Es <Eqn < -
- ' mln(pv PO)

E,. (7.26)

In a similar manner, we can use (A.29) of Lemma A.13 in Appendix A and
(7.22) to bound Eco(t) of (7.24) as follows:

_4Bp(L = L) (1 +v)
min(p, PO)

46p (L — L3) (1 +v)
min(p, P,)

Es < E62 S

E.. (127

From (7.26) and (7.27), we can see that if the weighting constant g is
selected according to

min(p, P,)

P 0Tt L=Ly)

(7.28)
we have

0 S ClEs S ES + Ecl + EcZ _<__ ClEm (729)

where ¢, and {, are some positive constants. Given the structure of V (¢)
defined in (7.21), the inequality given by (7.29), and the fact the matrix M
defined in (7.11) is positive-definite, we can formulate the following bounds
on V(t):

M (Bo®) + In@)I?) V) < 20 (B +In®IF),  (7.30)

2To reduce the notational complexity in most of the following derivations, the ar-
gumentsyzytiwillvberleftroutrofrallispatial/time-dependent variables, (e.g., u(z,t) will
be denoted simply as u) while the argument ¢ will be left out of the time-dependent
variables (e.g., uz(L,t) will be denoted as us (L)).
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where A\; and Ag are positive constants defined as follows:

. 48p (1 +v) Amin {M}
A1 = min {1 min(p, By (L1 + L - Ly), 2
(7.31)
_ 4,6/) (1 + 'U) )\ma.x {M}
)\g—max{1+ min(p,Po) (L1 + L Lz), D) s
with Amax {-} denoting the maximum eigenvalue of a matrix.
After differentiating (7.21) with respect to time, we have
V (t) = Es (t) + Ecl (t) + Ec? (t) - 77T (t) Ksﬂ (t) ’ (732)

where (7.17) has been used. To determine E,(t) in (7.32), we differentiate
(7.22) with respect to time to obtain
L
/ Poutuwd(f}
L,

L Ly d 9 L d 9
+/ Pougsugido — v/ —ausdo| — |pv —uzdo |,
Ly (] P 0 dO' t P L dO' t

(7.33)
where (7.7) has been used. After integrating, by parts, the bracketed terms
on the first line of (7.33) and then integrating the bracketed terms on the
second line of (7.33), we obtain

X Ly ‘ L,
E, = [ Pautuagda] + / Pousugedo +
0 0

E, = P, (us(Ly1,t)us (L1, t) — us(La, t)ug (L, t))—pv (u?(Ll,t) - uf(Lz,t)) )

(7.34)
where the boundary conditions given in (7.8) have been used. After utilizing
(7.14), we can rewrite (7.34) in the following advantageous form:

: P, P,
E, = —3(U?(L1»t) +u2(Ly,t)) - —2—(U?(L2,t) +u2(La,t))
(7.35)
P,
—pv (uZ(Ly,t) — uf(Le,t)) + gnTn-

To determine E; (t) in (7.32), we differentiate (7.23) with respect to time
to obtain

. L1 Ll
E. =203 / ougtdo + 28P, / CUglUoodo, (7.36)
0 0
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after using (7.7). After noting that
b b
2 / ouugdo = bu?(b) — / uldo (7.37)
0 0
for some constant b, we can rewrite (7.36) as follows:

. L1 Ll
Eq =pB (Lluf(Ll,t) - / ufda) + BF, (Llui(Ll,t) - / u?,da> .
0 0

(7.38)
To determine Eco(t) in (7.32), we differentiate (7.24) with respect to time
to obtain

L L
Ewo =208 | (0 —L)uuoido +28F, | (0 — L)usugedo  (7.39)
L2 L2

after using (7.7). After noting that

2 /b (o — b)uuy,do = (b — a) u?(a) — /b u?do (7.40)

for some constant b, we can rewrite (7.39) as

A L
Eo= pp ((L — Ly) u?(La,t) — /L ufda>
(7.41)

L
+8F, ((L — Lo)u2(Le,t) — /L u?,da)

After substituting (7.35), (7.38), and (7.41) into (7.32), we obtain

. P,
V= —qTKmn+ ?onTn

L1 L L1 L
—Bp (/ ufda+/ u%da) — BP, (/ uldo +/ uﬁda)
0 Ly 0 L2
2 PO 2 Po
—ug(L1,t) > + pv — pBL1 ) — uZ(Lq,t) 5 + pv — BP,Ly

(L) (o= B (L= Lo))

(L, 1) (% 6P, (L - Lz)) -

(7.42)
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If the axial web velocity is selected according to® v < %, and the weighting
constant [ is selected to satisfy

(7.43)

o 1

o
2oLy’ 2L1 4p (L — La) 2 (L — L2)

then we can use (7.42) to form the following upper bound* for V' (t):

y P, 2 b, Lo,
V< = Amin {Ks} — 3 lnll* — Bp ugdo + | wugdo
0 Lo

L L
—-BP, / u?,do*+/ u?,da .
0 La
(7.44)

From (7.44) and (7.22), it is clear that if the control gain matrix K is se-
lected according to (7.20), then V(¢) can be upper bounded by the following
nonpositive function:

V(t) < s (Eo(t) + In@®)II) (7.45)

where A3 is some positive constant.® From (7.30) and (7.45), we get
. A3
V() < 2V (0), (7.46)
2

whose solution, obtained by applying Lemma A.4 in Appendix A, is given
by

V(t) <V(0)exp (—-:\\—zt) < Ak, exp (~—%t> , (7.47)

where (7.30) has been used to formulate the inequality on the right-hand
side of (7.47) and the positive constant «, is defined in (7.19) (note that
(7.14), (7.21), and (7.22) have been used during the construction of «,).
We can now use (A.25) of Lemma A.12 in Appendix A, (7.22), and (7.30)

3The condition given on v given in (7.20) is obtained by substituting the definition
for Pp from (7.12) into v < %, and then solving for v.

41t is easy to see that the weighting constant 3 can be selected small enough to satisfy
both (7.28) and (7.43).

5To ensure that A3 is positive, the weighting constant 3, the axial web speed v, and
the control gain matrix K, must be selected to satisfy (7.43) and (7.20).
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to formulate the following inequalities:

P, , P, [, 1
u?(z,t) < — ui(o,t)do < Es(t) < —V(t) Vz € [0,L]
2L, 2 Jo A
_fo pen<te /Lu2 (0,8)do < Buo(t) < —V () Vz € [La, L]
2(L—Ly) =2y, T =T = B

(7.48)
The inequalities given in (7.18) now follow directly by combining (7.47)
and (7.48). O

Remark 7.1 From (7.21) and (7.47), we know that Es(t) and 7(t) are
bounded Vt € [0,00). Since Es (t) is bounded, we can use (7.22) and (A.25)
of Lemma A.12 in Appendiz A to show that u (z,t) is bounded Vt € [0, c0)
and Vz € [0, L1] U [Lg, L]. Since E (t) defined in (7.22) is bounded Vt €
[0,00), the potential energy of the system defined in ( ’{.14 ) is bounded Vt €

[0, 00); hence, we can apply Property 7.1 to show that —;Fu (z,t) is bounded
forn=1,2,Vt € [0,00), and Vz € [0,L1] U [Lo, L] . Since n(t), uz(L1,1),
and ug(L2,t) are bounded Vt € [0,00), we can use (7.14) to state that
ut(L1,t) and us(L2,t) are bounded Vt € [0,00). From the boundedness of
E, (t),ut (L1,t), and ug (La,t), we can see that the kinetic energy of the
system defined in (7.8) is bounded V¢t € [0, 00). Since the kinetic energy is
bognded Vt € [0,00), we can use Property 7.2 discussed to conclude that

—q—ﬁut(a:,t) is bounded forn =0, 1, Vt € [0,00), and Vz € [0, L1]U[L2, L] .
From the above information, we can now state that all of the signals in the

control law of (7.16) and in the system given by (7.7) through (7.9) remain
bounded during closed-loop operation Vt € [0, 00).

7.2.4 Adaptive Control Law

The control law given by (7.16) requires exact knowledge of the system
parameters. We will now redesign the control law given by (7.16) to com-
pensate for parametric uncertainty while asymptotically stabilizing the web
displacement. First, note that the open-loop dynamics of (7.15) can be
rewritten in the following advantageous form:

-1
M) =Y@®)e+ | L27h
Io— Ly

EI

(S ST

where the known regression matrix Y (¢) € R?>*4 and the unknown, constant
parameter vector 4 € R* are defined as follows:
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Uzt (L1, 1) — uzi(Lo,t) ugt(L1,t) + uze (Lo, t)

4 (L2 — Ly)?
Y(t)=
'U'zt(let) - uzt(L2)t) _uzt(Lly t) +u:t(L2:t)
4 Ly — Ly)?
(L2 1) (7.50)
(0, 0) ~ (gt -0 =20 g
(ue(L1, ) — ue(La, t)) Mﬁ—}%ﬁfﬁ—) +ug(La,t)
and
0= meg Jeg pv Po ]T . (7.51)

Based on the structure of (7.49) and the subsequent stability analysis, the
control law is designed as

-1

(-vie - Ko@), (752)

-

[T S

Ly—1I,

where é(t) € R* represents a dynamic, parameter estimate vector updated
by

8 () =TYT(B)n(2), (7.53)

with T € R**4 being a diagonal, positive-definite, adaptation gain matrix.
After substituting (7.52) into (7.49), we can form the closed-loop dynamics
for n(t) as follows:

Mi(t) = —Ksn(t) + Y (£)8(t), (7:54)
where the parameter estimation error 8(t) € R* is defined as follows:
f(t) =6 — 0(z). (7.55)

Theorem 7.2 The adaptive controller given by (7.52) and the parameter
update law of (7.58) ensure that the web displacement is asymptotically
regulated in the following sense:

lim u(z,) =0  Vz€[0,Ly]U[Ls, L], (7.56)

where the azial web velocity and the control gain matriz K, defined in (7.52)
must be selected to satisfy the sufficient conditions stated in (7.20).
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Proof. The proof is based on arguments similar to those used in the proof
of Theorem 7.1; hence, some of the details will not be repeated. We start
by defining the following function:

Vat) = V(£) + -;—9T(t)r“1é(t), (7.57)

where V(t) was defined in (7.21). If 8 of (7.23) and (7.24) is selected ac-
cording to (7.28), we can formulate the following bounds on V, (%):

he (B0 + @I + [0 ) < vato
(7.58)

<o (B, + I+ o))

where A1, and Ao, are some positive constants.

After differentiating (7.57) with respect to time, and then substituting
from (7:7) and (7.54), we can follow the derivations used in Theorem 7.1
to obtain the following upper bound for the time derivative of V, (¢):

Va() < ~Aaa (Bolt) + In®)I7) + 87 1) (YT(t)n(t) 9 (t)) , (7.59)

where )3, is some positive constant,® and we have used the fact that 6
(t) = — @ (t) from (7.55). We now substitute the parameter update law of
(7.53) into (7.59) to obtain the following result:

Va(t) < =Xaa (Bat) + [m®)]1*) £ —ga(t), (7.60)

where go(t) is a non-negative function. After differentiating go(t) with re-
spect to time, we obtain

da(t) = Asa (Es(t) + 217T(t)7'7(t)) . (7.61)

By utilizing (7.57), (7.58), (7.60), and arguments similar to those outlined
in the proof of Theorem 7.1 and Remark 7.1, we can illustrate that all
closed-loop signals are bounded V¢ € [0, 00). Hence, we can use (7.35) and
(7.54) to conclude from (7.61) that g.(¢) is also bounded V¢ € [0, 00). We
can now use Lemma A.6 in Appendix A to illustrate that

Jim Ey(e), In()]| =0. (762)
Finally, we use (7.62) and (7.48) to obtain the result given by (7.56). O

5To ensure that A3, is positive, the weighting constant 3, the axial web speed v, and
the control gain matrix Ks must be selected to satisfy (7.43) and (7.20).
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FIGURE 7.2. Schematic diagram of the experimental setup for the axially moving
string and actuator system.

7.2.5 Experimental Evaluation
Experimental Setup

A schematic diagram of the experimental setup used to implement the con-
trollers is shown in Figure 7.2. The experimental setup consists of an axially
moving string driven by a brushed DC motor via a belt-pulley transmis-
sion. This string is made up of a flexible tape with negligible thickness and
width of 5 mm to facilitate laser measurements. Two dancer arms mounted
on brushed DC motors applied the forces fi (¢) and f2 (¢). Encoders (1024
pulses per revolution in quadrature) mounted on the DC motors actuating
the two dancer arms measured the boundary displacements u (L1,t) and
u (Le,t), while two lasers (operating at a 1 kHz bandwidth), placed on
either side and at a very short distance from the point of contact of the
dancer arm with the string, were used to measure the slopes u, (L1,t) and
Ug (Lz, t).

A Pentium 166 MHz PC running QNX hosted the control algorithm.
@Motor provided the environment to write the control algorithm in the C
programming language. The Quanser MultiQ I/O board [20] provided for
data transfer between the computer subsystem and the electrical interface.
Three A/D channels were used to sense the currents flowing through the
rotor windings of the three brushed DC motors, while two A/D channels
were used to read in the laser measurements. Three D/A channels deliv-
ered voltages to power the driving DC motor as well as the two DC motors
that actuated the two dancer arms. These voltages went through two stages
of amplification: the first stage consisted of OP07C operational amplifiers
while in the second stage, Techron linear power amplifiers sourced a max-
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imum current of 5 A at 60 V. To ensure that the actual rotor currents
tracked the desired current trajectories, a high-gain current feedback loop”
was utilized to apply voltages to the three motors. The three rotor cur-
rents were measured using hall-effect current sensors. All the controllers
were implemented using a sampling period of 0.5 msec. The string ve-
locity v (t), boundary velocities u (L1,t),us (L2,t), and boundary slope
rates ugs (L1,t) , ugs (L2,t) were obtained by applying a backwards differ-
ence algorithm to the string displacement, boundary displacements, and
boundary slopes, respectively, with the resulting signals being filtered by a
second-order digital filter. The various parameters associated with the ax-
ially moving string system were calculated using standard test procedures
and engineering handbook tables, and were determined to be

p=0.02 kg/m, m=0.03%kg, r=0.0381m,
Jo =1.451 x 107% kg-m?, J = 2.371 x 10~% kg-m?, Py = 12.25 N,

L=0711m, L; =039%4m, Ly=0.280 m.
(7.63)

Experimental Results

The vibration of the axially moving string to a consistently applied impulse
was studied with all gains selected to achieve the best results possible. Since
the system model presented in Section 7.2.1 is predicated on the string
moving with a constant axial velocity, the DC motor/belt-pulley system
was used to regulate the string axial velocity to a desired, constant velocity
setpoint vg = 0.42 m/s. This was accomplished by the setting the motor
torque to

Tm (t) = kq (va — v (t)) . (7.64)

For comparison, the “open-loop” response of the system, defined as a
constant force applied by the dancer arm, was implemented with kg = 0.5
and F(t) = —[0.8228,0.8228]7. Figure 7.3 shows the open-loop displace-
ments of the string v (L1,t) and u (Lg,t) measured by the laser. A second
comparison was performed with a standard damper control law given by

F(t)= ——ks[ Z: &2 ] , (7.65)

"The reader is referred to Remark 5.4 for a discussion on issues concerning the im-
plementation of a high-gain current feedback loop.
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with ks = 6.24 and kg4 = 0.55. The displacements of the string near
z = Lj and z = Lo for the damper controller are illustrated in Figure 7.4.
The model-based controller of (7.16) was then implemented with ks, = 6.19
and k4 = 0.51. The displacements of the string are shown in Figure 7.5. To
illustrate the effectiveness of (7.64) in maintaining a constant axial velocity,
Figure 7.6 shows the velocity setpoint error vy — v (t) during the damper
and model-based control experiments.

Comparing the results of the above experiments, we observe that the
string in the open-loop mode took several seconds to come back to the
original displacement after the impulse disturbance was applied at approx-
imately 8 sec. While the damper control produced some improvement in
the string response, the model-based controller cleared exhibited the best
transient as well as steady-state response. Note from Figure 7.5 that it took
a fraction of a second for the string to return its original displacement after
being disturbed by the impulse.

Open Loop: Displacement of string near x = L,
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FIGURE 7.3. “Open-loop” response: (a) u(L1,t) and (b) u (Le,t).



226

7. Boundary Control Applications

Damper Control: Displacement of string near x = L,
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FIGURE 7.4. Damper controller: (a) w(L1,t) and (b) u (L2,t).

Model Based Control: Displacement of string near x = L,
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Damper Control: Velocity Setpoint Error
T T

[mis)

5 10 15

Model Based Control: Velocity Setpaint Error
0.5 T T
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FIGURE 7.6. Velocity setpoint error: (a) damper controller and (b) model-based
controller.

7.3 Flexible Link Robot Arm

In this section, we develop control strategies for a flexible link robot arm.
The objectives of the control strategies are to regulate the link displacement
while simultaneously driving the hub position to a desired setpoint. To this
end, we first develop a model-based control law that asymptotically fulfills
these control objectives. We then illustrate how the control law can be
redesigned as an adaptive controller to achieve the same stability result
while compensating for parametric uncertainty.

7.3.1 System Model

The robot system, illustrated in Figure 7.7, is composed of a beam clamped
to a rotating, rigid actuator hub with a payload/actuator mass at its free
end-point. A torque input is applied to the hub to control the system’s an-
gular position while a force input is applied to the flexible beam’s end-point
mass to regulate the beam displacement. The model for the single flexible-
link robot arm is assumed to be described by the following equations of
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motion [8]:
pwis(,t) + Elwggzz(2,t) = pu(z, t)d2(t) (7.66)
and
D (9)d(t) + 5D (8)4(2) + Vin () (0) (767
+mu(L, t)we(L, t)§(t) — Elwz,(0,t) = 7(t),

with the following boundary conditions:®

u(0,t) = uz(0,t) = ugy(L,t) =0 (7.68)

and
mawgs(L,t) — mu(L, t)§*(t) — Elwgza(L,t) = f(t), (7.69)

where w(z,t) is a displacement variable defined as follows:
w(z,t) = u(z,t) + zq(t), (7.70)

where u(z,t) denotes the link displacement at position z for time ¢ with re-
spect to the (X,Y) coordinate system that rotates with the hub (see Figure
7.7); q(t), 4(t), ¢(t) represent the angular position, velocity, and accelera-
tion of the hub, respectively, with respect to the inertial reference direction
(see Figure 7.7); p is the mass/length of the link; ET is the bending stiffness
of the link; L is the length of the link; m represents a payload/actuator
mass attached to the free end of the link; 7(¢) is the control torque input
applied to the hub; f(¢) denotes the boundary control force input applied
to the mass; and the auxiliary functions D (t), D (t), and V;, (t) are defined
as follows:

L
D(t) = J +mu*(L,t) + p/ u?(z,t) dz > J > 0, (7.71)
0

. d L
D () = S (1) = 2mu(L, tyus(L, 1) + 20 /0 (o, Duy(e,t) do,  (1.72)

and L
Vm (1) = p/o u(z, t)we(z, t)dz, (7.73)

with J denoting the hub’s inertia.

The above model neglects gravitational effects, surface loads, the rotatory
inertia of the link cross-sections, and the rotatory inertia of the mass at
the link’s free end. Furthermore, the model assumes that the motion of

8Given the clamped boundary conditions of (7.68), we also know that u:(0,t) =
uzt(0,t) = 0.
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the system is restricted to the (X,Y) plane, and that the flexible link is
inextensible and straight when at rest.

| Free-end mass

Control torque
T(t)

—* [nertial reference

. L —_— direction

FIGURE 7.7. Flexible link robot arm.

Remark 7.2 The variable transformation w(z,t) defined in (7.70) is in-
troduced to simplify the mathematical manipulations in the subsequent con-
trol development and stability analysis. Notice from the definition of (7.70)
that the following equalities hold:

we(z,t) = wuz(z,t)+q(t) Vzel0,L]

0"w(z,t) _ 0mu(z,t) (7.74)

ozn Oz

for n>2 Vzel0,L]

The egualities shown in (7.74) will be exploited during the subsequent con-
trol development.

Since the control laws will consist of relatively simple functions, we will
assume the existence of a unique solution for the dynamics given by (7.66)
through (7.69) under the control. Based on the arguments outlined in Re-
mark 5.1, we will assume that the link displacement variable u(z,t) and its
time derivative u;(z,t) belong to a space of functions that has the following
properties.

Property 7.3 If the potential energy for the system given by (7.66)—
(7.69), defined by

L
I, = %EI / w2, (0,t)do, (7.75)
0
is bounded V¢t € [0, c0), then %u(m,t) is bounded for n = 2, 3, 4,
Vt € [0, 00), and Vz € [0, L].
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Property 7.4 If the kinetic energy for the system given by (7.66)-(7.69),
defined by

L
O = —;—p / wi(o,t)do + %mwf(L,t) + %D t)¢*@),  (7.76)
0

is bounded V¢ € [0, 00), then %ut(x,t) is bounded for n =0, 1, 2,
3, Vt € [0,00), and Vz € [0, L].

7.3.2 Problem Statement

The control objective is to ensure that (i) u(z,t) - 0Vz € [0,L] as t — oo
with respect to the rotating coordinate system (X,Y’) attached to the hub,
and (ii) g(t) — gaq as t — oo with respect to the inertial reference direction
where gq is a desired, constant, angular position. To aid the analysis of the
link displacement regulation objective, we define an auxiliary signal 7 (t) as
follows:

n(t) = we(L,t) — weea (L, ), (7.77)
where w(z, t) was defined in (7.70). To quantify the angular position regula-
tion objective, we define the angular position setpoint error e(t) as follows:

e(t) = q(t) — ga. (7.78)
To formulate the open-loop dynamics for 7 (t), we differentiate (7.77)
with respect to time and then use (7.69) to obtain

mA(t) = ~MWegat(L,t) + mu(L, t)¢%(t) + Elwgea(L,t) + f(£).  (7.79)

The open-loop dynamics for e(t) are obtained by differentiating (7.78) twice
with respect to time such that (7.67) can be used to produce

DO)&E) = ~5D ()&(t) ~ Vin (6)d(2) — mu(L, thui(L, )d()
(7.80)

+ETwg(0,t) + 7(2),

where we have used the fact that é (t) = ¢ (¢).

7.3.3 Model-Based Control Law

Based on the form of (7.79) and the subsequent stability analysis, the
boundary control force is designed as follows:

f@) = mwezt(L,t) — EIwges (L, t) — ksn(t), (7.81)
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where k; is a positive control gain. After substituting (7.81) into (7.79), we
obtain the following closed-loop dynamics at the link’s free end:

ma(t) = —ksn(t) + mu(L, )¢ (t). (7.82)

Based on the form of (7.80) and the subsequent stability analysis, we design
the hub control torque as follows:

T(t) = —kvé(t) - kpe(t) +mu(L: t)q(t)wmmm (La t) - ,Bchj(t)u2(L, t)’ (783)

where k,, kp, and (3 are positive control gains. After substituting (7.83)
into (7.80), we obtain the closed-loop hub dynamics as follows:

D@)EE) = —5D (1) é(t) —mu(L () — Vin (1) (9) + Ewa(0,1)

—kyé(t) — kpe(t) — BpLg(t)u?(L,t),
' (7.84)
where the definition of (7.77) has been utilized.
It is interesting to note that the boundary control force of (7.81) contains
a noncollocated term in the feedback loop (i.e., ¢(t) appears in the defin-
ition of 7(t) through w¢(L,t)), while the control torque of (7.83) contains
noncollocated feedforward and feedback terms (i.e., the last two terms in
(7.83).

Theorem 7.3 The model-based control law given by (7.81) and (7.83)
guarantees asymptotic regulation of the link displacement and hub position
setpoint error in the following sense:

lim |u(z,8) =0 Vze[0,L] Jlim [é(8)] =0 (7.85)
Jim Je (t)] =0, (7.86)

giwen that the control gains ks, k,, and B satisfy the following sufficient
conditions:

EI 8 . [min{J,p,EI} EI 1
ks > — —BpL? —_— e b
> R>3he ’B<mm{4pma,x{L4,1}’2Lp’16L3}
(7.87)
Proof. To prove the above result, we define the following function:
1 1
V(t) = Ep(t) + Ec(t) + §m772(t) + Ekpez(t), (7.88)

where

L L
By(t) = 5D () 2(0) + 30 /0 w(o, t)do + 2 BT /0 w2, (0,t)do (7.89)
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and L
Bet) =269 | ous(o,thurlo,0do, (7.90)
0

with 8 being the control gain defined in (7.83).

We now establish conditions on the control gain § to ensure that V (t)
defined in (7.88) is non-negative. First, note that we can use (7.71) and
(7.89) to lower bound Ej(t) as follows:

1
By > S min{J,p, EI} (62 + En) >0, (7.91)
where E,(t) is defined by

L
E.(t) = /0 (wi(o,t) + wi,(o,1)) do. (7.92)

Now, we use (A.29) of Lemma A.13 in Appendix A to upper bound E.(t)
of (7.90) as follows:

L
E.<28p / (o%u2 + w}) do. (7.93)
0

After applying (A.27) of Lemma A.12 in Appendix A to the u2 term on
the right-hand side of (7.93), and then utilizing (7.74) and (7.92), we have
oL
E. <26p / (L*w?, +w?) do < 2Bpmax {L* 1} E,. (7.94)
0
We can now use (7.94) to establish the following inequality:
—2B8pmax {L* 1} E, < E, < 2Bpmax {L* 1} En. (7.95)
Therefore, if 3 is selected according to

min {J, p, EI}

P < fpmax (TA1)’

(7.96)

we can use (7.91) and (7.95) to develop the following inequality:
ElEn + £2é2 < Eb + Ec (797)

for some positive constants &;,&,. Given the form of V' (¢) defined in (7.88)
and the inequality given by (7.97), we can now formulate the following
inequality:

X1 (Bn (&) +0° (6) + €% (¢) + % (1)) <V, (7.98)
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where \; is some positive constant.
After differentiating (7.88) with respect to time and substituting from
(7.82), we have

V (t) = By () + Ee (t) — kan® (¢) +mu(L, 8)4° (8) 1 () + kpe (£) € (2) . (7.99)

To determine Ej (t) in (7.99), we differentiate (7.89) with respect to time
to obtain

L L L
Ey= —EI / WiWegoado + ET / WooWaatdo + pcj2 / uwdo
0 0 0

+é (—mu(L)gn — Vimd + ETwzz(0) — kvé — kpe — ﬁchjuz(L)) ,
(7.100)
where (7.66) and (7.84) have been utilized. If we integrate by parts, the
first two terms on the right-hand side of (7.100), we obtain

Ey = — ETwi(L)Wegs (L) —mu(L)§?n — kyé? — kpeé — BpL§*u?(L), (7.101
P

where the definition of (7.73) and the fact that w¢(0,t) = ¢ (¢) (see (7.68),
(7.74), and (7.78)) have been utilized to cancel common terms. We can now
rewrite (7.101) into the following advantageous form:

_EI

b= -2

EI .
(wH(L) + 02 (D)) + S0 — mu(L)iPn
(7.102)
—kyé? — kpeé — BpLi2u?(L),
upon application of (7.77).
To determine E, (t) in (7.99), we differentiate (7.90) with respect to time,
and then substitute from (7.66) to obtain

E.= Ay + Ay + 43, (7.103)

where

L L
A = 2,3p/ U twedo Ay = —2ﬂEI/ CUsWoogodo
0 0
(7.104)

L
Az = 26pg? / ousudo.
0

First, note that the expression for A; given in (7.104) can be rewritten as

follows:
L

L
A= Zﬂp/ oW rwido — 2,8,0(]/ owido (7.105)
0 0
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upon the use of the time derivative of the first equation of (7.74). After
integrating, by parts, the first term of (7.105), we obtain

L L L
Ay = 2BpLwi(L) - 2ﬂp/ wdo — 2,8p/ Ougtwido — 4ﬁpcj/ owdo,
0 0

, (7.106)
where (7.74) has been utilized. After noticing that the third term on the
right-hand side of (7.106) is equal to A;, we can rearrange (7.106) as follows:

L L
Ay = BpLw?(L) — Bp / w2do — 20pq / owdo. (7.107)
0 0

We now apply Holder’s inequality [6] to the last term on the right-hand
side of (7.107) to produce an upper bound on A; as shown below:

L L L
Ay < BpLw?(L) — Bp A w2do + 26p |4 \/ /0 o2da\/ /0 wido. (7.108)

After applying (A.30) of Lemma A.13 in Appendix A to the last term on
the right-hand side of (7.108), we obtain the final upper bound for A; as
follows:

L 3 [ 52 L
A1 < BpLw?(L) —,Bp/ wtzda+2ﬁp\/ %— (—g—- +61/ wfda) , (7.109)
0 1 0

where 67 is an arbitrary positive constant.
After integrating, by parts, the expression for A given in (7.104), we
obtain

L L
Ay = =2BEI (Lum(L)wmz(L) - / UgWggadT — / OWooWooado
0 0

(7.110)
upon application of (7.68) and (7.74). After integrating, by parts, the first
integral on the right-hand side of (7.110), and then applying (7.68) and
(7.74), we obtain

L L
As = —20BEI (Luz(L, t)Wezz (L, t) +/ w?md(r - / CWeoWooado
0 0

(7.111)
After integrating, by parts, the last integral on the right-hand side of
(7.111), we obtain

L L
Ay = —28EI (Lux(L)wwm(L) +2 / w2 do + / OWoWooodo
0 0
(7.112)
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upon application of (7.68). We can now add the expressions given in (7.111)
and (7.112) to produce

L
Ap = —2BEILuy(L)weas(L) — 3BEI / w2, do. (7.113)
0

Finally, we apply (A.30) of Lemma A.13 in Appendix A to the first term on
the right-hand side of (7.113), and apply (7.74) and (A.28) of Lemma A.12
in Appendix A to the integral term in (7.113) to obtain an upper bound
for A, as follows:

2 w:%a:m(L) 1 2 o 2
Az <IPEIL (6puf(L) + =222 ) — BEITug(L) — 26E1 | wi,do,
2 0

6
(7.114)
where 62 is an arbitrary positive constant.
After integrating, by parts, the expression for As given in (7.104), we
obtain

L L
Az = 26pg? (Luz(L) - / u2d0> — 28p¢* / ougudo. (7.115)
0 0

After noting that the last term in (7.115) is equal to A3, we can write
(7.115) as follows:

Az = Bpg? (Lu2(L) - /0 - u2d0> , (7.116)

We can now substitute (7.102), (7.103), (7.109), (7.114), and (7.116) into
(7.99) to obtain the following upper bound for V (¢):

. I3 L L
V< -Bp 1—261,/? /wada—zﬁEI/o w2, do

_pEI (% - 2L62) WA(I) - (% - ﬂpL) w}(Z)
_pr(L_ 26 _ _zﬂ_pﬁ :
EI (2 = )wgm(L) ( L= 2243 ) 22
— | k. - EI 2 _IB -2 E 2d
.= = )" = Brd /0 u?do.

(7.117)
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If we let 6; = %1/733- and 6o = &5, we can rewrite (7.117) as follows:

' L L ET
V< _% /0 w2do — 2BET /O w2, do — %fuﬁ(L)

L
- (kv - gﬁpm) el (k - %{) 72 - Bpd? / Pdo.
0

If the control gains ks and k, are selected according to (7.87), and (3 is

selected to satisfy
. [EI 1
,3<rmn{-2—Z;,16—L§}, (7119)

we can use (7.118) to form a new upper bound for V(¢) as shown below:
V(t) < =2 (En(t) +72(t) + €2(t)), (7.120)

where Ag is some positive constant.

From (7.98) and (7.120), we can state that E,(t), e(t), &(t) (hence, ¢(¢)),
and 7(t) are bounded V¢ € [0,00). Since E, (t) is bounded Vt € [0, 00),
we can use (7.92) and (A.28) of Lemma A.12 in Appendix A to show that
u(z,t) is bounded Vt € [0,00) and Vz € [0, L]. Since E, (t) of (7.92) is
bounded Vt € [0,00), the potential energy of the system given by (7.75)
is 1Pounded V¢t € [0,00); hence, we can use Property 7.3 to show that
%u(w, t) is bounded for n = 0,1, V¢ € [0,00), and Vz € [0, L]. Since
e(t) and gq are bounded Vt € [0,00), we can use (7.78) to conclude that
q(t) is bounded V¢ € [0, 00). Since u(z,t) and g(t) are bounded, we can
use (7.70) to show that w(z,t) is bounded V¢ € [0,00) and Vz € [0, L].
Owing to the boundedness of tqlzle potential energy, we can use Property
7.3 and (7.74) to show that —(%—r;u(a;,t) and %w(az,t) are bounded for
n = 2,3,4, Vt € [0,00), and Vz € [0, L]. Since 7(t) and wgze(L,t) are
bounded Vt € [0,00), we can use (7.77) to state that w;(L,t) is bounded
Vt € [0,00). Based on the above boundedness statements, we can easily
show that D (t) defined in (7.71) (upon application of (A.24) and (A.27)
of Lemma A.12 in Appendix A) is bounded V¢ € [0,00). From the above
information, it is easy to see that the system’s kinetic energy defined in
(7.76) is bounded V¢ € [0, 00). Since ;Ehe kinetic energy is bounded, we can

utilize Property 7.4 to state that é%ut(“” t) is bounded for n = 0,1, 2, 3,



7.3 Flexible Link Robot Arm 237

Vt € [0,00), and Vz € [0,L]. Based on the previous boundedness state-
ments, the inequalities (A.24) and (A.27) of Lemma A.12 and (A.29) of
Lemma A.13 in Appendix A can be applied to the right-hand side of (7.72)
and (7.73) to illustrate that D (t) and V;, (t) are bounded ¥t € [0, c0). From
the above information, we can conclude that the control inputs of (7.81)
and (7.83) are bounded Vt € [0,00). We can now use (7.67) and the fact
that D(t) > 0 (see (7.71)) to conclude that §(t) is bounded V¢ € [0, 00).
Finally, (7.66) and the second time derivative of (7.70) can be utilized to
show that wy:(z,t) and us(z,t) are bounded V¢t € [0,00) and Vz € [0, L].
As a result of the boundedness of D (t), we can use (7.89) and (7.92) to
state that

Ey < 1 max {s&p {D()},p, EI} (¢° + En) < oo. (7.121)

From (7.120) and (7.121), we can rewrite the upper bound on V(t) as
follows:

V(t) < —Xs3Eb(t) — Aan(t) & —g(2), (7.122)

where A3 is some positive constant, and g(t) is a non-negative function.
After differentiating g(¢) with respect to time, we have

3(2) = MaBy(t) + 2han(t)i(t). (7.123)

Since we have illustrated that all of the system signals remain bounded,
we can use (7.101) to show that Ej(t) is bounded; hence, we can see from
(7.123) that g(t) is also bounded. We can now invoke Lemma A.6 in Ap-
pendix A to illustrate that

lim Ey(t),n(t) = 0. (7.124)

Finally, we can utilize (7.124), the structure of Es(t) given by (7.89), (7.91),
(7.74), and (A.27) of Lemma A.12 in Appendix A to prove the result given
by (7.85).

To prove the result given by (7.86), we will utilize (7.84) in the following
manner. Note that owing to the above boundedness statements and the
result given by (7.85), we know all terms in (7.84) go to zero® with exception
of the terms containing € (t) and e (t). Hence, if we show that é(t) goes to
zero, then it is clear that e(t) will also go to zero. To this end, we first note

9From (7.74), we assume that Jim |u(z,t)] = 0 Vz € [0,L] implies that
tlim |lwsz (z,t)] = 0 vz € [0, L].
— 00
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that é(¢) can be rewritten as

ot) = /O dz(co & +C, (7.125)

where C' is some constant. Since we have already shown that tlim é(t) =
—00
0, we can use (7.125) to show that

. ¢ de(¢)
% o ~ac

d{ exists and is finite. (7.126)

We now differentiate (7.84) with respect to time to obtain

De= ~gbé - %bé — ma(L)gn — mu(L)gn — mu(L)dn — Ving

~Vind + ETigz1(0) — kyé — kpd — BLpiu(L) — 2BLp¢u(L)us(L).

(7.127)

From the previous boundedness statements, we have shown that all of the

signals on the right-hand side of (7.127) are bounded V¢ € [0, 00), except for

the terms D (t) and V, (t). Hence, if we show D(t) and V;,(t) are bounded

Vt € [0, 00), we can use (7.127) and the fact that D (¢) > 0 to conclude that

€ (t) is bounded Vt € [0,00). After differentiating D () defined in (7.72)
with respect to time, we have

D= 2mu2(L) + 2mu(L)us(L) + 2p fOL u2do

L L L
— |2ET / Ulgooo dU:I — |:2plj / ou do| + 2p4> / u?do
0 0 0

(7.128)
upon application of (7.66) and (7.74). After integrating, by parts twice, the
first bracketed term in (7.128), and applying Holder’s inequality [6] to the
second bracketed term in (7.128), we obtain the following upper bound for
D (t):

. L
IDI < 2mu2(L) + 2m |u(L)| |ue(L)| + 2p/ uldo
0

L
2B |u(D)] fuwse ()] + 2087 [ udo (7129)

L L3 L
+2EI / u?da +2p gl \/—3— / uldo
0 0
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upon the application of (7.68). As a result of the previous boundedness
statements, we know that all the signals on the right-hand side of (7.129)
are bounded; hence, it is now clear that D (t) is also bounded Vt € [0, 00).
A similar procedure can be applied to the time derivative of V;,, (¢) defined
in (7.73) to obtain the following upper bound for V;, (t):

. L2 3 L
[Var| < pjg ubdo +pldl [ = jﬁ uldo
L

L
+EI |u(L)| |ugzz(L)| + EI/ u2,do + pqz/ uldo.
0 0

(7.130)

From (7.130) and the previous the boundedness statements, it is easy to see
that V;, (¢) is bounded V¢ € [0, 00). We now know that ¢ (t) is bounded V¢ €
[0, 00); hence, é(t) is uniformly continuous from Lemma A.1 in Appendix
A. Since €(t) is uniformly continuous, we can use (7.126) along with Lemma
A.2 in Appendix A to conclude that

Jlim &(t) =0. (7.131)

We can now apply (7.131) and (7.85) to (7.84) to obtain the result given
by (7.86). O

7.3.4 Adaptive Control Law

In this section, we show how the controllers of (7.81) and (7.83) can be
redesigned to compensate for parametric uncertainty while still asymptoti-
cally stabilizing the link displacement and regulating the hub to the desired
setpoint. From the form of (7.79) and the fact that m and EI are now con-
sidered to be unknown, the boundary control force is designed as follows:

£(£) = gaar(L, ) EI Waas(L,t) — ks(t), (7.132)

A
where 772(t) and EI (t) are dynamic parameter estimates for m and EI,
respectively, which are updated according to

7 (8) = =71 (108 Wasat(L, t) + 2(E)u(L, )waze (L, 1))
(7.133)

EI () = 7an(t)weaa(L, 1),

with 7;, 7o being positive adaptation gains. After substituting (7.132) into
(7:79)5»we can form the closed=loop:dynamics for 7(t) as

mA(t) = —ksn(t) = MWazot Ly )-+ BI wess(L,t) +mu(L, 1)@ (E), (7.134)
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where the parameter estimation error terms m(¢) and EI (t) are defined
as follows:

~ A
m(t) = m — m(t) EI (t) = EI- EI (t). (7.135)
Based on the form of (7.67), the control torque is designed as follows:

7(t) = —kué(t) = kpe(t) + ()L, £)4(t)waas (L, t) — Bp(t) Li(t)u* (L, 1),

(7.136)
where the update law for 7(t) was defined in (7.133), and p(¢t) represents
a dynamic parameter estimate for p which is updated according to

p (t) = vaBLE (t)uP (L, 1), (7.137)
with 3 being a positive adaptation gain. Upon the substitution of (7.136)
into (7.80), the closed-loop dynamics for e(t) is formed as follows:
; 1. .. .
D(#)é(t) = —5D(¥)e(t) — mu(L,t)q(t)n(t)
—ﬁw(L, t)Q(t)wmzm (L7 t) = Vi (t) Q(t) + EIwmm(O» t)
—kyé(t) — kpe(t) — BpLG(t)u(L,t).
(7.138)

Theorem 7.4 The adaptive boundary control law given by (7.132), (7.133),
(7.137), and (7.136) ensures the same stability result given by Theorem 7.8
provided the control gains ks, ky, and § defined in (7.136) are selected to
satisfy (7.87).

Proof. The following proof is based on arguments similar to those used in
the proof of Theorem 7.3; hence, some of the details will not be repeated.
First, we define the following function:

1 . 1 52 1 1
Va(t) = V(&) + 571w (®) + 57" BL () +57'5°(H),  (7.139)
where V'(t) was defined in (7.88) and
p(t) = p—p(t). (7.140)
As a straightforward extension of Theorem 7.3, if 3 defined in (7.136) is

selected to be sufficiently small according to the condition in (7.87), we can
formulate a lower bound for V (¢) as
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Ma (En@) () + (1) + () + 20+ BT (6)+ 7)) < Valt)

(7.141)
for some positive constant A1,. After differentiating (7.139) with respect to
time and substituting from (7.66), (7.134), and (7.138), we can proceed as
in Theorem 7.3 to obtain the following upper bound on V; (¢):'°

Va < =X2 (En(t) +n?(t) + ¢° (1))

() (n(t)wmt@,t) T (L, wraa(Lt) + 47t 0 <t>)
+ Ef:I (t) (n(t)wmmm(La t) - 72_1 E/'\I (t))

+3(0) (BP0 =13 5 0)).
(7.142)
We now substitute the parameter updates laws of (7.133) and (7.137) into
(7.142) to yield the same result as that given by (7.120). The proof of
Theorem 7.3 can now be followed in a similar fashion to complete the
proof, and to obtain the result given by (7.85) and (7.86). O

7.3.5 Experimental Evaluation
Experimental Setup

A schematic diagram of the experimental setup used to implement the
controllers is shown in Figure 7.8. The experimental setup consisted of a
flexible aluminum beam attached to the shaft of a NSK Corp., model RS-
0810, torque-controlled, 3-phase switched reluctance motor that was used
to apply the hub control torque. To compensate for the motor friction, the
actual control torque was defined as follows:

Tc(t) = 7(t) + 0.8¢(t) + 4.5sgn(4(t)), (7.143)

where 7 () is the actual, applied control torque, 7 (t) was given by (7.83)
or (7.136), and the remaining terms in (7.143) represent the viscous and

. o A . .
10Note from (7.135) and (7.140) that = — 1, EI= — EI, and p=—p .
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FIGURE 7.8. Schematic diagram of the flexible robot link experimental setup.

Coulomb friction compensation feedforward terms. A lightweight plastic
assembly supporting two air nozzles located at the end-point of the beam
was used to apply the boundary control force. The nozzles were aligned such
that the outlets were in diametrically opposite directions. Compressed air
at 90 psi was supplied through the lightweight, flexible air tubes controlled
by high-speed proportional air valves. The algebraic relationship between
the valve's output force and input voltage was obtained by clamping the
beam’s end-point and applying known voltages to the valves. For each
applied input voltage, a Sensor Development, model 20005, shear force
sensor located at the beam’s end-point (see Figure 7.8) was utilized to
measure a signal directly proportional to the output force. The signal from
the shear sensor’s bridge circuit was amplified and filtered before being read
by an analog input channel on the data acquisition board. The measured
relationship between input voltage and output force was then inverted to
enable the application of the desired boundary control force.

A modular line scan camera mounted on the motor shaft and a high
luminescence LED mounted at the beam’s end-point were used to measure
the beam’s end-point. displacement, u(L, t). For monitoring purposes only,
a second LED was placed at the beam’s mid-point to measure the mid-
point displacement, u(L/2,t). The camera was a 2048 pixels, linear CCD
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camera with an 85 mm F1.4 Nikon lens. The camera has a resolution of
0.014 cm/pixel when the light source is one meter away, while the capture
board hardware can provide sampling at a rate of 0.5 msec. The signal
Uzzz(L,t) was measured via the shear force sensor, while an incremental
encoder mounted on the motor shaft was utilized to measure the hub angu-
lar position, ¢(t). The signals ¢(t), us(L,t), and uzzq1(L,t) were obtained
by using a backwards difference algorithm and a second-order digital filter.
The various parameters associated with the flexible beam model were cal-
culated using standard test procedures and engineering handbook tables,
and are given below:

L =122m, m=0.21 kg,
(7.144)
EI =5.25 N-m?, p=0.35kg/m.

The controllers described in the sequence were implemented via the Qmotor
real-time control environment, and were run at a sampling period of 0.5
msec.

Experimental Results

The objective of the experiment was to regulate the hub angular position
to a desired position of 20° (i.e., g¢ = 0.35 rad) while driving the link
displacement to zero. In all controllers described below, the control gains
were tuned to achieve the best performance. For comparison purposes, the
“open-loop” response of the system, which consisted of the following control
law:

T(t) = —kyq(t) — kpe(t) f() =0, (7.145)

was implemented with k, = 35 and k, = 80. Figure 7.9 shows the signals
u(L,t), u(L/2,t), and ¢(t) for the open-loop system. Next, the model-based
controller given by (7.81) and (7.83) was implemented with!! k; = 3.5,
ky =20, kp = 70, and B = 0.35. Figure 7.10 depicts the system performance
for the model-based controller. Finally, the adaptive controller defined by
(7.132), (7.133), (7.136), and (7.137) was implemented by assuming no

A
knowledge of the system parameters m, EI, and p (i.e., m(0) =EI (0) =
p(0) = 0), and with ks = 7, k, = 20, k, = 62, 8 = 0.07, v; = 0.001,
v = 5 x 1075, and 75 = 0.01. The parameter estimates were computed

L1 Sincesthemrestrictionsyonsthescontrolygains k., and 8 given in (7.87) are only sufficient
conditions for achieving the asymptotic stability results, it comes as no surprise that the
following results were obtained without satisfying these conditions.
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(a) End Poirg Disrlagement 1. . ... v -

FIGURE 7.9. Open-loop system response: (a) u(L,t), (b) u(L/2,t), and (c) q(2).

on-line using a trapezoidal numerical integration rule. The beam’s end-
point displacement, mid-point displacement, and the hub position for the
adaptive controller are illustrated in Figure 7.11, while Figure 7.12 shows
the parameter estimates.

A second experimental evaluation was performed by attaching a payload
mass, consisting of a metal block weighting 0.08 kg, to the beam’s end-
point. The three controllers were then run without retuning the control
gains given above (in the model-based controller, m was kept at the value
given in (7.144)). The performance of the open-loop system, model-based
controller, and adaptive controller are shown in Figures 7.13 through 7.16.

To compare the experimental results, Tables 7.1 and 7.2 show the max-
imum steady-state values of u(L,t), uw(L/2,t), and q(t) for ¢t € [9,10] sec,
and the £3 norm'? of u(L,t) and u(L/2,t) for t € [0,10] sec for the open-
loop system, model-based controller, and adaptive controller in the two
experimental runs. As can be seen from the tables and the results of Fig-
ures 7.9 to 7.16, the control laws were able to damp-out the link vibrations
efficiently while slightly improving the hub regulation when compared to
the open-loop system. Note that although [lu(L,t)||, and ||u(L/2,t)||, for
the adaptive controller was higher than that of the model-based controller,
the adaptive controller produced smaller steady-state displacements. This
can be explained by the fact that since all parameter estimates were ini-

'#Note that the L2 norm of a signal y(t) is defined as ||y(2)||, 2 \/ f:of y2(o)do, where
o and ty are theinitial and final time, respectively.
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FIGURE 7.16. Parameter estimates with payload mass: (), ETI (t), and p(t).

TABLE 7.1. System Performance without Payload Mass

Open-Loop | Model-based | Adaptive

system controller controller
[w(Ly )] mas, o5 2.5 [cm)] 0.2 [cm] 0.148 [cm]
[(L/2,t)| max,ss || 0-86 [cm)] 0.11 [cm] 0.08 [cm]
19(t) | max, s 20.2° 20.07° 20.13°
[lu(L, )|y 0.0680 0.0244 0.0476
lu(L/2,t)]5 0.0230 0.0083 0.0155

tialized to zero, the adaptive controller produced higher transient displace-
ments than the model-based controller; however, as the parameter estimates
started to converge at t & 2 [sec], the adaptive controller quickly damped-
out the link vibrations. Comparing the controllers’ performance without
and with the payload mass, it is interesting to note that while ||u(L, t)||, in-
creased approximately 52% for the model-based controller, ||u(L,t)||, only
increased approximately 20% for the adaptive controller, which indicates
its expected ability to cope with unknown parameters. The |u(L, )]y s
and |u(L/2, )|, .. . measures of performance also indicate the ability of
the adaptive controller to quickly damp-out the link vibrations in spite of
payload variation.
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TABLE 7.2. System Performance with Payload Mass

Open-Loop | Model-based | Adaptive

system controller controller
[(Ly )| max, s 4.87 [cm] 0.164 [cm)] 0.1 [cm]
|w(L/2,t)| max,ss || 161 [cm] 0.141 [cm)] 0.05 [cm]
|q(t)[max’ss 20.17° 20.10° 20.09°
llw(L, )], 0.0850 0.0370 0.0573
lu(L/2,t)|l5 0.0277 0.0105 0.0188
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7.4 Flexible Rotor System

In this section, we construct boundary control laws for the flexible rotor
system depicted in Figure 7.17. Specifically, we seek to regulate the rotor
displacement and provide hub angular velocity tracking. A pair of perpen-
dicular, boundary control forces are applied to the rotor’s free end-point
mass with the objective of stabilizing the rotor displacement while a control
torque is applied to the hub to rotate the entire rotor system.

7.4.1 System Model

The rotor system under consideration is modeled as a Euler-Bernoulli beam
clamped to a rotating, rigid hub with a payload/actuator mass attached to
its free end. Based on the standard Euler-Bernoulli beam modeling assump-
tions, Hamilton’s principle [8] can be used to show that the field equation
for the rotor system is given by

P (qtt (z,t) + 20 (t) Sqt (z,t)
(7.146)
+5(8)Sq(@,) = 0" ©)4(2,9)) + Elazsas (2,) =0,

where p is the mass/length of the rotor, EI is the bending stiffness of the
rotor, 0 (t),0(t),0 (t) represent the hub’s angular position, velocity, and
acceleration about the z—axis (see Figure 7.17), respectively, S € R2*?
denotes the following skew-symmetric matrix:

0 -1
=lr 7]

and g(z,t) € R? denotes the rotor’s composite displacement vector defined
as follows:

(7.147)

q(z,t) = [ ul(zt) v(zt) ]T, (7.148)
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with u (z,t),v (z,t) denoting the displacement of the rotor in the u, v
directions, respectively (note that the u — v coordinate system in Figure
7.17 is a rotating coordinate system fixed to the rotor). The boundary
conditions for the rotor system are given by!?

q (0’ t) =4z (Ovt) = Qzz (L, t) =0 (7'149)

and

m (g (L,8) +20 (8) Sau (L,8) + 8 (t) S (L, 1)
(7.150)
—92 (t) q (L’t)] — Elques (Lit) = F (1),

where m represents the payload/actuator mass located at the free end of
the rotor, L denotes the length of the rotor, F' () € R? is the control force
input vector defined as follows:

Foy=[ A f@® ], (7.151)

with fi (¢), f2 (t) being the individual control force inputs applied at the
free end of the rotor along the u,v directions, respectively. The dynamics
of the rotating hub at the rotor’s clamped end are given by

JO(t) =T (¢), (7.152)

where 7 (t) denotes the control torque input applied to the hub, and J
represents the hub’s inertia.

The rotor model described above is based on the following assumptions:
(i) the gravitational effects, surface loads, and the rotatory inertia of the
rotor cross-sections are assumed to be negligible; (ii) the flexible rotor is
in a straight position when the system is at rest; (iii) the flexible rotor is
inextensible and has infinite torsional stiffness; and (iv) the inertia of the
rotor’s free end mass is negligible.

Since the control strategies will consist of relatively simple functions, we
will assume the existence of a unique solution for the dynamics given by
(7.146), (7.150), and (7.152) under the control. Based on the arguments
outlined in Remark 5.1, we will assume that the distributed variable ¢(z, t)
and its time derivative g;(z,t) belong to a space of functions that has the
following properties.

13Given the clamped boundary conditions of (7.149), we also know that g¢(0,t) =
gzt(0,t) = 0.
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FIGURE 7.17. Schématic diagram of the flexible rotor system.

Property 7.5 If the potential energy of the system given by (7.146) through
(7.150), defined as

1 L
T, = 55T [ a2,(0,)0u0 (o, )do, (7.153)

is bounded V¢ € [0, 00), then %q(m,t) is bounded for n = 2,3,4,
Vt € [0,00), and Vz € [0, L].

Property 7.6 If the kinetic energy given by (7.146) through (7.150), de-

fined as
L
O = g A (Qt (o,t) +9(t) Sq (U,t))T (Qt (o,t) +9(t) Sq (o, t)) do

+2 (2,0 + 00 Sa(2,0) " ( (L) +6()Sa(L,0)

+38 ),
(7.154)

is bounded V¢ € [0, o), then %;qt(x,t) is bounded for n = 0,1, 2, 3,
Vt € [0,00), and Vz € [0, L].

7.4.2 Problem Statement

The control objective is to ensure that (i) g(z,t) — 0Vz € [0, L] as t — oo,
and (ii) 0(t) — wq (%) as ¢ — oo where w,(t) denotes the desired angu-
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lar velocity trajectory for the rotor (we assume that wgq (¢t) and wq (t) are
bounded signals). To aid the analysis of the rotor displacement regulation
objective, we define an auxiliary signal 7 (t) € R? as follows:

n(t) = (L,t)+ 6 (t) Sq(L,t) — qoas (L, 1) - (7.155)

To quantify the angular velocity tracking objective, we define the angular
velocity tracking error e (¢) as

e(t) =0(t) —wa(t). (7.156)

With the intent of preparing for the design of the subsequent control laws,
we will now obtain the open-loop dynamics for the auxiliary signal 7 (%)
and angular velocity tracking error e (t). To this end, we first differentiate
(7.155) with respect to time, and then multiply the resulting expression by
m. After substituting for mq (L,t) from (7.150), we obtain the following
open-loop dynamics for 7 (¢):

mi(t) = —mb (t) Sqr (L,t) +mb" (¢) ¢ (L,t) — Mgsaat (L,?)
(7.157)
+EIques (L,t) + F (1)

After differentiating (7.156) with respect to time, multiplying the resulting
expression by J, and substituting for J@ (¢) from (7.152), we can obtain the
open-loop dynamics for e(t) as follows:

Jé(t) = —Joa (t) +7(t). (7.158)

7.4.3 Model-Based Control Law

In this section, we present the design of a model-based boundary control
law. Based on the structure of (7.157) and the subsequent stability analysis,
the control force input is designed as follows:

F (t) = —ksn (t) — Elquye (L7t)
9 . (7.159)
—m (9 ®)q(L,t) — 0 (t) Sqt (L, t) — goaae (L, t)) ,

where k; is a positive control gain. After substituting (7.159) into (7.157),
we.can formulate the closed-loop.dynamics for 7 (t) as follows:

mi (&) = —ken (t). (7.160)
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Based on the form of (7.158) and the subsequent stability analysis, the
control torque input is defined as follows:

7(t) = Jwq (t) — kre(t), (7.161)

where k. is a positive control gain. After substituting (7.161) into (7.158),
we obtain the closed-loop dynamics for e (t), as shown below:

Jé(t) = —kre(t). (7.162)

Theorem 7.5 The model-based control law given by (7.159) and (7.161)
ensures that the rotor displacement and the angular velocity tracking error
are exponentially regulated in the following sense:

N, L3 A
lg(z,t)]| < \/ /\12EI Ko exp (—g-t) vz € [0, L]

A2 A3
< - —_—
et _\/ )\IKOGXP< AJ>’

where A1, A2, and A3 are some positive bounding constants, and ko s posi-
tive constant defined as

(7.163)

wo= 30 (@00 +00520.0)" (0.0 +5©) Se(0,0)) do

1 L
4381 [ a5 (0,000 (0,00 do + [0 O +¢ 0).
0

(7.164)
To ensure that the result given in (7.168) is valid, the control gain ks must

be selected to satisfy the following sufficient condition:
ks > % (7.165)
Proof. To examine the stability of the closed-loop system, we define the

following function:
1 1
V(t) = By (t) + B (t) + 5mn” ()1 (8) + 57€* (1), (7.166)

where the energy related term Ej, (t) is defined as follows:

By (t) = %p /0 - (qt (0,t) +0(t) Sq (a,t))T (qt (0,t) + 0 (t) Sq (o, t)) do

L
+%E I / Gos (6,8) 450 (,1) do,
0

(7.167)
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and the “cross” term E,(t) is defined as

L .
E.(t) =26p /0 g5 (0,t) (Qt (0,t) +6(t) Sq (G,t)) do, (7.168)

with  being a positive weighting constant.

To ensure that V (¢) defined in (7.166) is non-negative, first note that
the inequality (A.29) of Lemma A.13 in Appendix A can be used to upper
bound E,(t) of (7.168) as follows:

E.(t) < 26pL /0 - [qZ’ o + (qt + ésq)T (qt + ésq)] do.  (7.169)

We can also lower bound E (t) of (7.167) as follows:

1 L . N\T .
Ey (t) 2 5 min {p, EI} /O [qfaqaa + (‘Jt + OSQ) (Qt + BSQ)] do.
(7.170)
After applying the inequalities given in (A.27) of Lemma A.12 in Appendix
A to (7.169), we can use the inequality of (7.170) to obtain the following
bounds for E. (t):

4B8pLmax {1, L*}
~ min{p,EI}

48pLmax {1, [*}
min {p, EI}

Ep (t) < Ec(t) <

Ey(t). (1.171)

Provided f is selected to satisfy the following inequality:
min {p, EI}

B < a7 (7.172)
we can use (7.171) to state that
0< &1 By (t) S Ep (t) + Ec (t) S 6B (1), (7.173)

where £,,£, are some positive constants. Based on the structure of (7.166)
and (7.173), we can formulate the following for V (¢):

M (Im@IF +e* @)+ B ) <V Q) <o (In@1F +€ ) + B (1)),

(7.174)
where A1 and Ay are defined as follows:
. )mJ 4BpLmax {1, L?}
)\1—1!1111{2,2,1 min{p,EI} >0
(7.175)
_ m J 4BpL max {1, L*}
Az—mn{2,§,1+ min {5, BT} > 0,
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with £ satisfying (7.172).
After differentiating (7.166) with respect to time, and then substituting
from (7.162) and (7.160), we have

V () = —ken” ()1 (t) — kre® () + B () + Ee (t) . (7.176)

To determine Ej (t) in (7.176), we differentiate (7.167) with respect to time,
substitute the field equation of (7.146), and cancel common terms to obtain

L L L
Ey,=FEI [ / q:faqaatda - / q;‘r qaam,da] +0FI [ / qTSqaaaada}
0 0 0

(7.177)
After integrating, by parts once, the first bracketed term in (7.177), inte-
grating, by parts twice, the second bracketed term in (7.177), applying the
boundary conditions given in (7.149), and then canceling common terms,
we obtain

Ey = ~BlIgL,. (L) (¢ (L) +8Sa(D)), (7.178)
which can be rewritten as
Br= 2l (a(D) +88a())" (a(1) +b5a(D))
(7.179)
ET

ET
—qu‘:cm (L) Az (L) + "'Q_UTU

upon application of (7.155).
To determine E. (t) in (7.176), we first differentiate (7.168) with respect
to time to obtain

L L
B, =28p / oa% (a: +9Sq) do +26p / oaZ (que +6Sq +0Sar) do.
0 0
(7.180)
After substituting (7.146) into (7.180) for pg::, we obtain
E.= A1+ Ay + A3+ Ay + As, (7.181)

where the auxiliary terms A; are defined as follows:

L L
=20y [ odfamdo,  Ao=200b | odliSado,
0 0
L .o (L
A3 = —2BEI / 0qF Goooodo, Ag=20ph / oqtqpdo,  (7.182)
0 0

I
As = 2,6/)9/ aql Sq.do.
a
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After integrating, by parts, the A;, Ag, and A3 terms in (7.182), and then
applying the boundary conditions of (7.149), we have

L
A =0p (LQ%F (L) g (L) - /0 a qtda> ,
(7.183)
. L
Az = 20600 (Lq;f (L) Sq (L) + /0 (qTS'qt + Uquqt) da) ,

and

L L
A3 = —2ﬁEI (LQZ (L) Az (L) - / qzjq‘:raada - / UngQaaadU
0 0

(7.184)
After integrating, by parts, the first integral in (7.184), we obtain the fol-
lowing expression:

L L
As = —2BEI (Lq;” (L) guaz (L) + / 4%y Go0do — / P
0 0

(7.185)
upon application of (7.149). After integrating, by parts, the second integral
in (7.185), we have

L L
A3z = —2@EI (ng (L) gzzz (L) + 2/ QZaqaadU + / Uqgaqaoada
0 0

(7.186)
upon use of (7.149). After adding (7.185) and (7.186), we obtain

L
A3 = —BEI (2Lq3; (L) guza (L) + 3 / q?,;qwda> . (7.187)
0

Finally, we apply (A.30) of Lemma A.13 and (A.28) of Lemma A.12 in
Appendix A to the first and second terms on the right-hand side of (7.187),
respectively, to formulate the following upper bound for As:

Ao < 2BEIL (808 (1) (0) + ke () 0eee (D)

(7.188)
BEI

L
__L—QZ (L) gz (L) - 2IBEI‘/(; qg’aqaaday

where § is an arbitrary positive constant. After integrating, by parts, the
expression for A4 in (7.182), we have

L L
Ay = 2/6’,092 (LqT (L)q(L) - / qqua> - 2ﬁp92 / oqt gpdo. (7.189)
0 0
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Since the last term on the right-hand side of (7.189) is equal to A4, we can
rewrite the expression for A4 as follows:

.92 L
Ay = Ppb (LqT (L)g(L) - / q"qdo | . (7.190)
0
We can now substitute (7.179), (7.181), (7.183), (7.188), (7.190), and the

expression for As given in (7.182) into (7.176) to formulate the following
upper bound for V(¢):

V<~ (k=) bl - ke

_ (f’; - ﬁpL) (qt (L) +68q (L))T (qt (L) +6Sq (L)>

—Bp /O ’ (Qt + 9Sq)T (Qt + éSq) do — 2BET /0 ’ 4t y000do

51 (5~ 55 e (0 gaee 0

51 (1 ~208) f (D)2 (2.
(7.191)
If we select the positive constant § such that
1

and, in addition, restrict the control gain ks and the weighting constant 3
as follows:

EI EI 1
ks > — ind —,—= .
s> ﬁ<mm{2pL’8L3}’ (7.193)

then V (t) can be further upper bounded as shown below:

. EI
V< -@y~7)mW—Mé

—23 (%p A - (qt + éSq)T (qt + ésq) do + %EI /0 : 0, Goado

(7.194)
Finally, by applying the definition of E () given in (7.167) to the right-
hand side-of (7:194);:V/(¢)scan-besupper bounded as follows:

V(e) < 2 (I @IF +<* &) + B+ 1)), (7.195)
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where )3 is defined as follows:!4

A3 = min {ks - -E;—I kr, 25} . (7.196)

Based on the structure of (7.174) and (7.195), we can invoke Lemma A .4
in Appendix A to obtain the following solution for (7.195):

V() <V(0)exp (—-i—it)
<2 (B (0) + In @I +¢2 (©)) exp (—i—jt) (7.197)

= AgKp €xp (—:\\—zt) ,

where (7.167) was used to define the constant ko. In addition, we can use
(7.174), (7.167), and (A.28) of Lemma A.12 in Appendix A to formulate
the following inequalities:

EI 1 EI (%
SHT @01 <5 [ 0000 d
(7.198)
<E@ <3V Voe]
1
and 1
e (t) < =V @®. (7.199)
1

The result given by (7.163) now follows directly from (7.197), (7.198), and
(7.199). O

Remark 7.3 Note that the proof of Theorem 7.5 requires the weighting
constant 3 to be selected sufficiently small to satisfy the conditions of (7.172)
and (7.198). Thus, the overall condition on 8 can be written as follows:

(7.200)

0<,3<min{ min{p,EI} EI 1 }

4pLmax {L2,1}’ 2pL’ 8L3

Remark 7.4 From (7.174) and (7.195), we can state that Ep(t), e(t), and
n(t) are bounded Vt € [0,00). Since Ej (t) is bounded Vt € [0,00), we can
use (7.167) and (A.28) of Lemma A.12 in Appendiz A to show that q (z,t)

14Note that A3 is positive as a result of the first condition given in (7.193).
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is bounded Vt € [0,00) and Vz € [0, L]. Since Es (t) is bounded Vt € [0, 00),
the potential energy given by (7.153) is bounded Vt € [0,00); hence, we

can use Property 7.5 to show that b—m—nq(m,t) is bounded for n = 2, 3, 4,
vt € [0,00), and Yz € [0, L]. Since e(t) and wq(t) are bounded Vt € [0, c0),
we can use (7.156) to state that 8 (t) is bounded Vt € [0,00). Since 1(t),
0(t), q(L,t), and gzzz(L,t) are all bounded Vt € [0, 00), we can use (7.155)
to state that q: (L,t) is bounded ¥Vt € [0,00); hence, the kinetic energy of
the mechanical system defined in (7.154) is bounded Vt € [0, c0). ,TSL'ince the

kinetic energy is bounded, we can use Property 7.6 to state that -Bﬁqt (z,t)
is bounded forn =0, 1, 2, 3, Vt € [0,00), and Vz € [0, L]. From the above
information, we can state that the control inputs of (7.159) and (7.161) are
all bounded; hence, we can utilize (7.146), (7.150), and (7.152) to show that
g¢(z,t) and 8(t) remain bounded Vt € [0,00) and Vz € [0, L].

7.4.4 Adaptive Control Law

In this section, we illustrate how the model-based control law can be re-
designed to compensate for constant parametric uncertainty while asymp-
totically regulating the rotor displacement and the angular velocity tracking
error. Specifically, based on the subsequent stability analysis, the control
force is defined as follows:

F (t) = —ken (t) — EI () Qe () — @ (t) Qm (t) (7.201)

where 7 (t) was defined in (7.155), EI (t) is a dynamic estimate of the
rotor’s bending stiffness, 7 (¢) is a dynamic estimate of the mass, and the
auxiliary functions Q () , Qm (t) € R? are defined as follows:

Qe (t) = Gzaz (L,t) Qm () = éz ) a(L,t) - a(t) Sqt (L,t) — Gaaot (L: t).

(7.202)
Motivated by the subsequent stability analysis, the bending stiffness and
mass estimates are updated according to

EI®) =707 ®)n®) @) =125 1), (7.203)

where 7., 7,, are positive adaptation gains. After substituting (7.201) into
the open-loop dynamics of (7.157), we obtain the following closed-loop dy-
namics for 7.():

mi) (£) =|—ks1 () -+ BI (£) Qe (£) + 71 (2) Qm (2) (7.204)
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where (7.202) has been utilized, and EI (t) ,m (t) denote the parameter
estimation errors defined as follows:

EI(t)=EI—EI (@) m(t) =m—m(t). (7.205)

Based on the subsequent stability analysis, the control torque input is de-
fined as
7 (t) = J (t) wa (t) — kre(t), (7.206)

where J (t) denotes the estimate of the hub inertia that is updated by

T () = —v,0a(t) e (t), (7.207)

with v; being a positive adaptation gain. After substituting (7.206) into
the open-loop dynamics of (7.158), we obtain the closed-loop dynamics for
e (t) as follows:

Jé(t) = —kre(t) — J (t) wa (t), (7.208)

where the inertia estimation error J (t) is defined as follows:
J@)=J-J(t). (7.209)

Theorem 7.6 The adaptive control law given by (7.201), (7.203), (7.206),
and (7.207) ensures that the rotor displacement and the angular velocity
tracking error are asymptotically regulated in the following sense:

Jim ig (z, )]l le (¥)| =0 vz € [0,1], (7.210)
provided the control gain ks is selected to satisfy (7.165).

Proof. The following proof is based on arguments similar to those used in
the proof of Theorem 7.5; hence, some of the details will not be repeated.
To prove the result given by (7.210), we define the following function:

—2 ~
Va®) =V (0)+ 37 BT () + 5 () + 597 P (9),  (7.210)

where V (t) was previously defined in (7.166), EI (t),m (t) were defined in
(7.205), and J (t) was defined in (7.209). If 8 in (7.168) is selected suffi-
ciently small according to the condition given in (7.172), we can follow the
arguments given in the proof of Theorem 7.5 to formulate bounds on V, (¢)
as shown below:

~2 _ -
Ma (Il + €+ By + BT+ +72) < Va (2
(7.212)
—~2 ~
< oo (Il +€ -+ By + BT + 72 + 2,
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where \A14, A2, are some positive bounding constants.

After differentiating (7.211) with respect to time, and then substituting
from (7.146), (7.204), and (7.208), we can follow the derivations used in
Theorem 7.5 to obtain the following upper bound for the time derivative
of V, (¢):

Va(t) < =3 (Eb + |l + 62) +EI (QeTn +ysVET
(7.213)
+m (Q%n S ﬁz) +J (d)de +7;t j) ,

where Ag is the positive constant defined in (7.196). We can now substitute
the parameter update laws given by (7.203) and (7.207) into (7.213), and
then proceed in a similar manner as in the proof of Theorem 7.5 to obtain
a simplified upper bound on the time derivative of V, (¢t)

Va() < —ds (7 ()0 () +€*(t) + Bo (t) & —ga (2). (7.214)

We can now use (7.212), (7.214), and arguments similar to those outlined
in Remark 7.4 to state that all signals remain bounded during closed-loop
operation. From (7.214), the time derivative of g, () can be found to be

da () =2 (207 ()1 (8) + 2 () (8) + B (1)) - (7.215)

Since we know that all system signals remain bounded V¢ € [0,00), we
can use (7.179), (7.204), and (7.208) to show that Ej (t), 7 (t), and é(t)
are bounded V¢ € [0,00); hence, we can see from (7.215) that the time
derivative of the right-hand side of (7.214) is also bounded V¢ € [0, c0). We
can now apply Lemma A.6 in Appendix A to show that

Jim B, (¢), Il @), le (9] =0. (7.216)

Finally, we can use (7.216) and the inequality-type bound developed in
(7.198) to obtain the result given by (7.210). O

7.4.5 Experimental Evaluation
Experimental Setup

A schematic diagram of the experimental setup used to implement the
controllers is shown in Figure 7.18. The experimental setup consisted of a
flexible rotor (hollow PVC pipe 0.016 m in diameter) rotated by a brushed
DC motor via a belt-pulley transmission. A circular disk, which served as
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the payload mass, was made of magneto-ferrous material and was mounted
at the free end of the rotor. Two linear CCD cameras, placed 90 deg apart,
measured the free end-point position of the rotor g(L,t) via an LED at-
tached to the center of the free end payload. The ultra-high-intensity (5000
mcd) LED with a viewing angle of 30 steradians was detected by the cam-
eras, which were placed at a distance of 0.86 m below the LED. The data
provided by the camera was sampled at 2 kHz, and went through several
stages of hardware and software decoding before the data was available
as the rotor end-point position in meters. A high-sensitivity slip-ring was
placed at the clamped end of the rotor to provide the necessary signals from
the rotating shear sensor and LED. At the end of the rotor, two pairs of
electromagnets!® were arranged to apply the control forces f; (t) and f2 (t)
on the payload mass at the end-point. A custom designed software commu-
tation strategy ensured that the desired force commanded by the control
law was applied to the payload. Roughly speaking, the commutation strat-
egy involved translation of the desired force trajectory into desired current
trajectories. To ensure that the actual magnetizing currents track the de-
sired current trajectories, a high-gain current feedback loop was utilized to
apply voltages to the four electromagnets and the brushed DC motor.'6
The four magnetizing currents were measured using hall-effect current sen-
sors. A two-axis shear sensor, attached just above the payload mass, was
used to measure the shear at the rotor’s free end (i.e., gzzz(L,t)) along the
u and v axes.

The controllers were implemented via the @Qmotor control environment.
See Appendix D for a description of the C code used to implement the
control algorithm. All the controllers were implemented using a sampling
period of 0.5 msec. The data acquisition system consisted of four A/D
channels to sense the currents flowing through the coils of the electromag-
nets, two more A /D channels to read the shear sensor signals, and five D/A
channels to output the voltages that powered the four electromagnets and
the DC motor. These voltages went through two stages of amplification;
the first stage consists of AD-624 instrumentation amplifiers, while in the
second stage, Techron linear power amplifiers connected in the master-slave
configuration sourced a maximum current of 20 A at 200 V. The rotor’s
end-point velocity, the hub’s angular velocity, and the time derivative of the
end-point shear were obtained by use of a backwards difference algorithm
applied to the end-point position, angular position, and end-point shear,

15The 2 kg electromagnets.had a 10.cm airgap and a bandwidth of 2 kHz.
16The reader is referred to Remark 5.4 for a discussion on issues concerning the im-
plementation of a high-gain current feedback loop.
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FIGURE 7.18. Schematic diagram of the flexible rotor experimental setup.

respectively, with the resulting signals being filtered by a second-order dig-
ital filter. The various parameters associated with the flexible rotor system
were calculated using standard test procedures and engineering handbook
tables, and are given below:

EI=38x10""N-m?, m =0.25kg,
(7.217)
J = 3.6 x 107% kg-m?, p=0.3kg/m.

Experimental Results

The objective of the experiment was to regulate the angular velocity of the
rotor to a desired setpoint wq = 380 rpm while driving the rotor displace-
ment in the u and v axes to zero. For comparison, the “open-loop” response
i i he following control law:

F(t) =0, (7.218)
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FIGURE 7.19. Open-loop response for wg = 380 [rpm]: (a) u(L,t) and (b)
v(L,t).

was implemented with k. = 0.8. Figure 7.19 shows the rotor’s free end
displacements along the v and v axes (i.e., u(L,t) and v (L,t)). A second
comparison was performed with a standard damper controller formulated
as shown below:

T(t) = —kre(t) F (t) = —kag: (L,t) . (7.219)

The control gains k. = 0.9 and kg = 10.2 resulted in the best controller
performance. The free end displacements of the rotor along the v and v axes
are illustrated in Figure 7.20. Next, the model-based controller of (7.159)
and (7.161) was implemented. The set of control gains that resulted in the
best performance was determined to be ks = 1.24 and %k, = 0.92. The
rotor’s free end displacements along the v and v axes, and the angular
velocity setpoint error are illustrated in Figures 7.21 and 7.22, respectively.

Finally, the adaptive controller given by (7.201), (7.203), and (7.161)
was implemented. The dynamic estimates m(t) and EI (t) were initialized
to approximately 80% of their nominal values, while the estimate of the
parameter J was not required for the angular velocity setpoint problem
(i-e., wg = 0). A projection algorithm was utilized in the adaptive update
laws to ensure that parameter estimates remained between known lower
and upper bounds (for details on the use of adaptive projection algorithms
see [24]). The parameter estimates were computed on-line using a stan-
dard, trapezoidal numerical integration rule. The best performance of the
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FIGURE 7.20. Damper controller for wg = 380 [rpm]: (a) u (L, t) and (b) v (L,t).
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FIGURE 7.22. Model-based controller for wq = 380 [rpm]: e(t).
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FIGURE 7.23. Adaptive controller for wqg = 380 [rpm]: (a) u(L,t) and (b)
v(L,t).
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FIGURE 7.24. Adaptive controller for wy = 380 [rpm]: (a) 7 (t) and (b) EI (t).

adaptive controller was achieved with the following set of gains: ks = 1.27,
kr = 0.89, 7. = 0.3 x 1073, and 1,, = 7 x 10~3. Figure 7.23 shows the
free end displacements while Figure 7.24 depicts the dynamic parameter
estimates. The angular velocity setpoint error for the adaptive controller
was very similar to the result obtained for the model-based controller (see
Figure 7.22) and hence is omitted. Comparing the results of the above
experiments, we first observe that, while the peak steady-state, free-end
rotor displacement of the damper controller was approximately 16.7% of
the peak open-loop displacement, the peak steady-state, free-end rotor dis-
placement of the model-based controller was only about 4.7% of the peak
open-loop displacement. The peak steady-state, free-end rotor displacement
for the adaptive controller settled to approximately 6.1% of the open-loop
displacement. We also note that the angular velocity setpoint error was ap-
proximately 0.01% of the desired angular speed in the damper, model-based
and adaptive controllers.

The model-based controller of (7.159) and (7.161) was also implemented
with the desired angular velocity of the rotor w4 set to 1000 rpm. Figure
7.25 shows the free end displacement of the rotor along the u and v axes.
At such high speeds, any impact of the actuator mass with the magnetic
bearings can cause damage to the experimental setup; hence, the system
was not run in the open-loop mode at this desired speed.
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FIGURE 7.25. Model-based controller for wg = 1000 rpm: (a) w(L,t) and (b)
v (L,t).

To evaluate the system performance when subjected to a desired, time-
varying angular velocity, the model-based control law defined in (7.159)
and (7.161) was implemented with the desired angular velocity trajectory
set to

wq (t) =900 (1 + 0.15sin (0.75¢)) (1 — exp (—3¢)) rpm. (7.220)

Figures 7.26 and 7.27 show the desired angular velocity trajectory, the
angular velocity tracking error and the free end displacements of the rotor
along the u and v axes. Again, at such high speeds, it was deemed unsafe to
run the system in the open-loop mode. It can be seen from Figures 7.25 and
7.27 that the performance of the controllers for the setpoint and tracking
objectives are comparable at high speeds around 1000 rpm.

7.5 Notes

A number of researchers have investigated the vibration control for axially
moving materials such as webs. For example, Ulsoy [25] demonstrated how
control and observation spillover can destabilize the vibration of an axially
moving string under state feedback control. Specifically, the control design
of [25] was based on a reduced-order, discretized version of the infinite
dimensional, axially moving string model. Unfortunately, point actuators
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FIGURE 7.26. Model-based controller for angular velocity tracking: (a) wa ()
and (b) e (t).
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can force high-frequency modes that have not been included in the reduced-
order, discrete model, hence making the closed-loop system unstable. To
avoid spillover instabilities [3], Yang and Mote [28] used a transfer func-
tion approach to develop a class of asymptotically stabilizing controllers
for distributed parameter models of axially moving strings and beams. Us-
ing a carefully positioned point sensor and point actuator, a quasi-passive
controller ensured that all of the vibration modes decay to zero. In [23],
Renshaw et al. illustrated that Lyapunov theory can be applied to axially
moving systems without using the expected material derivative for time
differentiation of the Lyapunov function. In [10], Lee and Mote developed
Lyapunov-based, boundary control laws that asymptotically stabilize the
vibration of an axially moving string and minimize the energy reflected from
the boundaries. A number of other researchers have developed controllers
for distributed parameter systems similar to the axially moving web. For
example, Morgiil [16] introduced dynamic, boundary feedback controllers
for the wave equation that included proportional and strictly positive real
derivative feedback. In [7], Joshi and Rahn developed and experimentally
implemented boundary controllers for a linear gantry crane model with a
flexible cable, while in [1], Baicu et al. experimentally demonstrated how
a similar boundary control law can be used to stabilize the out-of-plane
vibration of a flexible cable.

For the flexible link robots, most control design work has been directed
towards discretized models (see [29] for a literature review of finite di-
mensional model-based controllers for flexible link robots); however, some
boundary control strategies based on distributed parameter models have
been proposed. For example, Luo et al. [11]-[14] and Morgiil [17] utilized
linear PDE models (the ODE dynamics of the actuator hub were neglected)
to develop vibration control strategies to regulate the link displacement.
The control inputs in [17] consisted of a boundary force and torque both
applied to the link’s free end instead of a torque applied to the actuator
hub as in the work of Luo et al. Later, in [18] Morgiil, used a linear hybrid
model to design a control law, consisting of a torque applied to the hub
and boundary force and torque applied to the link’s free end, which ensured
that the link displacement and the hub position setpoint error were both
asymptotically regulated. Ge et al. [5] augmented the linear hybrid model
of [18] with a linear ODE dynamics of a payload mass at the link’s free end
to design a nonlinear strain feedback control law which guaranteed only
closed-loop stability (i.e., the asymptotic or exponential regulation of the
link displacement and hub position were not explicitly proven). Recently
in [21], Queiroz et al. designed a boundary control strategy for a nonlinear
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hybrid model of flexible link robots that asymptotically regulated the link
displacement and hub position.

The vibration control of flexible rotor systems is another application
that has received some focused attention. For example, Baillieul and Levi
[2] introduced an idealized model for studying the dynamics and control
of rotating Euler-Bernoulli beam-like structures. Specifically, the rotor sys-
tem studied in [2] consisted of an Euler-Bernoulli beam perpendicularly
attached to the center of a rigid rotating hub. However, the vibration of
the beam was confined to a single plane that was fixed with respect to the
rotating hub (i.e., one-dimensional displacement, flexible rotor system). For
this simplified flexible rotor model, Baillieul and Levi [2] and later Bloch
and Titi [4] illustrated the effects of structural and viscous damping, respec-
tively, on the open-loop system response. Subsequently, Xu and Baillieul
(26, 27], Morgtil [19], and Laousy et al. [9] proposed boundary controllers
to achieve regulation of the angular velocity and beam displacement pro-
vided the desired angular velocity setpoint was sufficiently small. In [22],
Queiroz et al. augmented the nonlinear rotor model used in [9] to include a
payload/actuator mass at the free end of the rotor. An adaptive boundary
controller was then proposed which asymptotically stabilized the rotor dis-
placement and angular velocity with the restriction on the desired angular
velocity setpoint still in place.
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Appendix A
Mathematical Background

In this appendix, we present several mathematical tools in the form of
definitions and lemmas that aid the control designs and closed-loop stability
analyses presented in the book. The proofs of most of the following lemmas
are omitted, but can be found in the cited references.

Definition A.1 [7]

Let f(t) € R be a function of time on [0,00). Let the 2-norm (denoted
by ||-|l3) of f(t) be defined as

I = ) | " f2(r) dr. (A1)

If || f(t)||, < oo, then we say that the function f(¢) belongs to the subspace
Lo of the space of all possible functions (i.e., f(t) € L2). Let the co-norm
(denoted by ||-||,) of f(¢) be defined as

1£®)loo = sup |£(0) (A2)

If || ()| oo < 00, then we say that the function f(¢) belongs to the subspace
L of the space of all possible functions (i.e., f(¢) € Loo)-
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Definition A.2 [9]

Let f(t) € R be a function of time on [0, c0). The function f(t) is uni-
formly continuous if for each positive number ¢,, there exists a positive
number 6, such that

If(t) — f(t1)| < €o for max{0t;— 6} <t<t1+6s,  (A3)

where t; is a specific instant of time.

Lemma A.1 [§]

Let f() € R be a function of time on [0, co). If £(t) = £ £(t) is bounded
for t € [0,00), then f(t) is uniformly continuous for ¢ € [0, c0).

Lemma A.2 [5]

Let f(t) € R be a function of time on [0, 00). If f(¢) is uniformly contin-
uous and if the integral

im [ 150)1dr (A4

exists and is finite, then

Jlim |£(9)] = 0. (A5)

Lemma A.3 [7]

Let f(t) € R be a function of time on [0,00). If f(t) € Lo, f(t) € Loo,
and f(t) € L2, then

lim f(t) =0. (A.6)
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Lemma A.4 [1]

Let V(t) € R be a non-negative function of time on [0, c0) that satisfies
the differential inequality

V({t) < =V (), (A7)
where 7 is a positive constant. Given (A.7), then

V(t) V(0)exp(—1t) Vit € [0,00), (A.8)

where exp (-) denotes the base of the natural logarithm.

Lemma A.5 [1]

Let V(t) € R be a non-negative function of time on [0, c0) that satisfies
the differential inequality

V<=V +¢ (A.9)

where v and € are positive constants. Given (A.9), then

WQSWWWMJM+SO~aMJM) Vte[0,00).  (A.10)

Lemma A.6

Let V(t) € R be a non-negative function of time on [0, o). If (i) V() <
—f(t) where f(¢) is a non-negative function, and (ii) f(t)is uniformly con-
tinuous (or if f () € Loo), then

lim f(t) = 0. (A.11)

t—oo

Proof. First, we define the following function:

n@:vm~AXWﬂ+ﬂﬂ)w, (A.12)

which is lower bounded by zero since V/(t) > 0 and V(t) < —f(¢). If we
differentiate (A.12) with respect to time, we obtain

Valt) = 1 (t). (A.13)
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We now apply a lemma from page 125 of [8] that states that if (i) Vo(t) € R
is a non-negative function of time on [0, 00), (ii) Vp(t) = —f(t) where f(t)
is a non-negative function, and (iii) f(t)is uniformly continuous, then

lim £() =0. (A.14)

Application of the above lemma to (A.12) and (A.13) yields the result given
by (A.11). O

Lemma A.7 [1]

Let 7(t),e(t) € R be functions of time on [0, c0). Given the differential
equation
r(t) =é(t) + ae(t), (A.15)

if 7(t) is exponentially stable in the sense that
Ir(t)] < Boexp (—B1t), (A.16)

where (3, 3; are positive constants, then e(t) and é(t) are exponentially
stable in the sense that

le(t)] < exp (—at) |e(0)] + — l_ioﬁl (exp (—B;t) —exp(—at))  (A.17)
le(t)] < aexp(—at)|e(0)] + By exp (—B11)
of (A.18)
+ % (exp (—f1t) — exp (—ot)) .
1

Lemma A.8 /2]

Let the transfer function matrix H (s) € R*** (~) be exponentially sta-
ble and strictly proper, and let & (t) be the corresponding impulse response
(obtained by evaluating the inverse Laplace transform of H (s)), then

(1) if u € L2, then y = h*xu € L2 N L, § € L2, y is continuous, and
y(t) = 0ast — oo

(i) if u € Loo, then y = h*xu € Lo, § € Loo, and y is uniformly
continuous;

(i) ifue Lyand 1 <p< oo, theny =h*xu € L, and § € L.
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Lemma A.9 [/

Let A € R*** be a real, symmetric, positive-definite matrix; therefore,
all of the eigenvalues of A are real and positive. Let Amin{A} and Amax{A}
denote the minimum and maximum eigenvalues of A, respectively; then for
Vz € R

Amin{A} [2]* < 27 Az < Amax{A} ||z]|*, (A.19)

where ||-|| denotes the standard Euclidean norm. This lemma is often re-
ferred to as the Rayleigh-Ritz theorem.

Lemma A.10 [1, 6]
If a function Ng(z,y) € R is given by
Ny = Qz)zy — kn2(z)2?, (A.20)

where z,y € R, Q(z) € R is a function dependent only on z, and &, is a
positive constant, then Ng(z,y) can be upper bounded as follows:

Y2
'I;;.
The bounding of N4(z,y) in the above manner is often referred to as non-
linear damping [6] since a nonlinear control function, k,Q2%(z)z, can be
used to “damp-out” an unmeasurable quantity (e.g., y) multiplied by a
known, measurable nonlinear function, Q(z).

Ny < (A.21)

Lemma A.11 [1]

Let z(t) € R be a function of time on [0, 00). If the time derivative of
z(t) satisfies the following relationship:

|2(8)] < Boexp (—011), (A.22)
where (3, 3; are positive constants, then z(t) € Lo (note that it is assumed
that #(t) € Lo since z(¢) is differentiable).

Lemma A.12 /3]

Let ¢(z,t) € R be a function defined on z € [0, L] and ¢ € [0, 00) that
satisfies the boundary condition

$(0,£) =0/ Vt € [0,00); (A.23)
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then the following inequalities hold:

L L
/ ¢*(o,t)do < L? / ¢2(o,t)do (A.24)
0 0

L
6z, t) < L / (oo Vzel0,I]. (A.25)
0
If in addition to (A.23), the function ¢(z, t) satisfies the boundary condition
6.(0,8)=0  Vtel0,o00), (A.26)

then the following inequalities also hold:

L L
/ $2(0,t)do < I? / 62, (0,t)do (A.27)
0 0

2 s [P o 2 Loa
¢°(z,t) < L / ¢5q(0,t)do, ¢i(z,t) <L | ¢s,(0,t)do Yz €[0,L].
° ° (A.28)

Lemma A.13

Let f(t),g(t) € R be functions of time on [0,00), then the following
inequalities hold:

F2(t) + g*(t) > 1 £ (t)g(®)] (A.29)

L0 | sy > 150000 Ve >0, (A.30)
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Appendix B

Bounds for General Rigid Mechanical
System

In this appendix, the derivation of the upper bound for the variable x (-)
given in (4.68) is illustrated. The triangle inequality is first used to find an
upper bound for ||x|| based on the definition of x () in (4.63) as follows:

Iodl < ||7]|+ 13 (a)mll+ 2 104 @es |+ 1Vin(a, Desll + [ Vim(a, Dell- (B1)
In (1, 2], it has been shown that

7)) < Collell+ o llel + ¢a llell® + s il (B.2)

where the (;’s are some positive bounding constants that depend on the
physical parameters of the mechanical system and the bounds on desired
motion trajectory. This inequality combined with induced matrix norms
for the other terms on the right-hand side of (B.1) allows for the following
new bound on ||x||:

.12 2 .
IxIl < Collell + C1llel” + Ca llell™ + Ca 1€l + 1M ()l iz limll

+2{|M(9)lliz lles Il + Vi (g, Dllico lles Il + 1Vm(g: @) llioo llel -
(B.3)
Properties 3.1 and 4.2 can be used to bound the occurrences of | M(q)||;,
and ||Vin(q, 4)||;00, respectively, in (B.3) to yield

<112 .
Ixll < Collell +CalleN® + ¢z llell® + Ca llell + ma [In]
(B.4)
+2mg |lef || + Cex lldll lles |l + Cex 4]l llell -
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Substitutions are now made in (B.4) using ¢ (t) = ¢a (t) — €(t), the error
system dynamics for é (t) in (4.58), and the assumed bound on ¢q4 (t) from
(4.4) to find a new upper bound. The result of these substitutions is the
following inequality, which contains known constants and the variables e (¢),
ey (t), and 7 (¢):

Xl < Collell + Cx llell? + ¢y llell® + ¢y llnll? +2¢5 llel lles
+2¢, llell Imll + 21 lles | imll + Gz llell® + ¢ llesll + ¢ lell
+C3 Il + ma lInll + 2ma llesll + CeaCan llesll + Cea llel lles |
+Cea llesll? + Cea Il legll + Cerlan llell + Cea llel®

+Cex llesllell 4+ Cea limll lell -
(B.5)
Now, note from (4.69) that ||z|| > |lef]|, |le]l, ||7l|; hence, after collecting
terms, a final upper bound can be placed on (B.5) as shown below:

2
Ixll < e llzl| + 0 [|2]]”, (B.6)
where «,, a1 are positive bounding constants defined as

ao = (ot 2¢c1Cq2 + 3¢5 + 3m2 a1 = 9¢; + (2 +6Cs- (B.7)
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Appendix C
Bounds for the Puma Robot

To prove the existence of the bounds given in (4.105), we will make use
of the inequalities given in (4.104). First, note that the matrices in (4.105)
contain mismatches only in the position variable. For general, revolute joint
mechanical systems, these mismatches can be arranged to have one of the

following general forms:
k k
sin Z &; | —sin Z vi ||,
=3 i=j

k k
cos <Z £i> — cos (Z Vi)
- - (C.1)

where £;(t),v;(t) are the i-th elements of V{(t),v(t) € R™”, respectively,
j € {1,2,..,n}, k € {j,j+1,..,n}, and n represents the system’s to-
tal degrees-of-freedom (DOF). That is, all the elements of the matrices
in (4.105) will contain terms similar to those given by (C.1). For exam-
ple, the most complicated elements of the centripetal-Coriolis matrix (i.e.,
Vimsa(q, ¢)) for the six-DOF Puma Robot Manipulator has the following
form [1]:

)

Vimsz = 0.0025 cos (g2 + ¢3) sin (g4) sin (gs) 41
(C.2)
+0.00064 cos (g2 + ¢3) sin (g4) 41,

where ¢;(t) denotes the i-th element of the link position vector g(t) € R®.
If we define
V = Vm(g, Q) - Vm(V7 Q)y (03)
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then, according to (C.2), the mismatch for element V;,53(q,§) becomes
f/53 = Ql(gay;q.) +QZ(§7V:4)) (04)
where Q4 (¢,v,4¢) and Q2(¢, v, q) are scalar functions defined as

Q1 = 0.000644 [cos ({5 +&3) sin (€4) — cos (v2 + v3) sin (v4)] (C.5)

and
Q2 = 0.0025¢1 cos (£ + £3) sin (€4) sin (€5)
(C.6)
—0.0025¢; cos (v2 + v3) sin (v4) sin (vs) .
Note that (C.5) can be rewritten as
Q1 = 0.000644 [cos (€5 + €3) — cos (v + v3)]sin (€4)
(C.7)

+0.000644; cos (v2 + v3) [sin (§4) — sin (v4)] ;
hence, an upper bound can be placed on |Q;] as follows:

|21] < 0.00064 |g1] [|cos (€5 + £3) — cos (v2 + v3)| + |sin (€4) — sin (v4)]] .
(C.8)
Upon the application of (4.104) to (C.8), we have the following new upper
bound:

|Q1] < 0.00512 41| [[tanh (£ — v2)| + |tanh (€5 — v3)| + [tanh (&4 — v4)]] -
(C.9)
Similar arguments can be applied to (C.6) to show that

|92 < 0.02]dy| [[tanh ({5 — v2)| + [tanh (§5 — v3)|
(C.10)
+ |tanh (§4 — v4)| + [tanh (¢5 — vs)]].-

From (C.9) and (C.10), it is clear that Vi3 (-) of (C.4) can be upper bounded
as follows:

|Vss| < Cos linllitamb (6 — v2)] + Jtanh (65 — o)
(C.11)

+ [tanh (€4 — v4)| + |tanh (§5 — vs)]],

where (53 is some positive bounding constant. We can now use the fact

that
=]l = 4,Z|$i|2 > |z;|  VzeR", (C.12)
=1
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where z; is the i-th element of z, to show that

|Vis| < T il 1 Tomn (€ = )1, (C.13)

where (55 is some positive bounding constant.
Since all of the elements of V' (-), defined in (C.3), can be upper bounded

in a similar fashion as shown in (C.13), it is now easy to see that ||V'|| can
co

be upper bounded as in the third inequality of (4.105). Similar arguments
can be followed to prove the other two inequalities given in (4.105).
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Appendix D

Control Programs

In this appendix, we present the C program codes written for the real-time
implementation of the DCAL controller of Section 3.5 in Chapter 3 and the
flexible rotor boundary controller of Section 7.4 in Chapter 7. While the
DCAL controller was implemented via the WinMotor control environment,
the boundary controller used the motor environment. See Section 1.4 in
Chapter 1 for a description of these real-time control environments.

The control program for both WinMotor and @Qmotor, shown in the
following, contain the subroutines described below:

(i) init_ control(): Initializes the hardware boards and allocates memory for
the second-order filters.

(ii) snput(): Reads in data from the A/D, encoder channels, and digital in-
puts; uses a backwards difference/filter to find the approximate time deriv-
ative of signals; provides safety features to shut the system off if the inputs
go out of their safe range.

(iii) control(): The heart of the program that contains the control algorithm
and generates the value for the applied control input (usually a voltage).
(iv) output(): Sends out the signals via the D/A and digital outputs; con-
tains safety features to shut the system off if the outputs go beyond their
safe range.

(v)wendcontrol():-Resets the hardware and de-allocates the memory re-
served for the filters.
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It should be noted that while the init_ control() and end_ control() sub-
routines are executed only once at the start and completion of the control
algorithm, the input(), control() and output() subroutines are executed
continuously at a specified sampling period. In the following codes, the
variables containing the prefix “VF _” denote variables which the user can
interactively change their values from the GUI without the need to recom-
pile the program. The variables containing the prefix “VD_” represent
variables which are available for on-line graphing or storage.

D.1 DCAL Controller

/

Note: Positive joint directions are as follows:
Base Clockwise

Elbow Clockwise

#include ’’pc.h’’
#include ’’wmresour.h’’
#include <math.h>

#define PI 3.1415

/*These are predefined variables*/
float state[10], statedot[10];
int system_order=4;

extern float tsamp;

extern int home_state;

int Safety; /#1 no error O problem has occured*/
float VD_Base_Pos, VD_Elbow_Pos;

float VD_Base_Vel, VD_Elbow_Vel;

float errl, err2;

float ul, u2;

float VD_Time,VF_init;

float I1 = 0.267, /*robot parameters*/
Mi =73.0,
I2 =0.334,
M2 = 9.78,
I3 = 0.0075,
M3 = 14.0,
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I3c = 0.040,
M4 = 5.0685, /*these must be calculated for the new link*/
I4 = 0.096,
Mp = 0.0,
Ip =0.0,
L1 = 0.359,
L2 = 0.30,
L3 = 0.136,
L4 = 0.133,
Fdl = 5.3,
Fd2 = 1.1;

float P1, P2, P3, Mi1, M12, M21, M22,
MI1i, MI12, MI21, MI22, detMinv;

float VD_Errorl, VD_Error2;

float cosq2, sing2,r1,r2,VD_Edotl,VD_Edot2;

float Ydi1, Ydi2, Ydi3, Ydi4, Ydi5, Yd21, Yd22, Yd23, Yd24, Yd25;
float dphilhat[2], dphi2hat([2];

float dphi3hat[2], dphi4hat[2], dphiShat([2];

float philhat, phi2hat, phi3hat, phidhat, phiShat;

float VD_philhat,VD_phi2hat,VD_phi3hat,VD_phi4hat,VD_phibhat;
float VF_Gammal,VF_Gamma2,VF_Gamma3, VF_Gamma4,VF_Gamma5;
float VD_ql1d,VD_qidotd,VD_qiddotd,VD_qitdotd;

float VD_q2d,VD_q2dotd,VD_gq2ddotd,VD_q2tdotd;

float oldposi,oldpos2,VF_K1i,VF_K2,VF_Ampi,VF_Amp2;

float VF_qdfreq,VF_qdpeak,VF_qdtau,VF_Alphal,VF_Alpha2;

float VD_Templ,VD_Temp2;

control()

{

int i;

float tt[8], texp, tsin, tcos, tausq, freqsq;
float qd, gdotd, qddotd, qtdotd;

float accl, acc2;

[ Desired Trajectory —----—---- */
tt[1] = VD_Time;
for (i=2; i < 7; i++)

tt[i] = tt[i-1] * VD_Time;

texp = exp(-VF_qdtauxtt[3]);
tsin = VF_qdpeak*sin(VF_qdfreq*VD_Time);
tcos = VF_qdpeak*cos(VF_qgdfreq*VD_Time) ;
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tausq = VF_qdtau*VF_qgdtau;
freqsq= VF_qdfreq*VF_qgdfreq;

qd = tsin*(1.0-texp);

qdotd = (3.0*tt[2]*VF_qdtau*tsin-VF_qdfreg*tcos)
*texp+VF_qdfreq*tcos;

qddotd = (6%tt[2]*VF_qdfreq*VF_gqdtau*tcos
+(freqsq-9*tt [4]*tausq+6*tt [1]*VF_gdtau)*tsin)
*texp-freqsq*tsin;

qtdotd = (VF_qgdfreq*(freqsq-27+tt[4]*tausq
+18+VD_Time*VF_qgdtau)*tcos
-3+VF_qdtau* (3*tt [2] *freqsq
-(9*tt [6] #tausq-18*tt [3] *VF_qdtau+2) ) *tsin) *texp
-freqsq*VF_qdfreq*tcos;

VD_q1d=VF_Ampi*qd;
VD_qldotd=VF_Ampl*qdotd;
VD_q1ddotd=VF_Ampl*qddotd;
VD_qltdotd=VF_Ampl*qtdotd;
VD_q2d=VF_Amp2%*qd;
VD_q2dotd=VF_Amp2*qdotd;
VD_q2ddotd=VF_Amp2*qddotd;
VD_g2tdotd=VF_Amp2*qtdotd;

VD_Error1=VD_qld-VD_Base_Pos;
VD_Error2=VD_q2d-VD_Elbow_Pos;

VD_Edot1=VD_qidotd-VD_Base_Vel;
VD_Edot2=VD_q2dotd-VD_Elbow_Vel;

r1=VF_Alphal*VD_Error1+VD_Edot1;
r2=VF_Alpha2*VD_Error2+VD_Edot2;

sing2=sin(VD_q2d);
cosq2=cos (VD_q2d) ;

/*--- Regression Terms ---%/
Yd11=VD_qiddotd;
Yd12=VD_g2ddotd;
Yd13=2%cosq2*VD_qgiddotd
+cosq2*VD_g2ddotd
-8inq2*VD_qldotd*VD_q2dotd
-sinq2#(VD_qidotd+VD_q2dotd) #*VD_q2dotd;
Yd14=VD_qldotd;
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Yd15=0.0;

Yd21=0.0;

Yd22=VD_qlddotd+VD_q2ddotd;
Yd23=cosq2*VD_qiddotd+sing2+VD_qidotd*VD_qldotd;
Yd24=0.0;

Yd25=VD_q2dotd;

/*--- Adaptive Update Laws ---*/

dphilhat [1]=VF_Gammal* (Ydi1*ri+Yd21*r2);
dphi2hat [1]=VF_Gamma2* (Yd12*r1+Yd22*r2);
dphi3hat [1]=VF_Gamma3* (Yd13*r1+Yd23*r2);
dphidhat [1]=VF_Gammad* (Yd14*r1+Yd24*r2) ;
dphibhat [1]=VF_Gamma5* (Yd15*r1+Yd25%r2) ;

/* trapezoidal integration algorithm */
philhat=philhat+0.5*tsamp* (dphilhat [0]+dphilhat [0]);
dphiihat [0]=dphilhat [1];

phi2hat=phi2hat+0.5*tsamp* (dphi2hat [0] +dphi2hat [0]);
dphi2hat [0]=dphi2hat[1];

phi3hat=phi3hat+0.5%tsamp* (dphi3hat [0]+dphi3hat [0]);
dphi3hat [0]=dphi3hat [1];

phi4hat=phi4hat+0.5*tsamp* (dphidhat [0]+dphidhat [0]);
dphidhat [0]=dphidhat [1];

phiShat=phibhat+0.5%tsamp* (dphibhat [0]+dphiShat [0]) ;
dphiShat [0]=dphiShat [1];

[H=mmme Control Law -----—-—- */

ul=Ydli*phiihat+Yd12+phi2hat+Yd13*phi3hat
+Yd14+*phidhat+Yd15*phiShat
+VF_K1*r1+VD_Errori;

u2=Yd21*philhat+Yd22%phi2hat+Yd23*phi3hat
+Yd24*phi4hat+Yd25*phibhat
+VF_K2*r2+VD_Error2;

VD_Tempi=uil;
VD_Temp2=u2;
VD_philhat=philhat;
VD_phi2hat=phi2hat;
VD_phi3hat=phi3hat;
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VD_phi4hat=phidhat;
VD_phiShat=phibShat;

/*--- Error System (Display Only) in Degrees ---*/
VD_Error1=VD_Error1*180/PI;
VD_Error2=VD_Error2*180/PI;
VD_Base_Pos=VD_Base_Pos*180/PI;
VD_Elbow_Pos=VD_Elbow_Pos*180/PI;

}

L — INIT_CONTROL ROUTINE --------= */
init_control()

{

int i;

VD_Base_Pos=0.0;
VD_Base_Vel=0.0;
VD_Elbow_Pos=0.0;
VD_Elbow_Vel=0.0;

P1=I1+I2+I3c+I3+I4+Ip + (M3+M4+Mp)*L1*L1

+ M2#L3%L3 + M4xL4*L4 + Mp*L2*L2;
P2=I3+I4+Ip + M4*L4*L4 + Mp*L2*L2;
P3=M4x*L1*xL4 + Mp*L1*L2;

dphilhat [0]=0.0;
dphi2hat [0]=0.0;
dphi3hat [0]=0.0;
dphidhat [0]=0.0;
dphiShat [0]=0.0;

philhat=3.473*VF_init;
phi2hat=0.193*VF_init;
phi3hat=0.242#VF_init;
phi4hat=5.3+VF_init;
phiShat=1.1*VF_init;

0ldposi=0.0;
0ldpos2=0.0;

VD_Time=-1*tsamp;
Reset_HCTL(0,2);
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Dac_QOut(0, 0, 0);
Dac_Out(0, 1, 0);
Dac_Switch(0, 1, 1);

*PC_PARM7=0x24;
*PC_PARM6=0x00;

Safety=1;
}

input ()

{

int limit;

long posl, pos2, temp;

limit=+#PC_PARM7; /+*check for limit switch problems*/
limit=1imit&O0xE7;
if (limit!=0x24)
{
Safety=0; /*indicate a problem has occured*/
if (limit & 0x80)
*C30_PARM1=DDR_BS_CW_LMT; /*Base CW Limitx*/
if (limit & 0x40)
*C30_PARM1=DDR_EB_CCW_LMT; /*Elbow CCW Limit*/
if (1 (limit & 0x20))
*C30_PARM1=DDR_BS_EMERG; /*Base Emergencyx*/
if (1 (limit & 0x04))
*C30_PARM1=DDR_EB_EMERG; /*Elbow Emergency*/
if (limit & 0x02)
*C30_PARM1=DDR_BS_CCW_LMT; /+*Base CCW Limit*/
if (limit & 0x01)
*C30_PARM1=DDR_EB_CW_LMT; /+*Elbow CW Limit*/
*C30_COMMAND=C30_ERROR;
}

/*--- Get the joint positions ---*/
Get_Position(0, &posl, &pos2);

VD_Base_Pos=(float)pos1/163600%2%PI;
VD_Elbow_Pos=(float)pos2/153600*2*PI;

VD_Base_Vel=(VD_Base_Pos-oldposl)/tsamp;
VD_Elbow_Vel=(VD_Elbow_Pos~-oldpos2) /tsamp;
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oldpos1=VD_Base_Pos;
oldpos2=VD_Elbow_Pos;

VD_Time=VD_Time+tsamp;

int Actual_Out;

Actual_QOut=(int) (Safety*(-1*(u1%2047/10)/19.3));
if (Actual_Out>2047)
Actual _Out=2047;
if (Actual_Qut<-2047)
Actual_Qut=-2047;
Dac_Out(0, 0, Actual_Out);

Actual_QOut=(int) (Safety*(-1*(u2%2047/10)/3.12));
if (Actual_Out>2047)
Actual_QOut=2047;
if (Actual_Out<-2047)
Actual_Out=-2047;
Dac_Out (0, 1, Actual_QOut);

}

[Hmmmmmmmmm END_CONTROL ROUTINE --------- */
end_control()

{

Dac_0ut (0, 0, 0);
Dac_Out(0, 1, 0);
Dac_Out(i, 0, 0);
}

D.2 TFlexible Rotor

/
Note: All measurements are in the rotated frame
The force is calculated w.r.t the rotating frame,
but applied by the magnets in the fixed frame,
hence use sin-cos transformation.

The LED position is measured by the cameras in
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the fixed frame; therefore use the inverse transformation.

/

#include ’’qc.def’’
#include <math.h>

extern float tsamp;

typedef unsigned char BYTE;
typedef unsigned int WORD;

#define ECL_CARD_ADDR1 0x340
#define ECL_CARD_ADDR2 0x360

#define OUT_OF_RANGE ((WORD) 0x800)
#define NOT_DETECTED ((WORD) 0x1000)
#define MULTIPLE ((WORD) 0x2000)

#define PI 3.1415926535879323846264338
/*--- Variables and Functions for Camera Operation ---+*/

void CcdLedEnable ( BYTE, BYTE );
void CcdThresholdSeti ( WORD );
WORD CcdPixelCntl ( void );

void CcdThresholdSet2 ( WORD );
WORD CcdPixelCnt2 ( void );

BYTE led_id_on=1; /* LED number 1 ON permanently */

WORD w_pixel_cntl,
led_biasi;

WORD w_pixel_cnt2,
led_bias2;

int relative_pixell;

int relative_pixel2;

WORD CCD_THRESHOLD,
LED_ON_TIME_MASK;

float m_per_pixel,focal_length,pl,p2,focal_gain,max_def;
/*--- VD_ and VF_ variables for the camera —---*/

float VF_led_dist,VF_Delay;
float VD_pixell,VD_pixel2,VD_Time;
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/*--- VD_ and VF_ variables for control ---*/
float

VD_Position_M,

VD_Position_X, VD_Position_Y,

VD_Shear_X, VD_Shear_Y,

VD_ShearDer_X, VD_ShearDer_ Y,

VD_Id_X1, VD_Id_X2, VD_Id_Yl, VD_Id_Y2,
VD_Current_X1, VD_Current_X2,

VD_Current_Y1, VD_Current_Y2,

VD_Current_M;

float

VD_Error,

VD_Fd_X, VD_Fd.Y,

VD_Fddot_X, VD_Fddot_Y,

VD_Fd_X1, VD_Fd_X2, VD_Fd_Y1, VD_Fd_Y2,
VD_Torque, VD_Voltage M,

VD_EtaX, VD_Etay,

VD_Voltage_X1, VD_Voltage_ X2,
VD_Voltage_Y1, VD_Voltage_ Y2,
VD_Voltage_M;

float

VD_Templ, VD_Temp2, VD_Temp3,
VD_Velocity_M,

VD_Mhat, VD_EIhat,
VD_Velocity_X, VD_Velocity.Y;

float

VF_GammaEI, VF_GammaM,

VF_GammaO, VF_Alpha,VF_Phi,

VF_Ks, VF_Kr, VF_Ke, VF_Init, VF_Km,
VF_DesVel_M,

VF_VelFilter_X, VF_VelFilter_Y, VF_VelFilter_ M,
VF_FddotFil_X, VF_FddotFil.Y,
VF_ShearQOffset_X, VF_ShearOffset.Y,
VF_ShearGain_X, VF_ShearGain_Y,
VF_ShearFil_X, VF_ShearFillY,
VF_ShearDerFil_X, VF_ShearDerFil_ Y;

int Safety = 1;

struct filter *filter_vel_x;
struct filter *filter_vel y;
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struct filter *filter_vel_m;
struct filter *filter_fddot_x;
struct filter *filter_fddot_y;
struct filter *filter_shear_x;
struct filter *filter_shear_y;
struct filter *filter_shearder_x;
struct filter *filter_shearder_y;

float

unfilt_vel_x, unfilt_vel_y, unfilt_vel_m,
unfilt_fddot_x, unfilt_fddot_y,
unfilt_shear_x, unfilt_shear_y,
unfilt_shearder_x, unfilt_shearder_y;

float

M, EI, Ktau,

Determ,

aux_X, aux_Y,

X1, X2, Y1, Y2,
x1ldot, x2dot, yldot, y2dot,
expXl, expX2, expYl, expY2,
R, L1, LO, Beta,
Lx1, Lx2, Lyl, Ly2,
RootFdX1, RootFdX2, RootFdY1, RootFdY2,
RootLexpX1, RootLexpX2, RootLexpYl, RootLexpY2,
FdXidot, FdX2dot, FdYldot, FdY2dot,
P_FdX1, P_FdX2, P_FdY1, P_FdY2,
P_IdX1FdX1, P_IdX2FdX2, P_IdY1FdY1, P_IdY2FdY2,
P_IdX1X1, P_IdX2X2, P_IdY1Y1, P_IdY2Y2,
IddotX1, IddotX2, IddotY1, IddotY2,
etaiXl, etaiX2, etai¥1l, etaiY2,
oldforce_X, oldforce_Y,
oldshear_X, oldshear_Y,
Fd_X, Fd_Y,

Shear_X, Shear.Y,
Position_X, Position.Y,
Omega_X, Omega_Y, dMhat[2], dEIhat[2],
oldpos_X, oldpos_Y, oldpos_M;

control()

{
if (VD_Time < VF_Delay) return;
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X1 = VD_Position_X;
X2 = -VD_Position_X;
Y1l = VD_Position_Y;
Y2 = -VD_Position_Y;

xldot = VD_Velocity_X;
x2dot = -VD_Velocity_X;
yldot = VD_Velocity_Y;
y2dot = -VD_Velocity._Y;

expXl = exp(Beta*X1);
expX2 = exp(Beta*X2);
expY1l = exp(Beta*Y1);
expY2 = exp(Beta*Y¥2);

Lx1 = Li*expXl + LO;
Lx2 = Li*xexpX2 + LO;
Lyl = Li*xexpYl + LO;
Ly2 = Li*expY2 + LO;

/*--- Error Terms ---%/
VD_Error = VD_Velocity_M - VF_DesVel_M;
VD_EtaX = VD_Velocity_X

- VD_Velocity_M*VD_Position_Y - VD_Shear_X;
VD_EtaY = VD_Velocity_Y

+ VD_Velocity_M*VD_Position_X - VD_Shear_ Y;

/*--- Auxiliary Terms for Adaptive Laws ---*/

Omega_X = VD_Velocity_M*(VD_Velocity_M
*VD_Position_X + VD_Velocity_Y)-VD_ShearDer_X;

Omega_Y = VD_Velocity_M*(VD_Velocity_M
*VD_Position_ Y - VD_Velocity_X)-VD_ShearDer_Y;

/*--- Adaptive Update Laws ---%/
dEThat[1] = VF_GammaEI*(VD_Shear_ X#*VD_EtaX
+ VD_Shear_Y*VD_EtaY);
VD_EIhat = VD_EThat + 0.5*tsamp*(dEThat[1] + dEIhat[0]);
dEIhat [0] = dEIhat[1];

dMhat [1] = VF_GammaM#(Omega_X*VD_EtaX

+ Omega_Y*VD_EtaY);
VD_Mhat = VD_Mhat + 0.5%tsamp*(dMhat[1] + dMhat[0]);
dMhat [0] = dMhat[1];
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if (VD_Mhat < 0.2) VD_Mhat=0.2;
if (VD_Mhat > 0.3) VD_Mhat=0.3;
if (VD_EIhat < 3.8E-07) VD_EIhat=3.8E-07;

if (VD_EIhat > 4.7E-07) VD_EIhat=4.7E-07;

/*--- Auxiliary Terms for Desired Force ---*/
Determ = 1+VD_Position_M*VD_Position_M;

Fd_X = VF_Ks*VD_EtaX + VD_EIhat*VD_Shear_X
+ VD_Mhat#*Omega_X;

Fd_Y = VF_Ks*VD_EtaY + VD_EIhat*VD_Shear_Y
+ VD_Mhat*Omega Y;

M = VD_Mhat;

EI= VD_EIhat;

/*-—- Desired Force on each axis ——-%/

[F=———

The F4_X and Fd_Y forces computed are w.r.t the rotating
frame.

The magnets which apply the force are a part of the fixed
frame; hence we decompose the forces as shown below

*/
VD_Fd_X = cos(VD_Position_M)*Fd_X - sin(VD_Position_M)*Fd_Y;
VD_Fd_Y = sin(VD_Position_M)*Fd_X + cos(VD_Position_M)*Fd_Y;

/*--- Desired Torque applied to the driving motor ---+*/
VD_Torque = - VF_Kr*VD_Error
* (1-exp (-VF_Alpha* (VD_Time-VF_Delay))) ;

/*--- Desired Force applied by magnet ---%/

VD_Fd_X1 = 0.5%( VD_Fd_X + sqrt(VD_Fd_X*VD_Fd_X + VF_GammaO));
VD_Fd_X2 = 0.5%(-VD_Fd_X + sqrt(VD_Fd_X#VD_Fd_X + VF_Gamma0));
VD_Fd_Y1 = 0.5%( VD_Fd_Y + sqrt(VD_Fd_Y#VD_Fd_Y + VF_Gamma0));
VD_Fd_Y¥2 = 0.5%(-VD_Fd_Y + sqrt(VD_Fd_Y*VD_Fd_Y + VF_Gamma0));
RootFdX1 = sqrt(2*VD_Fd_X1);
RootFdX2 = sqrt(2*VD_Fd_X2);

301



302 Appendix D. Control Programs

RootFdY1l = sqrt(2*VD_Fd_Y1);
RootFdY2 = sqrt(2*VD_Fd_Y2);

RootLexpX1l = sqrt(Beta*Ll*expX1);
RootLexpX2 = sqrt(Beta*Ll*expX2);
RootLexpYl = sqrt(Beta*Li*expY¥1);
RootLexpY2 = sqrt(BetaxLl*expY2);

/*--- Filtering the forces ---*/

unfilt_fddot_x = (VD_Fd_X - oldforce_X)/tsamp;
VD_Fddot_X = filter(unfilt_fddot_x, filter_fddot_x);
oldforce_X = VD_Fd_X;

unfilt_fddot_y = (VD_Fd_Y - oldforce_Y)/tsamp;
VD_Fddot_Y = filter(unfilt_fddot_y, filter_fddot_y);
oldforce_Y = VD_Fd_Y;

/*--- Derivative of the force on each magnet --—-+*/

FdXidot = 0.5%( VD_Fddot_X+((VD_Fd_X*VD_Fddot_X)
/sqrt(VD_Fd_X+#VD_Fd_X + VF_Gamma0)));

FdX2dot = 0.5%(-VD_Fddot_X+((VD_Fd_X#*VD_Fddot_X)
/sqrt (VD_Fd_X*VD_Fd_X + VF_Gamma0)));

FdYidot = 0.5*( VD_Fddot_Y+((VD_Fd_Y*VD_Fddot_Y)
/sqrt (VD_FA_Y*VD_Fd_Y + VF_Gamma0)));

FdY2dot = 0.5*%(-VD_Fddot_Y+((VD_Fd_Y*VD_Fddot_Y)
/sqrt (VD_FA_Y*VD_FA_Y + VF_Gamma0)));

/*--- Desired Currents —---*/

VD_Id_X1 = RootFdX1/RootLexpX1i;
VD_Id_X2 = RootFdX2/RootLexpX2;
VD_Id_Y1 = RootFdY1/RootLexpYl;
VD_Id_Y2 = RootFdY2/RootLexpY2;

/*--- Partial Derivative of Fd w.r.t. X —--%/
P_FdX1 = Beta*Beta*expX1*VD_Id_X1*VD_Id_X1i;

P_FdX2 = Beta*Beta*expX2*VD_Id_X2%VD_Id_X2;
P_FdY1 = Beta*BetaxexpY1*VD_Id_Y1#VD_Id_Y1;
P_FdY2 = Beta*Beta*expY2*VD_Id_Y2*VD_Id_Y2;

/*--- Partial Derivative of Id w.r.t. Fd —---%/
P_IdX1FdX1 = 1/(RootLexpX1*RootFdX1) ;
P_IdX2FdX2 = 1/(RootLexpX2*RootFdX2) ;
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P_IdY1FdY1
P_IdY2FdY2

1/ (RootLexpY1*RootFdY1);
1/ (RootLexpY2#RootFdY2) ;

/#--- Partial Derivative of Id w.r.t. X --—-%/
P_IdX1X1 = (P_FdX1 - Beta*VD_Fd_X1)
/ (RootLexpX1*RootFdX1) ;
P_IdX2X2 = (P_FdX2 - Beta*VD_Fd_X2)
/ (RootLexpX2*RootFdX2) ;
P_IdYiYi = (P_FdY1 - Beta*VD_Fd4d_Y1)
/ (RootLexpY1*RootFdY1) ;
P_I4dY2Y2 = (P_FdY2 - Beta*VD_Fd_Y2)
/ (RootLexpY2+RootFdY2) ;

/x--- Tddot ---*/

IddotX1 = P_IdX1FdX1*FdXidot + P_IdX1X1*xidot;
IddotX2 = P_IdX2FdX2#FdX2dot + P_IdX2X2#x2dot;
IddotY1 = P_IdY1FdYi*FdYidot + P_IdYiYlxyldot;
IddotY2 = P_IdY2FdY2*FdY2dot + P_IdY2Y2#*y2dot;
/%--- Current Tracking Errors ---x/

etaiXl = VD_Id_X1 - VD_Current_X1;

etaiX2 = VD_Id_X2 - VD_Current_X2;
etai¥Yl = VD_Id_Y1 - VD_Current_Y1;
etai¥2 = VD_Id_Y2 - VD_Current_Y2;

/*--- Desired Voltages to the magnets ---*/
VD_Voltage M = VF_Km#*(VD_Torque-Ktau*VD_Current_M) ;

VD_Position_M = VD_Position_M/(2*PI)*360;
VD_Error = VD_Error/(2*PI)*360;

if (VD_Time < (VF_Delay + 3.0)) return;

VD_Voltage_X1 = VF_Init*(VF_Ke*etaiX1i

+ R*VD_Current_X1 + Lx1*IddotX1

+ (L1*xldot*expX1)*(VD_Current_Xl-etaiX1/2));
VD_Voltage_X2 = VF_Init*(VF_Ke*etaiX2

+ R*¥VD_Current_X2 + Lx2%IddotX2

+ (L1*x2dot*expX2)*(VD_Current_X2-etaiX2/2));
VD_Voltage Y1 = VF_Init*(VF_Ke*etaiY1

+ R*VD_Current_Y1 + Lylx*IddotY1

+ (Li*yldot*expY1)*(VD_Current_Yl-etai¥1/2));
VD_Voltage_Y2 = VF_Init*(VF_Ke*etaiY2
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+ R*¥VD_Current_Y2 + Ly2+*IddotY2
+ (L1*y2dot*expY2)*(VD_Current_Y2-etai¥2/2));

}

[ INIT_CONTROL ROUTINE ---=—===- */
init_control()

{

SetMultiQConfig(6, 6, 2, 0, 0);
VD_Time = -tsamp;

/*--- Initialize Filters ---%/

filter_vel_x = (struct filter *)
malloc(sizeof (struct filter));

initfilter (VF_VelFilter_X, filter_vel_x);

filter_vel_y = (struct filter *)
malloc(sizeof (struct filter));
initfilter (VF_VelFilter_Y, filter_vel_y);

filter_vel_m = (struct filter *)
malloc(sizeof (struct filter));
initfilter (VF_VelFilter_M, filter_vel_m);

filter_fddot_x = (struct filter *)
malloc(sizeof (struct filter));
initfilter (VF_FddotFil_X, filter_fddot_x);

filter_fddot_y = (struct filter *)
malloc(sizeof (struct filter));
initfilter (VF_FddotFil_Y, filter_fddot_y);

filter_shear_x = (struct filter *)
malloc(sizeof (struct filtexr));
initfilter (VF_ShearFil_X, filter_shear_x);

filter_shear_y = (struct filter *)
malloc(sizeof (struct filter));
initfilter(VF_ShearFil_Y, filter_shear_y);

filter_shearder_x = (struct filter *)
malloc(sizeof (struct filter));
initfilter (VF_ShearFil_X, filter_shearder_x);
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filter_shearder_y = (struct filter *)
malloc(sizeof (struct filter));
initfilter(VF_ShearFil_Y, filter_shearder_y);

ResetEncoder(0);

focal_length = 0.085; /* 85mm Nikon Lens */
CCD_THRESHOLD = 0x180;

LED_ON_TIME_MASK = 0xAO0;

CcdThresholdSet1 ( CCD_THRESHOLD );
CcdThresholdSet2 ( CCD_THRESHOLD );
led_id_on = (BYTE)1;

pl = VF_led_dist;

CcdLedEnable ( led_id_on, LED_ON_TIME_MASK );

/* lens to image distance */
p2 = 1.0 / (1.0/focal_length - 1.0/pl);

focal_gain = p1 / p2;

/* Active line scan length is 26.624mm */
max_def = 0.026624 * focal_gain / 2.0;

/* 13um per pixel */
m_per_pixel = 0.000013 * focal_gain;

L1 = 0.0002;
L0 = 0.0552;
Beta = 60;
R = 10.0;

VD_Mhat = 0.25;

/* Bending Stiffness of a hollow
cylindrical plasticised vinyl pipe */
VD_EIhat = 3.786E-07;

/* Torque constant of the motor */
Ktau = 0.056492666;

oldpos_X = 0.0;
oldpos_ Y = 0.0;
oldpos_ M = 0.0;

oldforce_X = 0.0;
oldforce_Y = 0.0;

305



306 Appendix D. Control Programs

oldshear_X = 0.0;
oldshear_Y = 0.0;

etaiX1
etaiX2
etaiY1
etaiY2

nonou
o O O O
o O O

VD_Position X =
VD_Position_ Y =
VD_Position_ M =
VD_Velocity X =
VD_Velocity. Y =
VD_Velocity_M
VD_Shear_X

VD_Shear_Y

VD_ShearDer_X
VD_ShearDer_Y
VD_Fd_X = 0.0;
VD_Fd_Y = 0.0;

won n
Ge. we we we s we s

O O O O O O O O O O
O O O O O O O O O o

VD_Voltage M
VD_Voltage X1
VD_Voltage_X2
VD_Voltage_Y1
VD_Voltage_Y2

[}
o O O O ©

VD_Current_ M = 0.0;

VD_Current_X1 = 0.0;
VD_Current_X2 = 0.0;
VD_Current_Y1 = 0.0;
VD_Current_Y2 = 0.0;
}

input ()
{
long pos;

VD_Time=VD_Time+tsamp;

/*--- Read in the Positions of both axes ---*/
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led_bias2 = CcdPixelCnt2();

return;
}
w_pixel_cntl = CcdPixelCnti();
w_pixel_cnt2 = CcdPixelCnt2();

if ( (w_pixel_cntl & 0x3800) == 0 )
relative_pixell = w_pixel_cntl - led_biasi;

if ( (w_pixel_cnt2 & 0x3800) == 0 )
relative_pixel2 = w_pixel_cnt2 - led_bias2;

/*

Note : Position Conventions

Variables Position_X and Position_Y reflect this sign
convention.

+ve Rotation is from +X to +Y, i.e. clockwise in
the top view.

+ve Forces Fd_X and Fd_Y act along the positive
X and Y axes respt.

*/

Position_X = -(relative_pixell * m_per_pixel);
Position_ Y = (relative_pixel2 * m_per_pixel);

VD_pixell = w_pixel_cnti;
VD_pixel2 = w_pixel_cnt2;

/*--- Read in the Angular Position

of the motor in radians ---*/

pos = G_ENC[0];

VD_Position M = (float) (pos)/4000*2+PI;

/*
The X and Y positions read are w.r.t the fixed frame.
The control uses the x and y positions of the rotating frame

Hence we reverse decompose it, as shown below

*/
VD_Position_X = cos(VD_Position_M)*Position_X

+ 8in(VD_Position_M)*Position_Y;
VD_Position_Y = -sin(VD_Position_M)*Position_X

+ cos(VD_Position_M)#*Position_Y;
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/%--- Backwards difference to
obtain velocites of X and Y axes ---%/

unfilt_vel_x = (VD_Position_X - oldpos_X)/tsamp;
VD_Velocity_X = filter(unfilt_vel_x, filter_vel x);
oldpos_X = VD_Position_X;

unfilt_vel_y = (VD_Position_Y - oldpos_Y)/tsamp;
VD_Velocity_ Y = filter(unfilt_vel_y, filter_vel_y);
oldpos_Y = VD_Position_ Y;

/*--- Read in the currents of the magnets and the motor ---*/
VD_Current_X1= IToV (G_ADC[0]) 2.0 + 0.1363;
VD_Current_X2= IToV (G_ADC[1]) 2.0 + 0.1587;
VD_Current_Y1= IToV (G_ADC[2]) 2.0 + 0.1954;
VD_Current_Y2= IToV (G_ADC[4]) 2.0 + 0.2540;
VD_Current_M = IToV (G_ADC[5]) * 2.0 + 0.2466;

*

* ¥ ¥ ¥

if( VD_Current_X1 < -5.0 || VD_Current_X1
VD_Current_X2 < -5.0 || VD_Current_X2

< 5.0 ||
<

VD_Current_Y1 < -5.0 || VD_Current_Y1
<
<

5.0 ||
5.0 ||
5.0 ||
4.5 ) Safety=0;

VD_Current_Y2 < -5.0 || VD_Current_Y2
VD_Current_M -4.5 || VD_Current_M

vV V V Vv VvV

/*-—- Backwards difference to obtain velocity of motor ---%/
unfilt_vel_m = (VD_Position_M - oldpos_M)/tsamp;
VD_Velocity_M = filter(unfilt_vel_m, filter_vel_m);

oldpos_M = VD_Position_M;

/*--- Read in and filter the shear values —--%/
unfilt_shear_x = IToV(G_ADC[3]);
Shear_X = filter(unfilt_shear_x, filter_shear_x);

unfilt_shear_y = IToV(G_ADC[7]);
Shear_Y = filter(unfilt_shear_y, filter_shear_y);

VD_Shear_X
VD_Shear_Y

VF_ShearGain_X * (Shear_X - VF_ShearOffset_X);
VF_ShearGain_Y * (Shear_Y - VF_ShearOffset_Y);

/*--- Filtered derivative of the Shear -—-%/
unfilt_shearder_x = (VD_Shear X - oldshear_X)/tsamp;
VD_ShearDer X = filter(unfilt_shearder_x, filter_shearder_x);
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oldshear_X = VD_Shear_X;
unfilt_shearder_y = (VD_Shear_Y - oldshear_Y)/tsamp;

VD_ShearDer_Y = filter(unfilt_shearder_y, filter_shearder_y);
oldshear_Y = VD_Shear_Y;

}

[F=m——————= QUTPUT ROUTINE --------- */

output ()

{

if( VD_Voltage X1 < -70.0 || VD_Voltage_X1 > 70.0 ||
VD_Voltage_Y1 < -70.0 || VD_Voltage_¥Y1 > 70.0 ||
VD_Voltage_X2 < -70.0 || VD_Voltage_X2 > 70.0 ||
VD_Voltage_Y2 < -70.0 || VD_Voltage Y2 > 70.0 ||
VD_Voltage M < -20.0 || VD_Voltage M > 20.0 ) Safety=0;

G_DAC[0] = VToI(VD_Voltage X1/55.0%(float)Safety);
G_DAC[1] = VToI(VD_Voltage_Y1/55.0%(float)Safety);
G_DAC[2] = VToI(VD_Voltage_X2/55.0%(float)Safety);
G_DAC[3] = VToI(VD_Voltage_Y2/55.0%(float)Safety);
G_DAC[6] = VToI(VD_Voltage_M/55.0*(float)Safety);
}

[Hmmmmmm e END_CONTROL ROUTINE --------- */
end_control()

{

CcdLedEnable ( led_id_on, 0 );
free(filter_vel_x);
free(filter_vel_y);
free(filter_vel_m);
free(filter_fddot_x);
free(filter_fddot_y);
free(filter_shear_x);
free(filter_shear_y);
free(filter_shearder_x);
free(filter_shearder_y);

/*

Functions : CcdLedEnable(), CcdThresholdSetl1(), CcdPixelCnti1(),

CcdThresholdSet2(), CcdPixelCnt2().
Description : Camera Routines Only
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void CcdLedEnable ( BYTE b_led_id, BYTE b_led_on_time )

{
outp ( (ECL_CARD_ADDR1 + 0x00), ((BYTE)1 << b_led_id) );
outp ( (ECL_CARD_ADDR1 + 0x02), b_led_on_time );

¥

void CcdThresholdSetil ( WORD w_threshold )
{
BYTE b_valu;

/* isolate bit-11...4 */
b_valu = (BYTE) (w_threshold >> 4);
outp ( (ECL_CARD_ADDR1 + 0x05), b_valu );

/* isolate bit-3...0 */
b_valu = (BYTE)w_threshold & (BYTE)OxOF;
outp ( (ECL_CARD_ADDR1 + 0x04), b_valu );
}

WORD CcdPixelCntl (void)
{
union
{
WORD w;
BYTE b[2];
} u_old;

union
{
WORD w;
BYTE b[2];
} u_new;

/* begin with unlikely value */
u_new.w = (WORD)OxFFFF;

do
{

u_old.w = u_newv.w;




D.2 Flexible Rotor 311

/* low byte */
u_new.b[0] = inp ( ECL_CARD_ADDR1 + 0x00 );

u_new.w = u_new.w & O0x3FFF;
} while ( u_new.w != u_old.w );

return ( u_new.w );

}

void CcdThresholdSet2 ( WORD w_threshold )
{
BYTE b_valu;

/* isolate bit-11...4 */
b_valu = (BYTE) (w_threshold >> 4);
outp ( (ECL_CARD_ADDR2 + 0x05), b_valu );

/* isolate bit-3...0 */
b_valu = (BYTE)w_threshold & (BYTE)OxOF;
outp ( (ECL_CARD_ADDR2 + 0x04), b_valu );
}

WORD CcdPixelCnt2 (void)
{
union
{
WORD w;
BYTE b[2];
} u_old;

union
{
WORD w;
BYTE b[2];
} u_new;

/* begin with unlikely value */
u_new.w = (WORD)OxFFFF;
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/* high byte */
u_new.b[1] = inp ( ECL_CARD_ADDR2 + 0x02 );

/* low byte =*/
u_new.b[0] = inp ( ECL_CARD_ADDR2 + 0x00 );

u_new.w = u_new.w & Ox3FFF;
} while ( u_new.w != u_old.w );

return ( u_new.w );

}
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